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The shortest path between two truths in the real 
domain passes through the complex domain. 


Jacques Hadamard 


Preface 


In comparison with the first edition of this work, the main new features of 
this version of the book are these: 


e A number of important new problems have been added. 

e Many solutions to the problems presented in the first edition have been 
revised. 

e Alternative solutions to several problems have been provided 

e Section 4.6.5, “Blundon’s Inequalities,” has been added. It contains a 
brand new geometric proof of the fundamental triangle inequality based 
on the distance formulas established in the previous subsections. 

e A number of typographical errors and IATEX infelicities have been cor- 
rected. 

e A few new works have been added to the references section. 


We would like to thank all readers who have written to us to express their 
appreciation of our book, as well as to all who provided pertinent comments 
and suggestions for future improvement of the text. Special thanks are given 
to Catalin Barbu, Dumitru Olteanu, Cosmin Pohoata, and Daniel Vácáretu 
for their careful proofreading of the material included in this edition. 


Happy reading! 


Richardson, TX Titu Andreescu 
Cluj-Napoca, Romania Dorin Andrica 
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Preface to the First Edition 


Solving algebraic equations has been historically one of the favorite topics of 
mathematicians. While linear equations are always solvable in real numbers, 
not all quadratic equations have this property. The simplest such equation is 
x? +1 = 0. Until the eighteenth century, mathematicians avoided quadratic 
equations that were not solvable over IR. Leonhard Euler broke the ice by 
introducing the “number” 4/—1 in his famous book Elements of Algebra as 
"neither nothing, nor greater than nothing, nor less than nothing" and ob- 
served the “notwithstanding this, these numbers present themselves to the 
mind; they exist in our imagination and we still have a sufficient idea of them 

. nothing prevents us from making use of these imaginary numbers and em- 
ploying them in calculation." Euler denoted the number 4/—1 by i and called 
it the imaginary unit. This became one of the most useful symbols in mathe- 
matics. Using this symbol, one defines complex numbers as z = a+ bi, where 
a and b are real numbers. The study of complex numbers continues to this 
day and has been greatly elaborated over the last two and a half centuries; 
in fact, it is impossible to imagine modern mathematics without complex 
numbers. All mathematical domains make use of them in some way. This 
is true of other disciplines as well, including mechanics, theoretical physics, 
hydrodynamics, and chemistry. 

Our main goal is to introduce the reader to this fascinating subject. The 
book runs smoothly between key concepts and elementary results concerning 
complex numbers. The reader has the opportunity to learn how complex 
numbers can be employed in solving algebraic equations and to understand 
the geometric interpretation of complex numbers and the operations involving 
them. The theoretical part of the book is augmented by rich exercises and 
problems of various levels of difficulty. In Chaps. 3 and 4 we cover important 
applications in Euclidean geometry. Many geometric problems may be solved 
efficiently and elegantly using complex numbers. The wealth of examples we 
provide, the presentation of many topics in a personal manner, the presence 
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of numerous original problems, and the attention to detail in the solutions 
to selected exercises and problems are only some of the key features of this 
book. 

Among the techniques presented, for example, are those for the real and 
the complex products of complex numbers. In the language of complex num- 
bers, these are the analogues of the scalar and cross products, respectively. 
Employing these two products turns out to be efficient in solving numerous 
problems involving complex numbers. After covering this part, the reader will 
appreciate the use of these techniques. 

A special feature of the book is Chap. 5, an outstanding selection of genuine 
Olympiad and other important mathematical contest problems solved using 
the methods already presented. 

'This work does not cover all aspects of complex numbers. It is not a course 
in complex analysis, but rather a stepping stone toward its study, which is 
why we have not used the standard notation ett for z = cost + isint or the 
usual power series expansions. 

The book reflects the unique experience of the authors. It distills a vast 
mathematical literature, most of which is unknown to the Western public, 
capturing the essence of an flourishing problem-solving culture. 

Our work is partly based on the Romanian version, Numere complexe 
de la A la... Z, written by D. Andrica and N. Bisboaca and published by 
Millennium in 2001 (see [17]). We are preserving the title of the Romanian 
edition and about 3596 of the text. Even this 3596 has been significantly 
improved and enhanced with up-to-date material. 

The targeted audience includes high school students and their teachers, un- 
dergraduates, mathematics contestants such as those training for Olympiads 
or the W.L. Putnam Mathematical Competition, their coaches, and everyone 
interested in essential mathematics. 

This book might spawn courses such as complex numbers and Euclidean 
geometry for prospective high school teachers, giving future educators ideas 
about things they could do with their brighter students or with a math club. 
This would be quite a welcome development. 

Special thanks are offered to Daniel Vácáretu, Nicolae Bigboacá, Gabriel 
Dospinescu, and Ioan Serdean for their careful proofreading of the final ver- 
sion of the manuscript. We would also like to thank the referees, who pro- 
vided pertinent suggestions that directly contributed to the improvement of 
the text. 


Richardson, TX Titu Andreescu 
Cluj-Napoca, Romania Dorin Andrica 
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Notation 


Z 'The set of integers 

N 'The set of positive integers 

Q 'The set of rational numbers 

R The set of real numbers 

R The set of nonzero real numbers 

R The set of pairs of real numbers 

C 'The set of complex numbers 

C 'The set of nonzero complex numbers 


a, b] The set of real numbers x such that a < x < b 

a, b) The set of real numbers x such that a < x < b 

z The conjugate of the complex number z 

z| The modulus or absolute value of the complex number z 
AB The vector AB 

(AB) The open segment determined by A and B 

AB] The closed segment determined by A and B 

(AB The open ray with origin A that contains B 

area [F] The area of figure F 

Un The set of nth roots of unity 


C(P;R) The circle centered at point P with radius R 
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Chapter 1 
Complex Numbers in Algebraic Form 


1.1 Algebraic Representation of Complex Numbers 


1.1.1 Definition of Complex Numbers 


In what follows, we assume that the definition and basic properties of the set 
of real numbers IR are known. 

Let us consider the set R? = R x R = {(x, y)|z, y € R}. Two elements 
(a1, yi) and (x2, ya) of R? are equal if and only if xı = z2 and yı = y2. 
The operations of addition and multiplication are defined on the set R? as 
follows: 


zı za = (21, yr) + (22, Y2) = (x1 + £2, yi + y2) € R? 


and 
21:22 = (£1, yi): (22, yo) = (xia — Y1Y2, T1Y2 + 121) € RP, 


for all z; = (z1, yi) € R? and 22 = (x2, y2) € R?. 

The element z1 + z2 € R? is called the sum of z and z2, and the element 
Zi: 22 € R? is called the product of zı and z2 and will often be written simply 
2122. 


Remarks. 


(1) If z; 2 (21,0) € R? and z2 — (2,0) € R?, then z122 = (1122, 0). 
(2) If z; = (0,y1) € R? and z2 = (0, ye) € R?, then z122 = (—yiyo, 0). 


Examples. 


(1) Let z; = (—5,6) and z2 = (1, —2). Then 


zı + 22 = (-5,6) + (1, -2) = (—4, 4) 
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and 


122 = (—5,6)- (1, —2) = (—5-- 12, 10 + 6) = (7, 16). 


l 1. 1 5 3 
atamla ees i erigi 
b 1 1 1 1 7 

Z2 = = $ 
Mec e Zub 3 3° 12 


Definition. The set R? together with the operations of addition and multi- 
plication is called the set of complex numbers, denoted by C. Every element 
z = (x, y) € C is called a complex number. 


and 


The notation C* is used to indicate the set C\{(0, 0)}. 


1.1.2 Properties Concerning Addition 


'The addition of complex numbers satisfies the following properties: 


(a) Commutative law. 
z1 + 22 = z2 + zy for all z1, 22 € C. 
(b) Associative law. 
(z1 +22) + 23 = 21 + (z2 + 23) for all z1, z2, z3 € C. 
Indeed, if 21 = (v1, y1) € C, 22 = (zs, yo) € C, 23 = (£3, y3) € C, then 
(z1 + 22) + zs = [(@1, y1) + (2, 92)] + (£3, ys) 


= (z1- 23, Yı + ya) + (£3, ys) = ((x1 + 22) + a, (y1 + y2) + y3), 


and 
zı (za +23) = (1, 31) + [(x2, v2) + (£3, y3)] 


= (x1, y1) + (£2 + £3, yo + ys) = (21 + (za + z3), yı + (yo + va))- 


The claim holds due to the associativity of the addition of real numbers. 
(c) Additive identity. There is a unique complex number 0 = (0, 0) such 
that 
z2+0=0+2=cfor alz = (x, y) € C. 
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(d) Additive inverse. For every complex number z = (x, y), there is a 
unique —z = (-z, —y) € C such that 


z+(-z) =(-z)+z=0. 


The reader can easily prove the claims (a), (c), and (d). 

The number 21 — z2 = 21 +(—22) is called the difference of the numbers 21 
and z2. The operation that assigns to the numbers zı and z2 the number 
Z1 — Z3 is called subtraction and is defined by 


z1 — 22 = (£1, V1) — (3, yo) = (x1 — 22, yi — yo) € C. 


1.1.3 Properties Concerning Multiplication 


The multiplication of complex numbers satisfies the following properties: 


(a) Commutative law. 
21:29 = 22: zj for allz,, z2 € C. 
(b) Associative law. 
(z1 + 22) +23 = zi: (22° 23) for allz, zo, 23 € C. 


(c) Multiplicative identity. There is a unique complex number 1 = 
(1, 0) € C such that 


z-1-—1-z-zfor allz e C. 


A simple algebraic manipulation is all that is needed to verify these 
equalities: 


z-l=(a, y)-(1, 0) 2 (z.1—9-0, z-.0—- y-1) 2 (z, y) =z 
and 
1-z= (1, 0)- (x, y) 2 (:2—0-:y, 1- y F0: xz) — (z, y) =z. 


(d) Multiplicative inverse. For every complex number z = (x, y) € C*, 
there is a unique number z^! = (z', y’) € C such that 


To find 2^! = (z/, y), observe that (x, y) # (0, 0) implies z 4 0 or y £0, 
and consequently, x? + y? Æ 0. 
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The relation z- z 1! = 1 gives (x, y) - (z', y) = (1, 0), or equivalently, 


ax! — yy’ = 1, 
yr! + cy’ = 0. 


Solving this system with respect to z' and y’, one obtains 


eee 
x? y? 


be o R= 
HH png Ne = 


hence the multiplicative inverse of the complex number z = (x, y) € C* is 


—1 X y * 
=> = C . 
É ž (at te) 


By the commutative law, we also have z~!- z = 1. 

Two complex numbers z1 = (zı, y) € C and z = (a, y) € C* 
uniquely determine a third number, called their quotient, denoted by = and 
defined by 


Z x 
Zsa t= (er, n) È y ) 


z v2 + y2’ r2 +y? 


_ (27+ yy UY + yit 
x? +y? 2 x2 + y? 


Examples. 


(1) If z — (1, 2), then 


E 1 =9 1 42 
zZz = = : 
124 22’ 12422 5' 5 


(2) If z; = (1, 2) and z2 = (3, 4), then 


z (3-8 -4+6)\ (11 2 
z2 \9+16’ 9416) \25’ 25] 


An integer power of a complex number z € C* is defined by 


z ing zy g za 


, 


z” — z-z---z for all integersn > 0 


ntimes 


and 2” = (z-1)^" for all integers n < 0. 


The following properties hold for all complex numbers z, z1, z2 € C* and 
for all integers m, n: 
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(1) zm. gh = men; 
@) aa; 

(3) (en = 2s 

(4) (21: 22)” = 27 255 
(5) 


When z = 0, we define 0” = 0 for all integers n > 0. 


(e) Distributive law. 
zı: (z2 +23) = 21° 22+ zi: Z3 for all 21, 22, 23 € C. 


'The above properties of addition and multiplication show that the set C 
of all complex numbers, together with these operations, forms a field. 


1.1.4 Complex Numbers in Algebraic Form 


For algebraic manipulation, it is inconvenient to represent a complex number 
as an ordered pair. For this reason, another form of writing is preferred. 

To introduce this new algebraic representation, consider the set IR x {0}, 
together with the addition and multiplication operations defined on R?. The 
function 

f:R>R x {0}, f(x) = (x, 0), 


is bijective, and moreover, 


The reader will not fail to notice that the algebraic operations on R x {0} 
are similar to the operations on R; therefore, we can identify the ordered pair 
(x, 0) with the number x for all x € R. Hence we can use, by the above 
bijection f, the notation (x, 0) = x. 

Setting i — (0, 1), we obtain 


In this way, we obtain the following result. 


Proposition. Every complex number z = (x, y) can be uniquely represented 
in the form 
z=%t+yi, 


where x, y are real numbers. The relation i? = —1 holds. 
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The formula i? = —1 follows directly from the definition of multiplication: 
i =i. i= (0,1): (0,1) = (-1,0) = —1. 


The expression z + yi is called the algebraic representation (form) of the 
complex number z = (x, y), so we can write C = {r+ yilx € R, y € R, i2 = 
—1}. From now on, we will denote the complex number z = (x, y) by x + iy. 
The real number x = Re(z) is called the real part of the complex number z, 
and similarly, y = Im(z) is called the imaginary part of z. Complex numbers 
of the form iy, y € R*, are called purely imaginary and the complex number 
i is called the ?maginary unit. 

The following relations are easy to verify: 


(a) z1 = za if and only if Re(z1) = Re(z2) and Im(z1) = Im(z?). 
(b) z € R if and only if Im(z) — 0. 
(c) z € C\R if and only if Im(z) Z 0. 


Using the algebraic representation, the usual operations with complex 
numbers can be performed as follows: 


1. Addition 
Z1 29 -— (23 + yii) + (£2 + yzi) = (zı + x2) + (yı + y2)t EC. 


It is easy to observe that the sum of two complex numbers is a complex 
number whose real (imaginary) part is the sum of the real (imaginary) 
parts of the given numbers: 


Re(zi + 22) = Re(z1) + Re(z2); 


Im(z1 + 22) = Im(z1) + Im(z2). 


2. Multiplication 
21+ 29 = (£1 + yit) (x2 + yai) = (a1 22 — yiye) + (Tiy2 + 2291)i € C. 
In other words, 
Re(z122) = Re(z1) - Re(z2) — Im(z1) - Im(z2) 


and 
Im(z122) = Im(z1) - Re(z2) + Im(z2) - Re(z1). 


For a real number A and a complex number z = x + yi, 
A-z = Alx + yi) = àx + yi € C 


is the product of a real number and a complex number. The following 
properties are obvious: 


(1) A(z1 + 22) = Azı + Aza; 
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(2) 1022) = (A1A2)2; 
(3) (i + A2)z = A1z + Agz for all z, 21, z2 € C and A, A1, A2 E R. 


In fact, relations (1) and (3) are special cases of the distributive law, and 
relation (2) comes from the associative law of multiplication for complex 
numbers. 

3. Subtraction 


zı — 22 = (xı yii) — (z2 + yai) = (x1 — z2) + (yı — y2)i € C. 


That is, 


1.1.5 Powers of the Number i 


'The formulas for the powers of a complex number with integer exponents are 
preserved for the algebraic form z = x + iy. Setting z = i, we obtain 


42.421; PH=t-i=iz; ig =P d 
One can prove by induction that for every positive integer n, 


“An 1: gant i anh 


jd i; Ant? = —]; 


, 


quc 


Hence i” € (—1,1, —i, i} for all integers n > 0. If n is a negative integer, we 


have 
1 =f 
LONE 
Examples. 
(1) We have 
(105.4 423.4 j20.. 734 [49641 4 44543 | ;j45 4812 gp £ E14: 1-2. 


(2) Let us solve the equation 2? = 18 + 26i, where z = x + yi and z, y are 
integers. We can write 
(a + yi)? = (a + yi)? (x + yi) = (2? — y? + 2ayi)(a + yi) 
= (x? — 3zy?^) + (327y — y9)i = 18 + 263. 
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Using the definition of equality of complex numbers, we obtain 


x? — 3xy? = 18, 
3z?y — y? = 26. 


Setting y = tz in the equality 18(3z?y — y?) = 26(z? — 3xy?), let us observe 
that z #0 and y 4 0 implies 18(3t — t?) = 26(1 — 312), which is equivalent 
to (3t — 1)(32 — 12t — 13) = 0. 

The only rational solution of this equation is t = i hence, 


z=3, y=1, and z=3+i. 


1.1.6 Conjugate of a Complex Number 


For a complex number z = «+ yi the number Z = x— yi is called the complex 
conjugate of z or occasionally the conjugate complex number of z. 


Proposition. 


(1) The relation z = Z holds if and only if z € R. 

(2) For every complex number z, the relation z = Z holds. 

(3) For every complex number z, the number z -Z € R is a nonnegative real 

number. 

(4) z1 + 2 = 21 + Ze (the conjugate of a sum is the sum of the conjugates). 
) By Z2 = 241: Ze (the conjugate of a product is the product of the conju- 

gates). 

(6) For every nonzero complex number z, the relation z-1 = (z)-! holds. 


22 
conjugates). 
(8) The formulas 


(7) (3) = a z2 # 0 (the conjugate of a quotient is the quotient of the 
22 


Reg 


are valid for all z € C. 


Proof. 


(1) If z = x + yi, then the relation z = Z is equivalent to x + yi = x — yi. 
Hence 2yi = 0, so y = 0, and finally, z = x € R. 

(2) We have Z = x — yi and Z = g — (-y)i = £ + yi = z. 

(3) Observe that z- z = (x + yi)(z — yi) = x? +y? > 0. 

(4) Note that 


zı F22 = (£1 + x2) + (yi + y2)i = (@1 + 22) — (yı + y2)i 
= (z1 — yii) + (x2 — yai) = Zi + Za. 


1.1 Algebraic Representation of Complex Numbers 9 


(5) We can write 


Zi: Z2 = (£1£2 — yiya) + (x192 + 2231) 


= (zio — y1y2) — (z1yo + z2y1)d = (x1 — yii) (zo — yai) = Z1 ` Za. 
1 1 
(6) Because z-— = 1, we have (: : =) = 
z z 
pem 


yielding (2-1) = (z)-1. 
1 
(7) Observe that (3) = (a . i) —Zx 
Z2 22 


(8) From the relations 


1 
1, and consequently, Z - (:) — 1, 
z 


PTT 
Sir 
Sa A 
I 
“| 
Sll = 
Í 
SUE 


z +Z = (x + yi) + (z — yi) = 22, 
z—Z = (x + yi) — (x — yi) = 2yi, 


it follows that 


(5) ( ae) = T] Z for all a €C, k=1,2, 0.25 0 
k=1 


As a consequence of (5') and (6), we have 
(5") (z") = (z)" for every integer n and for every z € C. If n < 0, then the 
formula holds for every z # 0. 


Comments. 


(a) To obtain the multiplicative inverse of a complex number z € C*, one 
can use the following approach: 


1 z xz— yi x y 


z 2-2 w@+y2 gy? ety. 


(b) The complex conjugate allows us to obtain the quotient of two complex 
numbers as follows: 


zo nezao (ti tyit)(te—yot) — xiz2 + yiy2 4 ee Tamy 


— 21-3 2.3 
Z2 22:22 X5 d y$ T3 d y5 25 +y 
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Examples. 


(1) Compute z = 25 


F ZUR 
Solution. We can write 


_ G+5i)B+4i) | 204-3) — -5+35i | 80— 60i 


9 — 16i? 16—9i 25 25 
Nur se 2 
== = 


(2) Let z1, z2 € C. Prove that the number E = 21 : Z2 + Z1: 22 is a real 
number. 


Solution. We have 


E-z:z9-21:29—2(1:224d- 21:22 = E; so E c R. 


1.1.7 The Modulus of a Complex Number 


The number |z| = 4/z? + y? is called the modulus or the absolute value of 
the complex number z = z + yi. For example, the complex numbers 


21 = 44- 3i, Z9 = —3i, 23 —2 
have moduli 
lal = V42-32—5,  |zo| = 4/0? + (—3)? =3, |zs| = V2? —2. 


Proposition. The following properties are satisfied: 


(1) —|z| € Re(z) € |z| and — |z| € Im(z) < [2]. 

(2) |z| > 0 for all z € C. Moreover, we have |z| = 0 if and only if z = 0. 

(3) Iz =|—2| = [al 

De Ee 

(5) |z1* z2| = |z1|-|z2| (the modulus of a product is the product of the moduli). 

(6) [z1] — 122] < |21 + 22] < Fi + Lal. 

(7) [7| — 142, 2 £0. 

(8) i= a, zo #0 (the modulus of a quotient is the quotient of the 
Z2 Z2 
moduli). 

(9) |a = [22] S Fi = 22] < Vi + leol. 


Proof. One can easily check that (1) through (4) hold. 


(5) We have Jz: auum (21° zo) ] 22) = (z1 -Z1)(z2 - Z2) = |z1|? . [z2|?, and 
consequently, |z1 - zo| = |z1| - |z2|, since |z| > 0 for all z € C. 


1.1 Algebraic Representation of Complex Numbers 11 
(6) Observe that 
|z1+22|?= (21 +22)(21 + 22) = (414+22)(%1+%2) = [zu 22-21: 22-- | za. 
Because 21 - 22 = Z4: 22 = Z1 - 22, it follows that 
2122 421: 2g = 2Re(z 23) € 2|z1 - Z| = 2|zi|- |zal, 


whence 
[zi + zal? < (ail + |z21)?, 


and consequently, |z1 + 22| € |z1| + |z2|, as desired. 
In order to obtain the inequality on the left-hand side, note that 


\z1| = E + 22+ (—22)| < EZ + 29| + | — zo| = [zi + 22| + |zal, 


whence 
l| — |22| € |z1 + 22l. 


1 1 1 1 
(7) Note that the relation z- — = 1 implies |z|- : =l,or H E PE Hence 
z z z z 
[27t] = |z|-?. 
(8) We have 
E 1 E t - zZ 
a a E| = lcs n aL lal laal talka, 
22 22 [22] 
(9) We can write |z1| = |z1— z2- z2] € |z1— z2|+ |z2|, so |z1— z2| > |zi| |z2]. 
On the other hand, 
[za — 22] = |zi + (—22)| < [za] + | = 22] = lai] + [22]. 


Remarks. 


(1) The inequality |z1 + z2| € |z1| + |z2| becomes an equality if and only 
if Re(z1Z2) = |zi||z2]. This is equivalent to zi = tz, where t is a 
nonnegative real number. 

(2) Properties (5) and (6) can be easily extended to give 


(5^) TI a = YT dass 
k=1 k—1 

(6) |a. 
k=1 


€ MX |ek| for all zk € C, k 2 1,...,m. 
k 


Asa consequence of (5’) and (7), we have 
(5") |z"| = |z|” for every integer n and complex number z, provided that 
z z- 0 for n <0. 
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Problem 1. Prove the identity 

zi + zal + [zi — zal? = 2(1zil? + [z2[?) 
for all complex numbers zi, z2. 


Solution. Using property (4) in the proposition above, we obtain 


lza + z2[? + laa — zal? = (21 + za2)(Z1 + Z2) + (z1 — 22)(21 — 22) 
= laf + 21: Z2 +22: z1 + zal? + Bik —21:22:—293-: Z1 + zal? 
= 2(|z1|? + |za]?). 

zitz . 


Problem 2. Prove that if |z1| = |z2| = 1 and z1z2 zz —1, then is a 
1 + 2122 


real number. 
Solution. Using again property (4) in the above proposition, we have 


1 
Zp* Zee lal = landzi = —. 
Z1 


Likewise, Z2 = +. Hence denoting by A the number in the problem, we have 
m g by 


= = 1 
A aE e I E 
1+ 21: Ze 1+4. 4 14+ 229 


so A is a real number. 


Problem 3. Let a be a positive real number and let 


=a}. 


Find the minimum and maximum values of |z| when z € Ma. 


1 
Zt - 


M= frec: 
z 


1 
Solution. Squaring both sides of the equality a = |z + —|, we get 
z 


1)? 1\/_ 1 >, 2+(z? 1 
=(2+—)(2+=).—l2"4 ee S 
z z E |z| |z| 


A a 
[2^ + (z +7}? - 212]? +1 


B BE 


Hence 
lzl* — |z|? - (a? 4-2) -12 —(z 4- z)? <0, 
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and consequently, 


a? -- 2 — vat + 4a? a? 4-2 4- vat + 4a? 
2 : 2 


|z? 


It follows that |z| [=+ garta 2t 2 , SO 


a 4- Va? +4 —a- Va? +4 


max |z| = 5 , min |z| = 5 ; 


13 


and the extreme values are obtained for the complex numbers in M satisfying 


Zz——2. 


Problem 4. Prove that for every complex number Žž, 
PEETER |z? 4- 1| 1 
zZ Or |z k 

B V2 B 


Solution. Suppose by way of contradiction that 


1 
|l + z| < — and [1+ z?| < 1. 


V2 
Setting z = a + bi with a, b € R yields z? = a? — b? + 2abi. We obtain 
1 
(1+ a? — b’)? + 4076? < Land(1+a)? +0? < PL 


and consequently, 


(a? +b)? + 2(a? — b°) < 0 and 2(a? +b?) + 4a - 1 « 0. 


Summing these inequalities implies 
(a? +°)? + (2a -- 1)? « 0, 
which is a contradiction. 


Problem 5. Prove that 
2 13 
V3 <|1+2|/+|l-z+22|< a 


for all complex numbers z such that |z| = 1. 


Solution. Let t = |1 + z| € [0,2]. We have 


@=(1+z)(1+z)=2+2Re(z), so Re(z)= 


2 


t? —2 
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Then 


ll—z+2P?=0-—24+2*7)01-274+27)=0-—24+27) (1-=+5) 
zZ 


and we obtain |1 — z + z?| = |t? — 3|. It suffices to find the extreme values of 
the function (Fig. 1.1). 


2 | | i 3 
f: [0,2] >R, fH =t —3| HUE E 


'The graph of the function f is shown in Figure 1.1, 
and we obtain 


18) = 8e? -a r5) - 2. 


13 A 
A p 
3 
V3 
> 
O t 
$ 3-8 
Figure 1.1. 


Problem 6. Consider the set 
H={zeC:z=2-14zi, rcR]. 


Prove that there is a unique number z € H such that |z| € |w| for all w € H. 
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Solution. Let w = y — 1 + yi, with y € R. 
It suffices to prove that there is a unique number z € R such that 


Gala € icc qu 
for all y € R. 


In other words, x is the minimum point of the function 


1 1 
f: ROR, Fu) = (w= y +9? = By? = 2y 41 =2(y- 5) Tu 


whence x = i and z — -i + si. 


Problem 7. Let x, y, z be distinct complex numbers such that 
y=tr+(1-t)z, te (0, 1). 
Prove that 


isl ll. l-lel, ll- lel, 
l-sw ^ Fea] ^ a 


Solution. The relation y — tz 4- (1 — t)z is equivalent to 
z—y-t(z- x). 
The inequality 


l=, el er 
Iz—y| ~ [z= z| 


becomes 
|z| — lyl > t (zl — |l), 


and consequently, 
ly] € Q — t)iz] + tla]. 


This is the triangle inequality for 
y —(1- t)z + tz. 

The second inequality can be proved similarly, by writing the equality 
y= tr +(1-—t)z 


as 
y—z-—(1-t)(z — x). 


15 
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1.1.8 Solving Quadratic Equations 


We are now able to solve the quadratic equation with real coefficients 


ax? + br +c=0, a Z 0, 


in the case that its discriminant A = b? — 4ac is negative. 
By completing the square, we easily get the equivalent form 
E pee eG 
TT 2a 4a2| ` 


a 


Therefore, 
bN? AMEN. 
x4 i 0, 
2a 2a 
—b+iv—-A —b— i/—N 
and so tı = ———— ——, T = ———————. 


2a 2a 
Observe that the roots are conjugate complex numbers, and the factoriza- 


tion formula 
ax? + ba + c = a(x — zi)(z — 22) 


holds even in the case A « 0. 
Let us consider now the general quadratic equation with complex coeffi- 
cients 
az? +bz+c=0, a x 0. 


Using the same algebraic manipulation as in the case of real coefficients, we 
get 


'This is equivalent to 


or 
(2az +b}? =A, 


where A = b? — 4ac is also called the discriminant of the quadratic equation. 
If we set y = 2az + b, the equation is reduced to 


y? =A=u4 vi, 


where u and v are real numbers. 
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This equation has the solutions 


ae dis EN (v) T—Uu. 
yi,2-— c 2 sgn(v 5) 0 , 


where r = |A| and sgn(v) is the sign of the real number v. Indeed, we have 
Y?a = TH + i$ vr? — u?sgn(v) = u + i|v|sgn(v) = u + iv. 
The roots of the initial equation are 


1 
—(—b Í 
25 + 91,2) 


21,2 — 


Observe that the relations 


b c 
zı +22 = » 2122 = —, 
a a 
between roots and coefficients as well as the factorization formula 
az? + bz +c= a(z — z1)(z — 22) 


are also preserved when the coefficients of the equation are elements of the 
field of complex numbers C. 


Problem 1. Solve, in complex numbers, the quadratic equation 
z? — 8(1— i)z + 63 — 16i = 0. 
Solution. We have 


A'! = (4— 4i)? — (63 — 16i) = —63 — 16i 


and r = |A’| = V637 F 16? = 65, where A’ = (È)? — ac. 
The equation 
y^ = —63 — 16i 


has the solution yj, = + ( | $9783. ii] 65463) = +(1 — 8i). It follows that 
z1,2 = 4 — 4i t (1 — 8i). Hence 


zı — 5 — 12i and z2 = 3 + 4i. 


Problem 2. Let p and q be complex numbers with q 4 0. Prove that if the 
roots of the quadratic equation x? + px + q? = 0 have the same absolute value, 
then A is a real number. 


(1999 Romanian Mathematical Olympiad, Final Round) 
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Solution. Let xı and x2 be the roots of the equation and let r = |x| = |]. 
Then 


2 2 = = 
+ T £27 2 
PU 22) zx ! T2 pon 2,221 2.2, = Re(z177) 

q T 


1X2 T2 X1 r2 r2 


is a real number. Moreover, 
2 


Re(z173) > -|277| = —7?, so = > 0. 
q 


Therefore E is a real number, as claimed. 


Problem 3. Let a, b, c be distinct nonzero complex numbers with 
la| = |b| = Icd]. 


(a) Prove that if a root of the equation az? + bz +c = 0 has modulus equal 
to 1, then b? = ac. 
(b) If each of the equations 


az? + bz +c =0 and bz? + cz +a=0 


has a root of modulus 1, then |a — b| = |b — c| = |c — al. 

Solution. 

(a) Let z1, 22 be the roots of the equation with |z;| = 1. From z2 = £- ae 
it follows that |z2| = |£| - GT = 1. Because z1 + 22 = -? and |a| = |b], 


we have |z1 + 22|? = 1. This is equivalent to 


(z1 + 22) (71 + 23) = 1, i.e., (21 + 22) ( E i ) eu 


px? 
(z1 + 22)? = 2122, ie., (2) = 


which reduces to b? = ac, as desired. 
(b) As we have already seen, we have b? = ac and c? = ab. Multiplying these 
relations yields b?c? = a?bc, and hence a? = bc. Therefore, 


We find that 


a? +b? +e = ab + be+ ca. (1) 


Relation (1) is equivalent to 


i.e., 


(a — b)? + (b — c)* + 2(a — b) (b — c) + (c — a)? = 2(a — b) (b — c). 
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It follows that (a— c)? = (a— 6)(b— c). Taking absolute values, we obtain 
8? = ya, where a = |b — cl, 8 = |c — a|, y = |a — b|. In an analogous 
way, we obtain a? = fy and 4? = af. Adding these relations yields 
a? + B? +7? = aB + bq + yo, ves (a — 6)? + (8-7? +- a)? —0. 
Hence a= 8 = y. 


1.1.9 Problems 


. Consider the complex numbers zı = (1,2), z2 = (—2,3), and z3 = 


(1, —1). Compute the following: 


(a) z1 + za + 23; (b) 2122 + 2223 + 23213 (c) 2172235 

Zl 22 23 Zi + 25 
d) 2? +22 +23; (e) —+—+—-; (f ; 
(d) zp +23 + 23; (ots Dub Uu aq 


. Solve the following equations: 


(a) z4-(—5,7) 2 (2, —1); (b) (2,3 +z = (—-5, —1) 
(c) z: (2, 3 = (4 5); (d) = (3, 2). 


. Solve in C the equations: 


(a) 227+2+1=0; (b) 21-0. 


TL 


4. Let z = (0, 1) € C. Express > z* in terms of the positive integer n. 


[2 


eo-1c 


10. 


k=0 


. Solve the following equations: 


(a) z-(1, 2 = (-1,35 (b) (1,1): 2? = (-1,7). 


. Let z = (a, b) € C. Compute z?, z3, and 24. 

. Let zo = (a, b) € C. Find z € C such that z? = zo. 

. Let z = (1, —1). Compute z”, where n is a positive integer. 
. Find real numbers x and y in each of the following cases: 


/ ED uai NS 
(a) (1 — 2i)a + (1+ 2i)y = 1 +i; D) m ye 05 
(c) (4 — 3i)? + (3 + 2i)zy = 4y? — 1a? + (Bay — 2y?Ji. 


Compute the following: 
(a) (2 — i)(—3 + 22)(5 — 44); (b) (2 — 42)(5 + 24) + (3 + 4i) (-6 — i); 


«(59^ «Gs (C) (95) 


3-7 5-81 


() 53i  2—3i 
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11. 


12. 


13. 
14. 


15. 


16. 
17. 


18. 


19. 
20. 


21. 


22. 
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Compute the following: 


(a) 42000 4 ¿1999 , ;201 + 182 4 i17; 


(b) Pe ae ee EE 
(c) i i3... 2000. 
(d ) i Es | ( i)" | ( i)!’ | ij 100 | ( myer, 


Solve in C the following equations: 


(a) 2-4 (bz--iü ())2-1-iX2 


1 
2 


1 
Find all complex numbers z 4 0 such that z + — € R. 

z 
Prove the following: 


(a) E, = (2c iV/8)' + (2— 1/5)" € R; 
wwe wu 


Prove the following identities: 


(a) |z1 4 zal? + |22 - za]? + |z - 21]? = |21|? + |22|? + lea]? + | za + 22 + 23l?; 
(b) |L4- 2122|? + |zi — zal? = (1 + [a 2) + [22[2); 
(c) |L— 2122|? — |z: — zal? = (1— jal — [22[2; 
(d) |z1 + 22 4 zal? +| — 21 + zo + zal? [zi — 22 + 23/7? + |za + 22 — 23|? 
= A(\z1|? + [2217 + |za[?) 

: acid 1 

Let z € C* be such that |z Tus < 2. Prove that |z + -| < 2. 
z Z 


Find all complex numbers z such that 
|z| = 1 and |2? - Z2| = 1. 
Find all complex numbers z such that 
4z? + 8|z|? — 8 


Find all complex numbers z such that z? — z. 
Consider z € C with Re(z) > 1. Prove that 


1 
z 


Let a, b, c be real numbers and w = —5 es 3. Compute 


(a+ bw + cw?)(a + bw? + cw). 


Solve the following equations: 


(a) |z| - 22 = 3 — 4i; 


1.1 


23. 


24. 


25. 
26. 


27. 


28. 


29. 


30. 


31. 
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) |z +2 = 3 + 4i; 
(c) z? = 2 + 11i, where z = x + yi and z, y € Z; 
(d) iz? + (14+ 2i)z +1 = 0; 
(e) z* +6(1 + i)z? +5 + 6i = 0; 
(f) (1 +i)? 4-2 - 11i = 0. 


Find all real numbers m for which the equation 


23 + (3--i)z? — 32 — (m - i) 20 


has at least one real root. 
Find all complex numbers z such that 


z' —(z—2)(z-i) 
is a real number. 


1 
Find all complex numbers z such that |z| = |=]. 
z 


Let 21, 22 € C be complex numbers such that |z1 + z2| = V3 and 
[zi] = |z2| = 1. Compute |z1 — zg]. 
Find all positive integers n such that 


-1+iv3)" | (-1-iv3\"_, 
2 i 2 ni 


Let n > 2 be an integer. Find the number of solutions to the equation 


Let z1, Zo, z3 be complex numbers with 
|z1| = |22| = |23| = R > 0. 
Prove that 


EM = zəl i E — zal + [za = zl : |z = zəl + |z2 = zal £ [za = zl < 9R?. 


Let u, v, w, z be complex numbers such that |u| < 1, |v] = 1, and 
w= _— Prove that |w| < 1 if and only if |z| € 1. 
u:z— 


Let z1, zo, z3 be complex numbers such that 
zı + z2 + z3 = 0 and |z1| = |z2| = |za| = 1. 


Prove that 
e + 22 + z2 = 0. 


22 


32. 


33. 


34. 


35. 


36. 


3T. 


38. 
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Consider the complex numbers z1, zo, ..., Zn with 


EN [22] ett znl r 0. 


Prove that the number 


(z1 + z2)(22 + za) +++ (Zn—1 + £u) (Zn + 21) 
21'22...Zm 


E= 


is real. 
Let 21, 22, 23 be distinct complex numbers such that 


|z1| = [22] = [23] > 0. 


If z1 + 2923, Z2 + 2123, and za + z129 are real numbers, prove that 
212223 = 1. 

Let xı and zə be the roots of the equation z? — z + 1 = 0. Compute the 
following: 


(a) 2000 + 42000. (p) 11999 + 51999; (c) y? + z3, for n €N. 
Factorize (in linear polynomials) the following polynomials: 
(a) 2* +16; (b) z? — 27; (c) 2? + 8; (d) z* -- z? +1. 


Find all quadratic equations with real coefficients that have one of the 


following roots: 
(a) (2-- i)(3 — i); (b) EV. (c) i9! + 2499 + 314° + 4195, 


(Hlawka's inequality) Prove that the inequality 


5+i 


ED | E t [22 t zal | [za | zl < kzal t |z9| H |z3| H EI F 224 zal 


holds for all complex numbers 21, 22, 23. 
Suppose that complex numbers z;, yi, i = 1,2,...,n, satisfy |x;| = |y;| = 
1. Let 


[e pax 
w= — m5 y=) Mi and z; = ry, + yx; — viyi. 
i—1 i=1 


n 
Prove that 5 |zi| € n. 
i=1 
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1.2 Geometric Interpretation of the Algebraic 
Operations 


1.2.1 Geometric Interpretation of a Complex Number 


We have defined a complex number z = (x, y) = x + yi to be an ordered 
pair of real numbers (x, y) € R x R, so it is natural to let a complex number 
z = x + yi correspond to a point M(x, y) in the plane R x R. 

For a formal introduction, let us consider P to be the set of points of a 
given plane IT equipped with a coordinate system xOy. Consider the bijective 
function y:C > P, p(z) = M(x, y). 


Definition. The point M(x, y) is called the geometric image of the complex 
number z = z + yi. 

The complex number z = x + yi is called the complex coordinate of the 
point M(x, y). We will use the notation M(z) to indicate that the complex 
coordinate of M is the complex number z. 


M(x, y) 
. s 


M"-x,~y) 


Figure 1.2. 
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'The geometric image of the complex conjugate z of a complex number 
z = x + yi is the reflection point M'(x, —y) across the z-axis of the point 
M(x, y) (see Fig. 1.2). 

The geometric image of the additive inverse —z of a complex number 
z = x + yi is the reflection M"(—z, —y) across the origin of the point 
M(x, y) (see Fig. 1.2). 

The bijective function y maps the set R onto the z-axis, which is called 
the real axis. On the other hand, the imaginary complex numbers correspond 
to the y-axis, which is called the imaginary axis. The plane IT, whose points 
are identified with complex numbers, is called the complex plane. 

On the other hand, we can also identify a complex number z = «+ yi with 
the vector Y = OM, where M(x, y) is the geometric image of the complex 
number z (Fig. 1.3). 


=> 
O i x 


Figure 1.3. 


Let Vo be the set of vectors whose initial points are the origin O. Then we 
can define the bijective function 


—À 
g :C VW, vg (20M - v -zi yj, 


where 7, j are the unit vectors of the z-axis and y-axis, respectively. 


1.2.2 Geometric Interpretation of the Modulus 


Let us consider a complex number z = x + yi and the geometric image 
M(x, y) in the complex plane. The Euclidean distance OM is given by the 
formula 


OM = y (zu — zo)? + (ym — yo)?: 
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hence OM = az? + y? = |z| = |". In other words, the absolute value |z| 
of a complex number z = x + yi is the length of the segment OM or the 
magnitude of the vector 7- =f at ty r3 


Remarks. 


(a) For a positive real number r, the set of complex numbers with modulus 
r corresponds in the complex plane to C(O; r), our notation for the circle 
C with center O and radius r. 

(b) The complex numbers z with |z| < r correspond to the interior points 
of circle C; on the other hand, the complex numbers z with |z| > r 
correspond to the points in the exterior of circle C. 


1, v3, 


Example. The numbers z, = i, k = 1,2,3,4, are represented in 


2 
the complex plane by four points on the unit circle centered at the origin, 
since 


|z1| = |22| = |23| = |z4] = 1. 


1.2.3 Geometric Interpretation of the Algebraic 
Operations 


(a) Addition and subtraction. Consider the complex numbers nu it 
y1i and z2 E. + Yat, and the corresponding vectors vı = —aq41i +y ri 
and Yo = £2 i + y2 j . Observe that the sum of the complex numbers is 


zı +22 = (24 + £2) + (yi + ya)f, 
and the sum of the vectors is 
> > 
Vit V2 = (a1 +22) i + (y1 +y2)j. 


Therefore, the sum z1 + z2 corresponds to the sum Cit ve (Fig. 1.4). 


Examples. 


(1) We have (3 4- 5i) 4- (6 4- i) = 9+ 6i; hence the geometric image of the sum 
is given in Fig. 1.5. 

(2) Observe that (6 — 2i) + (—2 + 5i) = 4 + 3i. Therefore, the geometric 
image of the sum of these two complex numbers is the point M (4, 3) (see 
Fig. 1.6). 

On the other hand, the difference of the complex numbers zı and z» is 


Zi — 22 = (xı — 22) + (yı — y2)i, 
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M(xı+x2, yit y2) 


M2(x2, y2) 


M\(x1, y1) 


» 


Figure 1.4. 


M(9, 6) 


Figure 1.6. 
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and the difference of the vectors v; and v» is 
> > 
U1 — V= (£1 — 22) i +(yi—yo) f. 


Hence, the difference z4 — z2 corresponds to the difference E 1— ELT. 

(3) We have (—3+ i) — (2 + 3i) = (—3 + i) + (-2 — 3i) = —5 — 2i; hence the 
geometric image of the difference of these two complex numbers is the 
point M(—5, —2) given in Fig. 1.7. 


M)(2, 3) 


M,(-3, 1) 


M(-5,-2) 
M"(-2,-3) 


Figure 1.7. 


(4) Note that (3 — 2i) — (—2 — 4i) = (3 — 2i) + (2+ 4i) = 5 + 2i; we obtain 
the point Mj(—2, —4) as the geometric image of the difference of these 
two complex numbers (see Fig. 1.8). 


M"(2,4) 


M(5,2) 


My, (3, -2) 


M»(-2, —4) 


Figure 1.8. 
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Remark. The distance between Mi(z1, yi) and Mo(x2, y2) is equal to the 
modulus of the complex number z1 —22, or to the length of the vector aba gs 
Indeed, 


|M; Mp = |a — 22| = [V1 — Va| = V/(zxa — x1)? + (ya — 1). 


(b) Real multiples of a complex number. Consider a complex number 
z = x + iy and the corresponding vector =xri + yj. If À is a real 
number, then the real multiple Az = Az + iy corresponds to the vector 


— E 
AG —Ard Mj. 
Note that if A > 0, then the vectors AY and Y have the same orientation 


and 
[Av | = A[V |. 


When A < 0, the vector AY changes to the opposite orientation, and 
[Av | = —A[V |. Of course, if A = 0, then AY = 0 (Fig. 1.9). 


y y 
M'(Ax, Ay) 
M(x, y) 
M(x, y) 

O x x 

M'(Ax, Ay) 

Figure 1.9. 
Examples. 


(1) We have 3(1 + 2i) = 3 + 6i; therefore, M'(3, 6) is the geometric image 
of the product of 3 and z = 1 + 2i. 

(2) Observe that —2(—3 + 27) = 6 — 4i; we obtain the point M'(6, —4) as 
the geometric image of the product of —2 and z = —3 4+ 2i (Fig. 1.10). 
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Figure 1.10. 


1.2.4 Problems 


1. Represent the geometric images of the following complex numbers: 


zi =3 +1; z2 = —4 + 2i; z3 = —5 — 4i; 2, = 5-7; 


z5 = l; 2g = —3i; z7 = 2i; zg = —4. 


2. Find the geometric interpretation for the following equalities: 


(a) (-5-- 4i) + (2 — 3i) = -3 + i 


(b) (4— i) + (—6 + 4i) = —2 + 3i; 
(c) (-3— 2i) - (—5 + i) = 2 — 3i; 
(d) (8— i) — (5 + 3i) = 3 — 4i; 
(e) 2(—4 + 2i) = —8 + 4i; 

(f) —3(—1 + 2i) = 3 — 6i. 


3. Find the geometric image of the complex number z in each of the following 
cases: 


(a) |z—2| = 3; (b) |z + i| < 1; (c) |z — 1 + 2i| > 3; 
(d) |z — 2| 2 |z + 2| < 2; (e) 0 < Re(iz) < 1; (f) —1 < Im(z) < 1; 


(g) Re (2-1) — 0; (h) 2 ER. 


4. Find the set of points P(x, y) in the complex plane such that 


| P+4+iVvy—q| = v10. 
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. Let z1 = 1 +i and z2 = —1-— i. Find z3 € C such that the triangle 


21, 22, 23 is equilateral. 


. Find the geometric images of the complex numbers z such that the 


triangle with vertices at z, z?, and z° is a right triangle. 


. Find the geometric images of the complex numbers z such that 


Chapter 2 


Complex Numbers in Trigonometric 
Form 


2.1 Polar Representation of Complex Numbers 


2.1.1 Polar Coordinates in the Plane 


Let us consider a coordinate plane and a point M (x, y) that is not the origin. 

The real number r = 4/z? + y? is called the polar radius of the point M. 
The direct angle t* € [0, 27) between the vector OM and the positive x-axis is 
called the polar argument of the point M. The pair (r, t*) are called the polar 
coordinates of the point M. We will write M(r, t*). Note that the function 
h : R x R\{(0,0)} > (0, co) x [0, 27), h((x, y)) = (r, t*) is bijective. 

The origin O is the unique point such that r = 0; the argument £* of the 
origin is not defined. 

For each point M in the plane there is a unique intersection point P of 
the ray (OM with the unit circle centered at the origin. The point P has the 
same polar argument ¢*. Using the definition of the sine and cosine functions, 
we find that 

x =rcost* and y=rsint*. 


Therefore, it is easy to obtain the Cartesian coordinates of a point from its 
polar coordinates (Fig. 2.1). 
Conversely, let us consider a point M(x, y). The polar radius is 


paa qa gh. 
To determine the polar argument, we study the following cases: 


(a) If z Z 0, from tant* — 7. we deduce that 
x 


t* = arctan 2 + kr, 
x 


T. Andreescu and D. Andrica, Complex Numbers from A to ... Z, 31 
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M(x, y) 


erm 
Pati 


Figure 2.1. 


where 
0, for «>0O andy>0O, 


k—41, for r«0 andanyy, 
fo z»0 andy<0. 


(b) If x = 0 and y Z 0, then 


r= 7/2, for y »0, 
~ | 37/2, for y «90. 


Examples. 


1. Let us find the polar coordinates of the points M1(2,—2), M»(—1, 
M3(-2Vv3, 2), Ma(v3, 1), M3(3, 0), Ms(-2, 2), M,(0, 1) and Ms( 
In this case, we have rı = 4/22 + (—2)? = 2v2; tt = arctan(—1) + 27 = 
-7 Los =, so M, (2/2, t£). 


4 4 
Observe that r2 = 1, t3 = arctan 0 + T = m, so M»(1, 7). 


3 T 
We have r3 = 4, t3 = arctan Y +7 = c+ = m so M3 (4 T). 
Note that r4 = 2, t = arctan xS = %, so M4 (2, e 
We have r5 = 3, tz = arctan 0 +0 = 0, so Ms(3, 0). 


We have ro = 2V2, t$ = arctan(-l) +7 = = + T= 7 80 
Me (v2. T), 

Note that rz = 1, t2 = A so M7 (1, z) 

Observe that rg = 4, tg = - so Msg @ +). 


2. Let us find the Cartesian coordinates of the following points given in polar 


2 
coordinates: M; (2 7). Mp (s T), and M3(1, 1). 
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2 1 2 
We have x; = 2cos 2 )- 1, ji = 2s 27 = 23 = V3, so 


3 2 
M,(-1, V3). 
Note that 
T 7x 32 Bas it 3/2 

T2 = uc RE NE. BEI = 2° 

sO 
2 2 
u (38-8) 


Observe that z3 = cos 1, y3 = sin 1, so M3(cos1, sin 1). 


2.1.2 Polar Representation of a Complex Number 


For a complex number z = x + yi, we can write the polar representation 
z = r(cost* + isin t*), 


where r € [0, oo) and ¢* € [0, 27) are the polar coordinates of the geometric 
image of z. 

The polar argument £* of the geometric image of z is called the principal (or 
reduced) argument of z, denoted by arg z. The polar radius r of the geometric 
image of z is equal to the modulus of z. For z Z 0, the modulus and argument 
of z are uniquely determined. 

Consider z = r(cost* -- isint*) and let t = t* + 2kr for an integer k. Then 


z = r|cos(t — 2kr) + isin(t — 2k)] = r(cost +isint), 


i.e., every complex number z can be represented as z = r(cost+isint), where 
r > 0 and t € R. The set Argz = (t:t* +2kn, k € Z} is called the extended 
argument of the complex number z. 

Therefore, two complex numbers z1, z2 4 0 represented as 


zı = rı (cos tı +isint,) and z2 = ra(costo + isin t2) 


are equal if and only if rı = ro and tı — tg = 2kr, for some integer k. 


Example 1. Let us find the polar representation of the following numbers: 


(a) A= -1- i, 
(b) z2 = 2 + 2i, 

(c) Z3 = —1 + i3, 
(d) z4 = 1— i3, 


and determine their extended arguments (Fig. 2.2). 
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(a) As in Figure 2.2, the geometric image P;(—1, —1) lies in the third quad- 
rant. Then rı = 4/(—1)? + (C1)? = V2 and 


» y T om 
ti = arctan — +7 = arctan 1 + T = — + 1T = —. 
x 4 4 


Figure 2.2. 


Hence 


zı = Vl (cos ŽE + isin TE) 


and " 
Arg zı = {= + 2kn|k € z} . 


(b) The point P;(2, 2) lies in the first quadrant, so we can write 
ro = V22 + 22 = 2/2andt5 = arctan 1 = T 


Hence 


2; = 22 (cos 7 sisin a) 


~ Argz = {T +2kn|k € Z}. 


(c) The point P3(—1, v3) lies in the second quadrant, so (Fig. 2.3) 


T 2T 
z +T = >. 


rs = 2 and t$ = arctan(—V3) + r = — 3 : 


Therefore, 


2m |. 2m 
23 —2 Cs a 
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Figure 2.3. 


and " 
Argzg — Rs 4 2kn|k € z} , 
(d) The point P4(1, —v3) lies in the fourth quadrant (Fig. 2.4), so 


5r 
5° 


r4 = 2 and t = arctan(—V/3) + 20 = = +27 = 


Figure 2.4. 


Hence 
2 | cos 2m Tisi a 
Z4 = == ?S81n — 
i 3 3 


and 
Arg z4 = {= + 2kr|k € z} : 
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Example 2. Let us find the polar representation of the following numbers: 


(a) 2j = 21, 
(b) 22 —1, 
(c) 23 — 2, 
(d) ZA = — 8i, 


and determine their extended arguments. 


(a) The point P,(0, 2) lies on the positive y-axis, so 


" T T 2. T7 
ry —2, E a1 = 2 (cos + + isinZ) 


and 3 
Arg zı = {> + 2kr|k € Z}. 


(b) The point P>(—1,0) lies on the negative z-axis, so 
ro=1, t=T, z9- cosm-Fisinm 


and 
Arg z2 = {r + 2kmn|k € Z}. 


(c) The point P3(2, 0) lies on the positive z-axis, so 
T3 — 2, t3=0, 23 =2(cos0+i sin 0) 


and 
Arg z3 = (2km|k € Z}. 


(d) The point P4(0, —3) lies on the negative y-axis, so 
3 p 3m 3 3m ES 3T 
= = — — C —— 
T4 » t4 9" ZA os 2 i sin 5 


and r 
Arg z4 = {= 4 2kn|k € z} ; 


Remark. The following formulas should be memorized: 


1 = cos0 + i sin 0; i = cos 5 + isin 5; 


m . 3m .. 3T 
—1 = cosm -isinm; mo EOS edat 


Problem 1. Find the polar representation of the complex number 


z=1+cosa+isina, a€ (0, 2m). 
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Solution. The modulus is 


|z| = VQ + cosa)? + sin? a = /2(1 + cosa) = "m 5 = 2 |cos 2. 


The argument of z is determined as follows: 
(a) If a € (0, 7), then € (o. z) and the point P(1 + cosa, sina) lies in 
the first quadrant. Hence 


x sina a a 
t = arctan = arctan (tan 5) =, 
1 + cosa 2 2 


and in this case, 
2 cos (cos 5 lisi =) 
z= = ehi Sa Er 
2 2 


a 
2 
(b) If a € (a, 27), then = z£ E r), and the point P(1 + cosa, sina) lies in 
the fourth quadrant. aise 


| | | 


E 2cos 2 (cos (2 z) + isin ($ - )) 
m 2 CER E 2 i 


(c) If a = v, then z = 0. 


and 


Problem 2. Find all complex numbers z such that |z| = 1 and 


Zz Z 
popu 
Z 


Solution. Let z = cosx + isinz, x € [0, 27). Then 


a: i22 4-z?| 
|. | 


= |cos2z + isin 2x + cos 2x — i sin 2x| = 2| cos2z], 


z 
z 


1 1 
32 = — 2A = ——, 
COS ZX 7 or COS 4% 2 


If cos 2x = i. then 


T 5m TT lir 
r= 39 = £3 = z4 = 
1 6’ 2 6” 3 6” 4 6 
If cos2r = —5, then 
T 2m Am 57 
T5 = 7; X6 -— >> WT =z, t= > 
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Hence there are eight solutions: 


Zy = COS £k d isinzyg, K=1,2, ...,8. 


2.1.3 Operations with Complex Numbers in Polar 
Representation 


1. Multiplication 
Proposition. Suppose that 


zı = rı (cos tı + isintı) and zo = ra(costo + isin t2). 


Then 
21229 = rıro(cos(tı + t2) + isin(t4 + 13)). (1) 


Proof. Indeed, 
2129 = r1ro(cost, + isin tı)(cos t2 + isin t2) 


= rır2((cos tı costs — sin tı sin t2) + i(sin tı costz + sin t2 cos tı )) 


= rira(cos(t4 + t2) + isin(tı + t2)). 


Remarks. 


(a) We find again that |z1z2| = |zi| - | za]. 
(b) We have arg(2122) = arg z1 + arg za — 2km, where 


k= 0, for argzi--argzo < 2m, 
— |l for argz, + argza > 2r. 


(c) Also we can write Arg(z1z2) = {arg z1 + arg z2 + 2kr : k € Z}. 
(d) Formula (1) can be extended to n > 2 complex numbers. If zk = 
rp(cost, +isint,), k — 1, ..., n, then 


2122... Zn — r1T2 i Ty (cos(ty + t2 d 0) +isin(tı + te +--+ 0). 


The proof by induction is immediate. This formula can be written as 
II^ Ilx XL : (2) 
Example. Let zı = 1 — i and z2 = V3 +i. Then 


Z1 = v3 (cos isin) z — 2 (eos 7 isin T), 
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TT T m IT T 
an = I [eos (4 +7) kisin (4 t =) 


23 
— = 2/2 2 (cos 5 —— +isin a) 


and 


12 12 
2. The power of a complex number 
Proposition. (De Moivre!) For z = r(cost + isint) and n € N, we have 


TL 


z” = r" (cos nt + isin nt). (3) 


Proof. Apply formula (2) with z = z1 = z2 =--- = Zn to obtain 


zog n rcos(t+tts +t) +i sin(t tb D) 
ELE RS, ETT 


ntimes n times n times 


=r” (cos nt + i sin nt). 


Remarks. 


(a) We find again that |z”| = |z|”. 
(b) If r = 1, then (cost + isint)" = cosnt + i sinnt. 
(c) We can write Argz" = [nargz + 2kr : k € Z}. 


Example. Let us compute (1 + i)1090, 
The polar representation of 1 + i is V2 (cos 7 + isin =). Applying de 


Moivre’s formula, we obtain 
(1 + i)1000 — (4/2) 1000 (cos 10007 + isin 10007) 
= 2500 (cos 2507 + isin 2507) = 2909, 
Problem. Prove that 


sin 5t = 16sin?t — 20sin?t + 5sint; 
cos5t = 16cos?t — 20cos?t + cost. 


Solution. Using de Moivre's theorem to expand (cost +isint)°, then using 
the binomial theorem, we have 


cos 5t + isin 5t = cos? t + 5i cos? t sint + 10i? cos? t. sin? t 


+ 10i? cos? t sin? t + 5i* cost sin*t 4 i? sin? t. 


1 Abraham de Moivre (1667-1754), French mathematician, a pioneer in probability theory 
and trigonometry. 
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Hence 


cos 5t + isinbt = cos? t — 10cos? t (1 — cos? t) -- 5cost (1 — cos? t)? 
+ i(5(1 — sin? t)? sint — 10(1 — sin? t) sin?t + sin? t). 


Simple algebraic manipulation leads to the desired result. 
3. Division 
Proposition. Suppose that 
zı = r1i(cost, -- isinti), zo = ra(cos t2 + isinta) Æ 0. 


Then 


= [cos(t4 13) isin(ti = ts)]. 


Proof. We have 
Z1 rı (cos ti + isinti) 


29  ra(costo  isint2) 


rı(costı + isin t)(cos tg — isin t2) 


ra(cos? t + sin? t3) 


Ti A : ds ; 
= —[(cost4 costa + sin tı sin t2) + i(sin tı cos t2 — sin tz cos tı )| 
T2 


= 71 (cos(t4 = t2) +i sin(t4 m t2)). 


T2 
Remarks. 
(a) We have again |—| = LEES 
Z2 T9 [23] 


(b) We can write Arg (2) = {arg zı — arg z2 + 2kn : k € Z}. 
(c) For z; = 1 and zg = z, 


1 |; d me 

— =L —t —t)). 

rae E (cos(—t) + isin(—t)) 

(d) De Moivre’s formula also holds for negative integer exponents n, i.e., we 
have 


z” =r” (cosnt +isinnt). 


Problem. Compute B 
(1 — i)! (V3 + i)? 
aan 


2z = 
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Solution. We can write 
7 SU 7 
E (v2) (cos +isin T) .25 (cos Z T isin =) 
4 4n ^ 1? 
210 (cos E +isin a 


210 ug i T dis ee t 
2 2 6 6 


4 4 
210 c r +isin +) 


cos i +isi 99m 
uc TS -—— 
3 3 


cos E +isin an 
3 3 


= cos 5m + isin 5r = —1. 


2.1.4 Geometric Interpretation of Multiplication 


Consider the complex numbers 
zı = ri(costi +isint]), z2 — ra(cost? -- i sint), 


and their geometric images Mi(ri, tï), Mo(ro, t5). Let Pi, P> be the inter- 
section points of the circle C(O; 1) with the rays (OM, and (OM2. Construct 
the point P € C(O; 1) with the polar argument t1 + t5 and choose the point 
M3 € (OP; such that OM3 = OM; - OM». Let z3 be the complex coordinate 
of M3. The point Ma(riro, tj + t5) is the geometric image of the product 
Zl- Z2. 

Let A be the geometric image of the complex number 1. Because 


OM, | OM» - OM; | OM» 
OM, 1” "" OM, OA 


and M30 Ms = AOM;, it follows that triangles O AM, and O M2M3 are 
similar (see Fig. 2.5). 
In order to construct the geometric image of the quotient, note that the 
image of m is Mj. 
Z2 
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Figure 2.5. 


2.1.5 Problems 


1. Find the polar coordinates for the following points, given their Cartesian 
coordinates: 


(a) Mi(-3,3); (b) Ma(-4V3, —4); (e) M3(0, —5); 
(d) M4(-2, —1); (e) Ms(4, —2). 


2. Find the Cartesian coordinates for the following points, given their polar 
coordinates: 7 
(a) Pi (2. =)i (b) P» (4 2m — arcsin $ ); (c) P3(2, 7); 
T 3n 
(d) Pa(3, —m); (e) P5(1, 3 (f) Pe(4, z) 


3. Express arg(Z) and arg(—z) in terms of arg(z). 
4. Find the geometric images for the complex numbers z in each of the 
following cases: 


(a) |] =2; (bz*iz2  (oiz-is3 
T T T 
(d) T<argz< Ti (e) argz > 3 (f) argz < 5 5 
(g) arg(—z) € (2.2): (h) |t 19d <3 and 0 < argz < 7. 
5. Find polar representations for the following complex numbers: 


(a) 21 =646iv3; (b)z ——l-iY3; (c)z4——Li-iY3 
(d) z,—9—9i/3; (e) z5 =3-— 2i; (f) ze = —4i. 
6. Find polar representations for the following complex numbers: 


(a) zy = cosa — isina, a€ [0, 27); 
(b) z2 = sina + i(1 + cosa), a€ [0, 2r); 
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10. 
11. 


12. 


13. 


14. 


(c) za = cosa + sina + i(sina — cosa), a € [0, 27); 
(d) z4 —1—cosa-isina, a€ (0, 27). 


. Compute the following products using the polar representation of a com- 


plex number: 


o (is 
(c) —2i - (—4 + 43i) - (3+ 3i); (d) 3- (1 — i)(—5 + 5i). 


Verify your results using the algebraic form. 


(—3 + 31)(2V34 2i); (b) (1 +i)(—2 — 2i) - i; 


. Find |z|, argz, Argz, argz, arg(—z) for 


(a) z= (1 i)(6+ 6i); (b) z= (7— 7V32)(-1 — i). 


. Find |z| and arg z for 


o QV3-2)*? Q+) | 
arenen M (2/3 — 2i)8' 
hes (-1+i)* | 1 

(¥3—4)10 (2V3 + 2i) 
(c) z 2 (1+iv3)" + (1 — iv3)”. 


Prove that de Moivre’s formula holds for negative integer exponents. 
Compute the following: 


(a) (1 — cosa + isina)” for a € [0, 27) and n € N; 
1 1 
(b) m+ z ifet+ > = v3. 


1 
Given that z is a complex number such that z + — = 2cos3°, find the 
A 
1 
72000 ` 


(2000 AIME II, Problem 9) 


2000 ES 


least integer that is greater than z 


For how many positive integers n less than or equal to 1000 is 
(sint + cost)" = sinnt + i cosnt 
true for all real t? 
(2005 AIME II, Problem 9) 
Let (1 — 3i)" = £n + iyn, where £n, y, are real for n = 1,2,3,.... 


(a) Show that tnYn—1 — Xa-1ya = 4^ 3. 
(b) Compute LEnTn—1 + YnYn-1- 
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2.2 The nth Roots of Unity 


2.2.1 Defining the nth Roots of a Complex Number 


Consider a positive integer n > 2 and a complex number zp # 0. As in the 
field of real numbers, the equation 


Z"—z-0 (1) 


is used for defining the nth roots of the number zo. Hence we call any solution 
Z of equation (1) an nth root of the complex number Zo. 


Theorem. Let z = r(cost* + isint*) be a complex number with r > 0 and 
t* € [0, 27). 
The number z has n distinct nth roots, given by the formulas 


= t* + 2k t* + 2k 
Zk = Ur (cos 2m Fisin = z) : 
TL 


T, 


Proof. We use the polar representation of the complex number Z with the 
extended argument: 
Z = p(cos y + isin 9). 


By definition, we have Z” = zo, or equivalently, 
p" (cos rup + isinny) = r(cost* + isint*). 


We obtain p" = r and np = t* + 2kz for k € Z; hence p = Wr and yk = 


TL TL 
So far, the roots of equation (1) are 
Zk = Vr(cos yk 4- isin qx) fork € Z. 


Now observe that 0 € qo < yi € ::: < Yn_-1 < 27, so the numbers ex, k € 
(0, 1, ..., n — 1), are reduced arguments, i.e., o; = px. Until now, we had 
n distinct roots of zo: 

Zo, Zi; +++, Zn-1- 


Consider some integer k and let r € (0, 1, ..., n — 1] be the residue of k 
modulo n. Then k = nq +r for q € Z, and 
t* 2m t“ 


2T 
Pk = H (nq +r)— = Fr— + 2q« = pr + 2qm. 
n n n n 


2.2 The nth Roots of Unity 45 
It is clear that Zi = Z,. Hence 


{Zk : k € Z} = (Zo, Zi, DERE) Zn-1}- 


In other words, there are exactly n distinct nth roots of zo, as claimed. 


The geometric images of the nth roots of a complex number zo # 0 are 
the vertices of a regular n-gon inscribed in a circle with center at the origin 
and radius Qr. 

To prove this, denote by Mo, Mi, ..., Ma, the points with com- 
plex coordinates Zo, Zi, ..., Zn—1. Because OM, = |Zk| = 4r for 
k € (0, 1, ..., n—1}, it follows that the points Mj lie on the circle C(O; ¢/r). 


On the other hand, the measure of the arc My M44 is equal to 


t* 4- 2(k + 1)n — (t* + 2k 2 
arg Zp41 — arg Zy = sre ed ues S UR 


, 


n n 
for all k € (0,1, ..., n — 2}, and the remaining arc M, 1 Mo is 

e es 2r — (n pa 

n n 
Because all of the arcs MoM, Mi Ms, zie M, 1 Mo are equal, the polygon 


MoM;j :-- Ma is regular. 


Example. Let us find the cube roots of the number z — 1 4- and represent 
them in the complex plane. 
The polar representation of z = 1 + i is 


z= V3 (cos 7 +isin). 


The cube roots of the number z are 


T 2m " T 2m 
Zk = 92 (cos (5+5) --Fismn (5e) k = 0,1,2, 


or in explicit form, 


p V2 (cos Z + isin Z), 


3 3 
Z = Ve (cos $ tisa E), 


and 
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46 
In polar coordinates, the geometric images of the numbers Zo, Z1, Z2 are 


T 37 17r 
M (v2, —). M Ug T), Mala, = |. 

o ( V2 12 (V2 g J 2 v2 12 

The resulting equilateral triangle MoM M» is shown in Fig. 2.6. 


Figure 2.6. 


2.2.2 The nth Roots of Unity 


The roots of the equation Z" — 1 = 0 are called the nth roots of unity. Since 
1 = cos0 + i sinO, from the formulas for the nth roots of a complex number, 


we derive that the nth roots of unity are 


2km |. 
Ek = cos — +isin—, k€1(0,1,2, ..., n— 1). 
n n 
Explicitly, we have 
£g = cos0 +7sin0 = 1; 
2m . , 2m 
£1 = cos — + isin — = €; 
n n 
Ar .. 4m 2 
£9 = cos — + isin — = €^; 
n n 
2(n — 1» 2(n — 1)» 
ent = juo EP prn OE —gh-l 
n 


TL 
The set (1, £, &?, ..., e" +} is denoted by Un. Observe that the set Un 
is generated by the element e, i.e., the elements of Un are the powers of e. 
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As stated before, the geometric images of the nth roots of unity are the 
vertices of a regular polygon with n sides inscribed in the unit circle with one 
of the vertices at 1. 

We take a brief look at some particular values of n: 


1. For n = 2, the equation Z? — 1 = 0 has the roots —1 and 1, which are the 
square roots of unity. 

2. For n — 3, the cube roots of unity, i.e., the roots of equation Z? — 1 — 0, 
are given by 


2k 2k 
Ek = cos 7 +isin 7 fork € {0,1, 2}. 
Hence 
E l, & cos an | Si AT Lopa 
= = H2 sın = Ft =€ 
Ee Si qoem 2519 
and 
£9 — cos A i si a 1 e 
= Fisn = =e. 
2 3 3 Sog TE 


They form an equilateral triangle inscribed in the circle C(O; 1) as in 
Fig. 2.7. 


Figure 2.7. 


3. For n = 4, the fourth roots of unity are 


2k 2k 
Ek = COS "n Fisin Z for k = 0, 1,2,3. 


In explicit form, we have 


ue Wg TE ne 
Eg = cos 0 + isin0 = 1; aes Sor 


$i 9m .. 3m , 
E2 = cos T +isina = —1 and E3 = cos -y + tsin = = —4. 
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Observe that U4 = (1, i, i?, i3) — (1, i, —1, —i}. The geometric images 
of the fourth roots of unity are the vertices of a square inscribed in the 
circle C(O; 1) (Fig. 2.8). 

The root €k € Un is called primitive if for all positive integer, m < n we 


have ep # 1. 
E HAWN 1 


-i 


Figure 2.8. 


Proposition 1. 


(a) If n|q, then every root of Z” — 1 = 0 is a root of Za — 1 — 0. 

(b) The common roots of Z" — 1 — 0 and Z" — 1 — 0 are the roots of 
Z4 — 1 — 0, where d= gcd(m, n), i.e., Um N Un = Ua. 

(c) The primitive roots of Z™ — 1 = 0 are ep = cos 25€ 
0 € k € m and gcd(k, m) — 1. 


+ isin 28, where 


m ? 


Proof. 


(a) If q = pn, then Z9 — 1 = (Z")* — 1 = (Z" — 1)(ZP-97 +- +Z +1), 
and the conclusion follows. 


; 2 eae 
(b) Consider £p = cos + isin 27 


E a root of Z™—1 = 0 and e = cos 74% + 
isin 7 a root of Z” — 1 = 0. Since |ep| = [e| = 1, we have ep = ey, if 
and only if argc, = arge;, i.e., 2er = 2g + 2r« for some integer r. The 
last relation is equivalent to 2 — 4 =r, that is, pn-qm = rmn. 

On the other hand we have m = m/d and n = m'd, where 
gcd(m', n") = 1. From the relation pn-qm = rmn, we obtain n'p— m'q = 
rm'n'd. Hence m’|n'p, so m'|p. That is, p = p'm' for some positive integer 
p' and 
2pr 2p'm'n 2pm 

|. md d 
Conversely, since d|m and d|n (from property a), every root of ZÀ —1— 0 
is a root of Z" — 1 = 0 and Z” — 1 = 0. 


arg Ep = and ed =1. 
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(c) First we will find the smallest positive integer p such that c? = 1. From 
the relation €} = 1, it follows that um — 2qm for some positive integer 
q. That is, ^ = q € Z. Consider d = ged(k, m) and k = k'd, m = md, 
where ged(K', m^) = 1. We obtain kpa = KE € Z. Since k’ and m’ are 
relatively primes, we get m’|p. Therefore, the smallest positive integer p 
with eù = 1 is p = m’. Substituting in the relation m = m'd yields that 
p=", where d = gcd(k, m). 
If €% is a primitive root of unity, then from relation e? = 1, p = 


md it follows that p = m, i.e., ged(k, m) = 1. 


Remark. From Proposition 1(b) in Sect. 2.2.2, one obtains that the equa- 
tions Z" — 1 = 0 and Z” — 1 = 0 have the unique common root 1 if and only 
if gcd(m, n) = 1. 


Proposition 2. /f € € U, is a primitive root of unity, then the roots of the 
equation z^ —1 = 0 are e", e"*, ..., e^*?—-1, where r is an arbitrary positive 
integer. 


Proof. Let r be a positive integer and consider h € (0,1, ..., n — 1). Then 
(ore? = (err P= 1,16,6° ^ is a root of Z” — 1 = 0. 

We need only prove that e”, e"t!, ..., eT +”~! are distinct. Assume by way 
of contradiction that for r+h, Æ r+ ha and hı > hz, we have e™t = et the, 
Then e" *^2 (g^i-h2 — 1) = 0. But e™+"2 Æ 0 implies c^:7^2 = 1. Taking into 
account that hı — ha < n and e is a primitive root of Z” — 1 = 0, we obtain 
a contradiction. 


Proposition 3. Let £9, €1,...,€n—1 be the nth roots of unity. For every pos- 
itive integer k, the following relation holds: 


Hi 
E ek s n, if n|k, 
»3 J  |0, otherwise. 
j-0 


Proof. Consider € = cos 2* + isin?*. Then e € U, is a primitive root of 
unity, whence e” = 1 if and only if n|m. Assume that n does not divide k. 
We have 


n—1 n—1 n—1 k 
T" ] 1— (chy i (e")* 
ko ko kyj _ »- = 
a= (e1) x: (e") = Ee ae =0. 
j=0 j-0 j-0 
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Proposition 4. Let p be a prime number and let € = cos m + isin T If 
ao, Q1, ..., Qp—1 are nonzero integers, the relation 


ao t a36€ t + ag 16" 1 — 0 
holds if and only if ag = a1 =: -+ = ay 1. 


Proof. If ag = a1 —::: = a5 1, then the above relation is clearly true. 

Conversely, define the polynomials f, g € Z[X] by f = ao +aıX t: 
ap—iX? ! and g = 1 + X +--+ X?^!. If the polynomials f, g have com- 
mon zeros, then gcd(f, g) divides g. But it is well known (for example 
by Eisenstein's irreducibility criterion) that g is irreducible over Z. Hence 
gcd(f, g) = g, so g|f, and we obtain g = kf for some nonzero integer k, i.e., 
ag = ay —:::— üns—1- 


Problem 1. Find the number of ordered pairs (a, b) of real numbers such 
that (a + bi)?99? = a — bi. 


(American Mathematics Contest 12A, 2002, Problem 24) 


Solution. Let z = a+ bi, Z = a— bi, and |z| = Va? + 02. The given relation 
becomes z?90? = z, Note that 
jeune m [grrr | = | | 


|z [z| = ļzl, 


from which it follows that 
lel(l2 — 1) = o. 


Hence |z| = 0 and (a, b) = (0, 0), or |z| = 1. In the case |z| = 1, we have 
22002 — Z, which is equivalent to 2293 = z. z = |z|? = 1. Since the equation 
279035 — 1 has 2003 distinct solutions, there are altogether 1 + 2003 = 2004 
ordered pairs that meet the required conditions. 


Problem 2. T'wo regular polygons are inscribed in the same circle. The first 
polygon has 1982 sides and the second has 2973 sides. If the polygons have 
any common vertices, how many such vertices will there be? 


Solution. The number of common vertices is given by the number of com- 
mon roots of 21982? — 1 = 0 and 2797? — 1 = 0. Applying Proposition 1(b) in 
Sect. 2.2.2 yields that the desired number is d — gcd(1982, 2973) — 991. 


Problem 3. Let € € U, be a primitive root of unity and let z be a complex 
number such that |z —e*| <1 for all k — 0,1, ..., n — 1. Prove that z = 0. 


Solution. From the given condition, it follows that (z — &')(z — c&*) € 1, 


yielding |z|? < z(&*) -z-&*, k — 0,1, ..., n— 1. By summing these relations, 
we obtain 
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Thus z = 0. 


Problem 4. Let PoP, --+Pn—1 be a regular polygon inscribed in a circle of 
radius 1. Prove the following: 


(a) PoPi: PoPa- -- PoPn-1 = n; 


2 =] 
(b) sin T sin Z.. -sin DER n 
n n 


n = Qn—1? 
On T , 3T . (2n-1)m 1 
c) sin 3 sin Jn sin 35 CONCI 
Solution. 


(a) Without loss of generality, we may assume that the vertices of the polygon 
are the geometric images of the nth roots of unity, and P, — 1. Consider 
the polynomial f = z^ — 1 = (z — 1)(z — €) -- (z — &"- 1), where € = 
cos 2* + isin 2*. Then it is clear that 


n-fü)-ü-290-2)---e7). 


Taking the modulus of each side yields the desired result. 
(b) We have 


2k 2k k k k 
1— e = 1 — cos i isin T = 2sin? i 27 sin 7 cos id 
n n n n n 
_ kn ( _ kr, =) 
= 2sin sin 1 COS ; 
n n n 
A _ kr ; f 
whence |1 — £^| = 2sin —, k = 1,2, ..., n— 1, and the desired trigono- 


metric identity follows from part (a). 

(c) Consider the regular polygon QoQi1 <- Qo, 1 inscribed in the same cir- 
cle whose vertices are the geometric images of the 2nth roots of unity. 
According to (a), 


QoQ1 - QoQ»--- QoQan-1 = 2n. 


Now taking into account that QoQ»--:: Qo, 9» is also a regular polygon, 
we deduce from (a) that 


QoQ» - QoQ4--- QoQan-2 = n. 


Combining the last two relations yields 


QoQi : QoQa --- QoQan-1 = 2. 
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A similar computation to that in (b) leads to 


2k—-1 
Osea ein ; is ae oon 
TU 


and the desired result follows. 7 9 
Let n be a positive integer and let ¢, = cos = +isin 27 The nth cyclo- 
n n 


tomic polynomial is defined by 


é(m- [J @- e). 
1<k<n-1 
gcd(k,n)=1 


Clearly, the degree of $,, is y(n), where o is the Euler totient function. The 
polynomial ¢, is monic with integer coefficients and is irreducible over Q. 
'The first sixteen cyclotomic polynomials are given below: 


lz) — x — 1, 

$»(x) =a +1, 

$3(2) — 2? +2+1, 

da(x) = x? +1, 

ós(x) = z* +r’ +r? +241, 

¢e(x) = 2^ — z +1, 

r(x) = 2° + 2° ag? qa te 

ós(x) = x^ +1, 

polz) = x9 +r? +1, 

iolz) = zf — a? +a? — x +1, 

óu(z) 2 z? Ea? x8 +l, 

bi2(x) = x^ — a? +1, 

pisl) = x^ +a +a 4---4+041, 

di (x) = a8 — a5 + rf — r? +°- a 41, 

dis(a) = z8 — 2" + r5 — rf +272 -—5-1 
(x)= 


The following properties of cyclotomic polynomials are well known: 


(1) If q > 1 is an odd integer, then ¢2,(x) = ¢4(—2). 
(2) If n > 1, then 


p, when n is a power of a prime p, 
1, otherwise. 


ZI 
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The next problem extends the trigonometric identity in Problem 4(b) in 
Sect. 2.2.2. 


Problem 5. The following identities hold: 
1 


. km : : 
(a) II sin — = ——, whenever n is not a power of a prime; 
1<k<n-1 n 2€ 
gcd(k, n)=1 


k 
(b) II cos = ~——__., for all odd positive integers n. 
1<k<n—1 n 2e(n) 
gcd(k, n)=1 


Solution. 


(a) As we have seen in Problem 4(b) in Sect. 2.2.2, 
k . kr fl. kr, kr 2. km kr .. km 
1 — cp =2sin sin i cos = -sin cos c isin ; 
n n n n n n 
We have 


2 kr kr kr 
12 n 1 = 1— k = 1 f ed 
on(1) I] (1— &5) I] -sin = c „ tis =) 


1<k<n-1 1<k<n-1 : 
gcd(k, n)=1 gcd(k, n)=1 
99(n) k 
EE II sin 7 c £0) vk isin 22) 
i 
1<k<n—1 
gcd(k, n)=1 
2e(n) _ kr pln) 
= an I] seee, 
(71) 3 1<k<n-1 "T 
gcd(k, n)=1 


where we have used the fact that y(n) is even, and also the well-known 


relation j 
5 k = j"'e(n). 


1<k<n—1 
gcd(k, n)=1 
The conclusion follows. 
(b) We have 
2k 2k k k 
1+e* = 1+ cos a Fisin T = 2cos? Z + 2i sin T oos Z 
n n n n n 


k k 
= dcos (cos + isin) k —0,1, ..., n-1. 
n TL TL 
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Because n is odd, it follows from the relation $24 (7) = ¢n(—2x) that $4,(—1) = 
gon (1) = 1. Then 


1=¢(-1)= ][ GQ-s)=Cor JJ ate) 


1<k<n-1 1<k<n-1 
gcd(k, n)=1 gcd(k, n)=1 
k kn, 
= (-1)*(» II 2 cos cos + 4 sin 
TL 
1<k<n-1 
gcd(k, n)=1 


k ( ) A 2 ( ) 
-(-1)9"2* l | cos m c 2 7 -F?smn 9 T 


1<k<n-1 
gcd(k, n)=1 
e(n) s(n) kr 
=(-1) 2? II cos —, 
n 
1<k<n—1 
gcd(k, n)=1 


yielding the desired identity. 


2.2.3 Binomial Equations 


A binomial equation is an equation of the form Z" + a = 0, where a € C* 
and n > 2 is an integer. 

Solving for Z means finding the nth roots of the complex number —a. This 
is, in fact, a simple polynomial equation of degree n with complex coefficients. 
From the well-known fundamental theorem of algebra, it follows that it has 
exactly n complex roots, and it is obvious that the roots are distinct. 


Example. 
(1) Let us find the roots of Z? + 8 = 0. 


We have —8 = 8(cos 7 +isin7), so the roots are 


T +2kr T + 2Qkr 
n 


Za =2 (cos 3 +isi 3 Jj k € (0,1, 2). 


(2) Let us solve the equation Z? — Z?(1-- i) -- i — 0. 
Observe that the equation is equivalent to 


(Z3 -1)(Z3-i)- 0. 


Solving the binomial equations Z? — 1 — 0 and Z? — i — 0 for Z, we 
obtain the solutions 
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2k 2k 
Ek = COS T + isin — for k {0,1, 2} 
3 3 
and = E 
--2km = 22km 
Zk = cos 3 + isin 2 3 for k € (0,1, 2}. 


2.2.4 Problems 


1. Find the square roots of the following complex numbers: 


(a) zc14& (bz-4 ()2= TT 


(d) z = -2(0-iV3)5 (e) z=7—24i. 
2. Find the cube roots of the following complex numbers: 
(a z=—i; (b)z-—-265 (c) z=2+4 2i; 
1 d 
x E 
3. Find the fourth roots of the following complex numbers: 


(a) z=2-iV12; (b) z=V3+i; (c)z-iü 
(d z2-2ü5 (e) z=—-7+4 24%. 


4. Find the 5th, 6th, 7th, 8th, and 12th roots of the complex numbers given 


(e) z = 18 + 26i. 


above. 

5. Let Un = {€0, €1, E2, ..., En—1}. Prove the following: 
(a) €j -Ek € Un, for all j, k € (0,1, ..., n— 1}; 
(b) e7" € Un, for all j € (0,1, ..., n— 1). 


6. Solve the following equations: 
(a) z3 —125=0; (b) 24+16=0; 
(c) 22-644 —0; (d) 2? —27i — 0. 
7. Solve the following equations: 
(a) 27 —2iz^ — iz? —2 —0; (b) 2&+iz2+i-1=0; 
(c) (2—3i)28 +1 +5i=0; (d) 2494 (—2 + i)z? — 2i = 0. 


8. Solve the equation 
z* — 5(z— 1)(z2 — z+ 1). 


9. Let z be a complex number such that z” + z"-1 --...-- 1 = 0. Prove 
that 
n+1 


ner t+... 42z41= 3 . 
A TE 
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10. 


11. 


12. 


13. 


14. 
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Let z be a complex number such that 


ete) 


For an arbitrary integer n, evaluate 


Let v and w be distinct randomly chosen roots of the equation 
41991 3 =0, 
m 2 — 
Let — be the probability that V2+v3 < |v + w|, where m and n are 
n 
relatively prime positive integers. Find m + n. 


(1997 AIME, Problem 14) 


ALA 
z—i 

Let 21, 22, 23, z4 be the roots of (zz) = 1. Determine the value of 
z—i 


(22 + 1)(22 + 1)(23 + 1)(22 +1). 


The equation x1? + (13x — 1019) = 0 has 10 complex roots r1, T1, r2, T2, 
T3, T3, T4, T4, T5, T5, Where the bar denotes the complex conjugate. Find 
the value of 
1 1 1 1 1 
i +— + i . 
rırı T2T2 | T3T3 . T4T4 T55 


(1994 AIME, Problem 13) 


For certain real values of a,b,c, and d, the equation 
z^ + ax? + ba? -- ez -d 20 


has four nonreal roots. The product of two of these roots is 13 + i, and 
the sum of the other two roots is 3 + 4i, where i = /—1. Find b. 


(1995 AIME, Problem 5) 


Chapter 3 
Complex Numbers and Geometry 


3.1 Some Simple Geometric Notions and Properties 


3.1.1 The Distance Between Two Points 


Suppose that the complex numbers zı and z2 have the geometric images Mı 
and Ms». Then the distance between the points Mı and Mg is given by 


M, Mo = EZ == zəl. 
The distance function d : C x C > [0, oo) is defined by 
d(zi,22) = |z1 — 23], 


and it satisfies the following properties: 


(a) (positivity and nondegeneracy): 
d(z1, 22) 2 0 for all z1, 22 € C; 


d(zi, 22) = 0 if and only if z1 = za. 


(b) (symmetry): 
A(z, 22) = d(ze, z1) for all z, z2 € C. 
(c) (triangle inequality): 
d(z1, 22) < d(z;, 23) + d(z3, 22) for all z1, zo, z3 € C. 
To justify (c), let us observe that 


|z1 — z2| = |(21 — 23) + (z3 — 22)| < 11 — 23] + |z3 — 22l, 
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from the modulus property. Equality holds if and only if there is a positive 
real number & such that 


z3 — 21 = k(z2 — 23). 


3.1.2 Segments, Rays, and Lines 


Let A and B be two distinct points with complex coordinates a and b. We 
say that the point M with complex coordinate z is between the points A and 
B if z a, z#b, and the following relation holds: 


la — z| + |z — b| = |a — t|. 


We use the notation A — M — B when the point M is between A and B. 

The set (AB) = (M : A— M — B} is called the open segment determined 
by the points A and B. The set [AB] = (AB)U (A, B} represents the closed 
segment defined by the points A and B. 


Theorem 1. Suppose A(a) and B(b) are two distinct points. The following 
statements are equivalent: 


(1) M € (AB). 

(2) There is a, positive real number k such that z — a — k(b — z). 

(3) There is a real number t € (0, 1) such that z = (1 — t)a + tb, where z is 
the complex coordinate of M. 


Proof. We first prove that (1) and (2) are equivalent. Indeed, we have M € 
(AB) if and only if |a—z|+|z—b| = |a—b|. That is, d(a, z)+d(z, b) = d(a, b), 
or equivalently, there is a real number k > 0 such that z — a = k(b — z). 

To prove (2) & (3), set t — EH € (0, 1), or k = 45; > 0. Then we have 
z— a = k(b — z) if and only if z = Eua Garb. That is, z = (1 — t)a + tb, 
and we are done. 


The set (AB = {M|A— M— Bor A— B— M} is called the open ray with 
endpoint A that contains B. 


Theorem 2. Suppose A(a) and B(b) are two distinct points. The following 
statements are equivalent: 


(1) M € (AB. 

(2) There is a positive real number t such that z = (1 — t)a + tb, where z is 
the complex coordinate of M. 

(3) arg(z — a) = arg(b — a). 
z—a 


4) TE € Rt. 


— Gà 


Proof. It suffices to prove that (1) > (2) > (3) = (4) = (1). 
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(1) = (2). Since M € (AB, we have A— M — Bor A— B — M. There are 
numbers t, | € (0, 1 ) such that 


z = (1— t)a + tb or b = (1 — l)a + lz. 


1 
In the first case, we are done; for the second case, set t = 7 and 
therefore, 


z = tb — (t — l)a = (1 — t)a + tb, 


as claimed. 
(2) > (3). From z = (1 — t)a + tb, t > 0, we obtain 
z—a-t(b—a), t »0. 
Hence 
arg(z — a) — arg(b — a). 
(3) => (4). The relation 


z— a 


b—a 


arg = arg(z — a) — arg(b — a) + 2km for some k € Z 


implies arg ; TA 2km, k € Z. Since arg ; — 


Se [0, 27), it 


zZ 


follows that k = 0 and arg 5 É 


z— 
= 0. Th 
^ us gL 


— d e R*, as 
= a 
desired. ae 
(4) 2 (1). Let t = DS R*. Hence 
— a 


z—a-ct(b—a)-—(1-t)a- tb, t » 0. 
If t € (0,1), then M € (AB) C (AB. 
Ift = 1, then z = band M = B € (AB. Finally, if t > 1, then setting 
1 
l= as (0,1), we have 
bak +(1-— l)a. 


It follows that A — B — M and M c (AB. 
The proof is now complete. 


Theorem 3. Suppose A(a) and B(b) are two distinct points. The following 
statements are equivalent: 


(1) M(z) lies on the line AB. 
(2) £-9 ER. 


a 


(3) There is a real number t such that z = (1 — t)a + tb. 
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(4) 


Z-QAZ-G4 


b—ab-—à — 


(5) 
zzl 
aal|=0. 
bal 
Proof. To obtain the equivalences (1) & (2) = (3), observe that for a point 
C such that C — A — B, the line AB is the union (AB U {A} U (AC. Then 
apply Theorem 2. 
Next we prove the equivalences (2) = (4) = (5). 


Indeed, we have — 


7 ER if and only if £ = (=). 
—a b—a 
That is, i imn or equivalently, 
b-a  b-a 
that (2) is equivalent to (4). 
Moreover, we have 


z—oz-—ud 
b—ab—a 


— 0, so we obtain 


zzl z—az-—at 
aa 1|-—0 if and only if a a 1/=0. 
bbl b—ab—a0 


The last relation is equivalent to 


so we obtain that (4) is equivalent to (5), and we are done. 


Problem 1. Let z1, zo, z3 be complex numbers such that |z1| = |z2| = |z3| = 
R and zo # za. Prove that 


min jazz + (1 — a)z3 — zi| |z — Z2|-|z1 — za]. 
acm 


~ OR 
(Romanian Mathematical Olympiad—Final Round, 1984) 


Solution. Let z = az 2 + (1 — a)zs, a € R, and consider the points 

Ai, Ao, A3, A with complex coordinates 21, z2, 23, z, respectively. From 

the hypothesis, it follows that the circumcenter of triangle A; A2A3 is the 

origin of the complex plane. Notice that point A lies on the line A243, so 

AA = |z — zi| is greater than or equal to the altitude A,B of the triangle 
It suffices to prove that 


: A142* A143. 


AU 2R 


l les — zoll — za] = 
2g Z2| Z1 e3| = 
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Ai 


E A3 


Figure 3.1. 


Indeed, since R is the circumradius of the triangle A1 A243, we have 
Ai Ag+ A243: A3Ai 
2area[A1 A2 A3] A 2 AR ne A, Ag -A3Ay 
A243 A» As i 2R : 


AB = 


as claimed. 


3.1.3 Dividing a Segment into a Given Ratio 


Consider two distinct points A(a) and B(b). A point M(z) on the line AB 
divides the segment AB into the ratio k € R\{1} if the following vectorial 


relation holds: mar 
MA=k-M B. 


In terms of complex numbers, this relation can be written as 
a— z = k(b — z) or (1 — k)z = a — kb. 


Hence, we obtain 
a — kb 
l-k 
Observe that for k < 0, the point M lies on the line segment joining the 
points A and B. If k € (0,1), then M € (AB\[AB]. Finally, if k > 1, then 
M € (BA\IAB]. 
As a consequence, note that for k = —1, we obtain that the coordinate of 


b 
the midpoint of segment AB is given by zy = < : 
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Example. Let A(a), B(b), C(c) be noncollinear points in the complex plane. 
Then the midpoint M of segment AB has the complex coordinate zm = 


b 
E . The centroid G of triangle ABC divides the median CM in the pro- 
portion 2 : 1 internally; hence its complex coordinate is given by k = —2, i.e., 


c+2zm at+bt+c 


142 -. 3 


zQ = 


3.1.4 Measure of an Angle 


Recall that a triangle is oriented if an ordering of its vertices is specified. It is 
positively, or directly, oriented if the vertices are oriented counterclockwise. 
Otherwise, we say that the triangle is negatively oriented. Consider two dis- 
tinct points Mi(z1) and Mə2(z2) other than the origin in the complex plane. 


The angle M1OM ?» is positively, or directly, oriented if the points Mı and 
M» are ordered counterclockwise (Fig. 3.2). 


Proposition. The measure of the directly oriented angle M, OM) is equal 
E 
to arg Z 
Z1 
Proof. In order to simplify the presentation, we will use the same notation 
for the measure of an angle as for the angle. We consider the following two 


cases. 


Mı 


Figure 3.2. 


(a) If the triangle Mı OM ?» is negatively oriented (Fig. 3.2), then 


M, OM = zOM» — zOM, = arg(z2) — arg(z1) = arg 2 
zi 
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Figure 3.3. 


(b) If the triangle Mi1OM ^ is positively oriented (Fig. 3.3), then 
M; OM» = 2x — M30M, = 20 — arg =, 
22 


since the triangle Mo OM, is negatively oriented. Thus 


M, OM, = 27 — arg Iz 2m (2s arg 2) = arg a 
Z2 Z1 ZY 


as claimed. 


Remark. The result also holds if the points O, Mi, M2» are collinear. 


Example. 


(a) Suppose that zı = 1 +i and zg = —1 + i. Then (see Fig. 3.4) 


z; -1l«ei  (-1-i)0- i) 
zo led — 2 


L4 


So 


M, OM = argi = 5 and MOMı = arg(—i) = - 


1 
(b) Suppose that zı = 4 and z2 = 1. Then esci —i, so (see Fig. 3.5) 
VAN a 


MOM = arg(—i) = a and MOM = arg(i) = ; 


Theorem. Consider three distinct points Mi(z1i), M2(z2), and M3(z3). The 
measure of the oriented angle MM, M; is arg ia 
22 — 21 
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Proof. Translation by the vector —2; maps the points Mi, M», M3 into the 
points O, M}, M$, with complex coordinates O, zo — z1, 23 — z1. Moreover, 
we have MzM,M3 = M5OMS. By the previous result, we obtain 


M3 C1 +i) My i) 


eS. 


Figure 3.4. 
4 
9 M0 
M;(1) 
Figure 3.5. 
pom ES 23-2 
MOM} = arg 2, 
22 — 41 


as claimed. 
Example. Suppose that z1 = 4 + 3i, z2 = 4+ Ti, z3 = 8 + Ti. Then 


23-2 à 4+4 2 2 ^ 
So : 
M MIS sept est 
3441242 = arg | 
and 
p 2 TT 
M3M,M; = zh E 
21M1 M3 SET arg( i) 4 


Remark. Using polar representation, from the above result we have 
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Z3 —21 Z3 — 21 Z3 — 21 ^ Z3 = 21 
= cos | arg +7sin | arg ——— 
22 — 21 Z2 — Z1 22 — Z1 22 — 42] 
23— 24 p m p 
— cos MyM, M3 + i sin Ma Mı M3 P 
22 — 21 


3.1.5 Angle Between Two Lines 


Consider four distinct points M;(z;), i € {1, 2,3, 4}. The measure of the angle 
determined by the lines Mı M3 and M3M4 equals arg fii or arg aTa 
ZA — 22 Z3 —21 

The proof is obtained following the same ideas as in the previous subsection. 


3.1.6 Rotation of a Point 


Consider an angle a and the complex number given by 
€ = cosa + isina. 


Let z = r(cost + isint) be a complex number and M its geometric image. 
Form the product ze = r(cos(t + a) + isin(t + a)) and let us observe that 
|ze| =r and 
arg(ze) = argz +a. 


It follows that the geometric image M” of ze is the rotation of M with respect 
to the origin through the angle a (Fig. 3.6). 


Figure 3.6. 


Now we have all the ingredients to establish the following result: 


Proposition. Suppose that the point C is the rotation of B with respect to 
A through the angle a. 
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If a, b, c are the coordinates of the points A, B, C, respectively, then 
c — a 4- (b — a)e, where € = cosa + isina. 
Proof. Translation by the vector —a maps the points A, B, C into the points 
O, B', C', with complex coordinates O, b—a, c—a, respectively (see Fig. 3.7). 


The point C" is the image of B’ under rotation about the origin through the 
angle a, so c — a = (b — a)e, or c = a + (b — a)e, as desired. 


C B 


Figure 3.7. 


We will call the formula in the above proposition the rotation formula. 


Problem 1. Let ABCD and BNMK be two nonoverlapping squares and let 
E be the midpoint of AN. If point F is the foot of the perpendicular from B 
to the line CK, prove that points E, F, B are collinear. 


Solution. Consider the complex plane with origin at F and the axis CK 
and FB, where FB is the imaginary axis (Fig. 3.8). 
Let c, k, bi be the complex coordinates of points C, K, B with c, k, b c R. 
T 


Rotation with center B through the angle 0 = z maps point C to A, so A 
has the complex coordinate a = b(1 — i) + ci. Similarly, point N is obtained 
by rotating point K around B through the angle 0 = - and its complex 
coordinate is 

n = b(14- i) — ki. 
The midpoint E of segment AN has complex coordinate 


a+n pE 
e= = i 
2 J 


so E lies on the line FB, as desired. 
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K 


A E N 
Figure 3.8. 


Problem 2. On the sides AB, BC, CD, DA of quadrilateral ABCD, and 
exterior to the quadrilateral, we construct squares of centers O1, O2, Oa, Oa, 
respectively. Prove that 


0103 L O20414 and 0103 = 0204. 
(Van Aubel) 


Solution. Let ABM M', BCNN', CDPP', and DAQQ’ be the constructed 
squares with centers O1, O2, O3, O4, respectively (Fig. 3.9). 


M' M 
Figure 3.9. 


Denote by the corresponding lowercase letter the coordinate of each of the 
points denoted by an uppercase letter, i.e., o1 is the coordinate of Oj, etc. 
Point M is obtained from point A by a rotation about B through the angle 


0= 2! hence m = b + (a — b)i. Likewise, 
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n—c-c(b—c)i p—d-(c— d)i and q 2 a4 (d — a)i. 
It follows that 


_atm a-tb-t(a—b)i o _ b+e+ (b- ex 

01. = 2 2 E 2 — 2 , 
c+d+(c-d)i d--a 4 (d — a)i 

B= — Ex as~ DE 


Then 
03—01 | c+d—a-—b+iļc-d-a+b) 


04—09 a+d-—b-c+i(d—-a-b+c) | 
so O103 L O204. Moreover, 


03 — 01 


=| a= 


O4 — 02 
hence O103 = O30, as desired. 


Problem 3. /n the exterior of the triangle ABC we construct triangles 
ABR, BCP, and CAQ such that 


m(PBC) = m(CAQ) = 45°, 

m(BCP) = m(QCA) = 30°, 

m(ABR) = m(RAB) = 15°. 
Prove that 


m(QRP) = 90° and RQ = RP. 


Solution. Consider the complex plane with origin at point R and let M be 
the foot of the perpendicular from P to the line BC (Fig. 3.10). 


A Q 


^m 


P 
Figure 3.10. 
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Denote by the corresponding lowercase letter the coordinate of a point 


MC > 
denoted by an uppercase letter. From MP = MB and MP" V3, it follows 
that 


pe usd an co 


b—m p-m 
whence 
_ c+ Vb , b—c. 
ea: duum 
Likewise, 


c+ V/3a a-c., 
= = =i. 
1+v3 1+¥V3 
Point B is obtained from point A by a rotation about R through the angle 


0 = 150°, so 
V3 1 
b= = ame =1 . 
( p t7 


Simple algebraic manipulations show that me i € R*, whence QR L PR. 


q 
Moreover, |p| = |ig| = |¢|, RP = RQ, and we are done. 


Problem 4. The points (0,0), (a,11), and (b, 37) are the vertices of an equi- 
lateral triangle. Find the value of ab. 


(1994 AIME, Problem 8) 


Solution. Consider the points as lying in the complex plane. The point 
b+ 37i is then a rotation of 60? of a+ 11i about the origin, so 


1. V3i 
(a + 11i)(cos 60? + isin 60°) = (a + 11i) (i i x = b+ 371. 


Equating the real and imaginary parts, we have 


b a 11⁄3 
E 2° 
11 av3 
37 = — + — 
ae 2 


By solving this system, we find that a = 21/3, b = 5V3. Thus, the answer 
is 315. 


Remark. There is another solution in which the point b + 37i is a rotation 
of a+ 11; through —60°. However, this triangle is just a reflection of the first 
triangle in the y-axis, and the signs of a and b are reversed. However, the 
product ab is unchanged. 
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Problem 5. Let ABCD be a convex quadrilateral. Let P be the point outside 
ABCD such that angle APB is a right angle and P is equidistant from A 
and B. Let points Q, R, and S be given by the same conditions with respect 
to the other three edges of ABCD. Let J, K, L, and M be the midpoints of 
PQ, QR, RS, and SP, respectively. Prove that JK LM is a square. 


(American Mathematical Monthly) 


Solution. By Van Aubel’s theorem, the lines PR and QS are perpendicular, 
and the segments PR and QS are equal. Let O be the intersection point of the 
lines PR and QS. Without loss of generality, assume that |PR| = |QS| = 1. 
Consider now the Cartesian coordinate system centered at O with axes PR 
and QS. In this case, 


Q = (u,0), S = (u — 1,0), R=(0,v), P = (0,v — 1), 


for some positive real numbers u,v less than 1. Hence 


u v—1 u v u—l v u—l1v-1 
— —. —— = L — = 
» (5 P) (53): ( 2 PE ( 2s d =). 
from which we can deduce, by making use of the distance formula combined 
with the Pythagorean theorem, that the quadrilateral Jk LM is a square. 


3.2 Conditions for Collinearity, Orthogonality, 
and Concyclicity 


In this section, we consider four distinct points M;(z;), i € (1,2,3, 4}. 
Proposition 1. The points Mı, Mz, Mz are collinear if and only if 


23 z 
Pg eL ERE, 


Z2 — 21 


Proof. The collinearity of the points M1, M», M3 is equivalent to M3MiMs € 
(0, a}. It follows that 


Z3—Z 
arg ~ ——* € (0, 7}, 
220—221 


or equivalently, 


as claimed. 


Proposition 2. The lines Mi M3 and M3MA are orthogonal if and only if 


e) — 42 : 
— —— € iR*. 


23 — 24 
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Proof. We have Mi M» L M3M, if and only if (Mi Mz, M3M4) € (z, 32}. 


This is equivalent to arg E € T ary. We obtain = € iR*. 


Remark. Suppose that Mz = M4. Then MıMə L M3Mə if and only if 
212 € (R*. 


Z3—22 


Example. 


(1) Consider the points Mi1(2 — i), Mz(—1 + 2i), M3(—2 — i), M4(1 + 22). 
Simple algebraic manipulation shows that 


e) — 22 


= i; hence M, M2 a M3M4. 
Z3 — 24 
(2) Consider the points Mi(2 — i), Ma(—1--2i), Ms(1+ 2i), M4(—2 — i). 
Then we have ee = —i, and hence Mı Mz L M3 Mı. 


—Z24 


Problem 1. Let zi, 22, 23 be the coordinates of vertices A, B, C of a tri- 
angle. If wy = zi — zo and w2 = za — zi, prove that A = 90? if and only if 
Re(wı : W2) =0. 


Solution. We have Â = 90° if and only if ar € iR, which is equiva- 


lent to =- c iR, ie, Re (2) = 0. The last relation is equivalent to 
=w =e 


Re (435) = 0, i.e., Re(w; - W2) = 0, as desired. 


—|we|? 


Proposition 3. The distinct points Mi(zi), M2(z2), Ma(za), Ma(z4) are 
concyclic or collinear if and only if 


23-22 Z3 — Z4 


k= R*. 


21—22 Zi — Z4 


Proof. Assume that the points are collinear. We can arrange four points on 
a circle in (4 — 1)! — 3! — 6 different ways. Consider the case in which 
Mi, M2, Ma, M4 are given in this order. Then Mı, Mz, M3, M4 are con- 
cyclic if and only if 


Mi M3Ms + M3M4M, € (37, v]. 


That is, 


23 — 22 Z1 = 24 
arg C— — + arg € (37, T}. 
21 — 22 23 — £4 


Because 


1 f 2r —argz if z € C* \ R4, 
sz =4 4 ifzeR*, 
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we obtain 
Z3 — 22 Z3 — 24 
arg arg {-1,7}, 
41 — 22 Zi — 24 


ie, k <0. 
For all other arrangements of the four points, the proof is similar. Note 
that k > 0 in three cases and k < 0 in the other three. 


The number k is called the cross ratio of the four points Mi(z1), M»(z2), 
Ma(z3), and Ma(z4). 


Remarks. 
(1) The points Mi, M», Ms, M4 are collinear if and only if 


23 — 22 23 — 24 


€ R* and 


el] — 22 el] — 44 


c R*. 


(2) The points Mi, M», Ms, M4 are concyclic if and only if 


Z3 — 229 Z3 — Z4 Z3 — 22 Z3 — 24 
k= : R*, but ¢ R and 


Z1— 22 21 — Z4 Z1 — 22 Z1 — 24 


ZR. 


Example. 


(1) The geometric images of the complex numbers 1,7, —1, —i are concyclic. 


Indeed, we have the cross ratio k — 1 i uu — —] € R*, and clearly 
= g R and 4it* g R. 

(2) The points Mı (2 — i), M3(3 — 2i), M3(—1 + 2i), and M4(—2 + 3i) are 
collinear. Indeed, k = =: 44 = 1 € R* and “H4 = 4 € R*. 


Problem 2. Find all complex numbers z such that the points with complex 
coordinates z, z?, z?, z+, in this order, are the vertices of a cyclic quadrilat- 


eral. 


Solution. If the points of complex coordinates z, z?, z?, z^, in this order, 


are the vertices of a cyclic quadrilateral, then 


gl gh 94 


R*. 


z—z2 °° z-—24 
It follows that 


1 2 1 
eT equ Blt (+=) R". 
Zz z 


We obtain z + Ł € R, i.e., z+ 1 — z - 4. Hence (z—2Z)(|z|? — 1) = 0, whence 
z€Ror |z|=1. 

If z € R, then the points with complex coordinates z, z?, z3, z+ are 
collinear; hence it is left to consider the case |z| = 1. 
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Let t = arg z € [0, 27). We prove that the points with complex coordinates 
z?, 2%, 24 lie in this order on the unit circle if and only if t € (0, 22) U 
T, Qn). Indeed, 


gc 


zZ 
($9.2 
(a) If t € (0,4), then 0 < t< 2t < 3t < 4t < 2m or 

0 < argz < argz? < argz? < argz? < 2m. 
(b) Ift € [£, 22), then 0 € 4t — 2r « t « 2t < 3t < 2n or 

0 < argz* < argz < argz? < argz? < 2m. 

(c) If te [2#,7), then 0 € 3t - 2r < t € 4t — 2r < 2t < 2m or 
0 < argz? < argz X argz^ < arg z?. 


In the same manner, we can analyze the case t € [r, 27). 
To conclude, the complex numbers satisfying the desired property are 


- : 27 4m 
z=cost+isint, with te (o :) (Zn). 


3.3 Similar Triangles 


Consider six points Aı(aı), A»(aa), Aa(aa), Bi(b1), B»(b2), B3(bs) in the 
complex plane. We say that the triangles A1 A2A3 and Bı B3 B; are similar if 
the angle at A; is equal to the angle at By, k € (1,2, 3}. 


Proposition 1. The triangles A,A2A3 and B,B2B3 are similar, with the 
same orientation, if and only if 


a2 — a1 bə — by 


(1) 


G3 — Q1 b3 — by 
ha We have ave AAA As c AB, BBs if and only if d = ee and 
A341 À Ag = B3B, Bo. This is equivalent to 122-41 — l2- up em arg 2-81 — 


[as-ai| ^ |bs—bi| 3—ai 


arg EA bi, We obtain 
a2 — a1 b2 — bi 


a3— a; b3—b, 


Remarks. 


(1) The condition (1) is equivalent to 
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111 
Qj Q2 a3 =0. 


bı b2 b3 


(2) The triangles Aı (0), A2(1), A3(22) and By (0), B2(—i), B3(—2) are simi- 
lar, but oppositely oriented. In this case, the condition (1) is not satisfied. 
Indeed, 

ag—a, 1—0 1 bə — by —i— 0 a 


a3—a,  2i—0 21 b-b —2—0 2 


Proposition 2. The triangles A14A243 and B,B2B3 are similar, having 
opposite orientations, if and only if 

9 — Q1 m bo = bi 

a3 — a1 bs = bi l 


Proof. Reflection across the x-axis maps the points Bı, Bo, Bs into the 
points Mı (bi), Mo(b2), Ma(b3). 'The triangles DB4B3Bs and Mı MM3 are 
similar and have opposite orientations; hence triangles A; A5 A3 and Mı M2 M3 
are similar with the same orientation. The conclusion follows from the previ- 
ous proposition. 
Problem 1. On sides AB, BC, CA of a triangle ABC we draw similar tri- 


angles ADB, BEC, CFA, having the same orientation. Prove that triangles 
ABC and DEF have the same centroid. 


Solution. Denote by the corresponding lowercase letter the coordinate of a 
point denoted by an uppercase letter. 
Triangles ADB, BEC, CFA are similar with the same orientation, 
whence 
d—a e f-c 


b 
b—a c-b a-c ^" 


and consequently, 
d=a+(b—a)z, e=b+(c—b)z, f=c+(a-c)z. 


Then 
d+e+f atbte 
3 3 
so triangles ABC and DEF have the same centroid. 


Problem 2. Let M, N, P be the midpoints of sides AB, BC, CA of triangle 
ABC. On the perpendicular bisectors of segments [AB], [BC], [CA], points 
C’, A’, B' are chosen inside the triangle such that 

MC' NA PB 

AB BC CA' 
Prove that ABC and A' B'C' have the same centroid. 
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Solution. Note that from 
MC’ 7 NA’ E PB' 
AB | BC CA’ 


it follows that tan(C' AB) = tan( A BC) = tan(B’CA). Hence triangles 
AC'B, BA'C, CB'A are similar, and so from Problem 2, it follows that 
ABC and A'B'C' have the same centroid. 


Problem 3. Let ABO be an equilateral triangle with center S and let A' B'O 
be another equilateral triangle with the same orientation and S # A’, SF D'. 
Consider M and N the midpoints of the segments A'B and AB’. 

Prove that triangles SB’M and SA'N are similar. 


(30th IMO-Shortlist) 
Solution. Let R be the circumradius of the triangle ABO and let 


2T m" QT 
€ = cos — + isin —. 
3 3 
Consider the complex plane with origin at point S such that point O lies on 
the positive real axis. Then the coordinates of points O, A, B are R, Re, Re?, 
respectively (Fig. 3.11). 


Figure 3.11. 


Let R + z be the coordinate of point B’, so R — ze is the coordinate of 
point A’. It follows that the midpoints M, N have the coordinates 


_ Zpctz4  He&)-H-ze — R(e? 1) — ze 
2 7 2 E 2 
—Re—#e —e(R+z) 


2 2 
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and 


zA-c-zgp  Re+R+z  R(ekl)tz  —Re?-z 


TNT TIB 2 m 2 2 
R 
ug dc 
2 —2e ` 


Now we have S 
ZB'- — ZS ZA! — ZS 


2M —28 | ZN— 78 
if and only if 


R+z —=R-ze 
-e(R+z)  R-ze 
2 —2 


The last relation is equivalent to £- € = 1, i.e., |e|? = 1. Hence the triangles 
SB'M and SA'N are similar, with opposite orientations. 


3.4 Equilateral Triangles 


Proposition 1. Suppose z1, zo, z3 are the coordinates of the vertices of the 
triangle A142 A3. The following statements are equivalent: 


a) A1A2A3 is an equilateral triangle. 
b) [zi = EA — E = zal = [za = zl. 
c) z? H 25 23 = 2122 + 2223 + 2321. 
22 — 2] Z3 — 22 
d) = ; 
Z3 —21 21 — 22 
1 1 1 zl + Z9 + 23 
e) + + = 0, where z = ————.. 
Z—21 Z—29 2-23 3 


2 2 
(f) (z1 + £z2 + €723)(z1 + &?22 +€23) = 0, where £ = cos E t isin Z, 


3 
(9) 
111 
Z1 22 Z23| = 0. 
22 23 21 
Proof. The triangle A, A2A3 is equilateral if and only if A; A2A3 is similar to 
424341 with the same orientation, or 


111 
zı 22 23| = 0; 
22 23 Zl 


thus (a) = (g). 
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Computing the determinant, we obtain 


111 
0= Z1 22 23 
22 23 21 
= 2129 + Z223 + 2321 — (2? + z + 22) 
= —(zi + £294 &za)(z + ae + €23); 
hence (g) e (c) > (f). 


Simple algebraic manipulation shows that (d) € (c). Since (a) = (b) is 
obvious, we leave for the reader to prove that (a) € (e). 


The next results bring some refinements to this issue. 


Proposition 2. Let z1, z2, 23 be the coordinates of the vertices Ay, Az, As 
of a positively oriented triangle. The following statements are equivalent. 


(a) A1A2A3 is an equilateral triangle. 


(b) za — 21 = &(za — 21), where € = cos 5 + isin =. 


3 3 
9 5 
(c) z2 — z1 = €(z3 — 21), where € = cos E +isin E 


2 2 
(d) z1 + €z2 + &)za = 0, where £ = cos id + isin is 


Proof. A,A2A3 is equilateral and positively oriented if and only if A3 is 
obtained from Ag by rotation about A; through the angle 3. That is, 


"mo. T 
z3 = zı + (cos £ +isin =) (z2 — 21); 


hence (a) & (b) (Fig. 3.12). 


A3 


A2 
A1 


Figure 3.12. 
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5 
The rotation about A; through the angle E maps Aa into A». Similar 
considerations show that (a) = (c). 
To prove that (b) = (d), observe that (b) is equivalent to (b’) 


Hence 


1 3 1 3 
zı + €22 + e?za = Z1 (5 i) Z2 + (4 x 23 


1 
= 21 (5 +) 22 


so (b) = (d). 


Proposition 3. Let z1, z2, 23 be the coordinates of the vertices A1, Ao, Aa 
of a negatively oriented triangle. 


The following statements are equivalent: 
(a) A1A2A3 is an equilateral triangle. 


5 5 
(b) za — z1 = €(z2 — 21), where € = cos 2T pisin Z. 


3 
Ds T 
(c) z2 — zy = &(za — 21), where £ = cos 3 +isin =. 
2 

(d) z1 + £z +23 = 0, where £ = cos © T isin a 


Proof. Equilateral triangle 4142543 is negatively oriented if and only if 
414342 is a positively oriented equilateral triangle. The rest follows from 
the previous proposition. 


Proposition 4. Let zi, zo, z3 be the coordinates of the vertices of equilateral 
triangle A142 A3. Consider the following statements: 

(1) Ay Az Az is an equilateral triangle. 

(2) 21+ Z2 = 22: Z3 = za: Zi. 

(3) z2 — z9- z3 and 22 = zi - 23. 


Then (2) > (1), (3) > (1), and (2) & (8). 
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Proof. (2) = (1). Taking the moduli of the terms in the given relation, we 
obtain 


[zi] - [2] = |22| - [23] = |zal - [zi 
or equivalently, 
[zi] - |z2| = [22] - [z3] = |za] - lul. 
This implies 
r= |z] = |z2| = [za] 
and 
7 r? 7 r2 2 r2 
Zi =) Z2 5 —,23- —. 
zl 22 23 


Returning to the given relation, we have 


Zi 22 23 
"ES 
Or 
A = 2223, z2 = 2321, z3 = 2122. 


Summing up these relations yields 
E ae 
Zi +23 23 = 2122 + 2223 + 2321, 


so triangle A, A2A3 is equilateral. 

Observe that we have also proved that (2) > (3) and that the arguments 
are reversible; hence (2) < (3). As a consequence, (3) = (1), and we are 
done. 


Problem 1. Let z1, z2, z3 be nonzero complex coordinates of the vertices of 
the triangle Ay A2 A3. If z? = z2z3 and z2 = 2.23, show that triangle A1 A2 A3 
is equilateral. 


Solution. Multiplying the relations z? = 2523 and 2% = 2123 yields 2723 = 


212222, and consequently 2122 = 22. Thus 
2, ,2 2 
zy + 29 4+ 23 = 2122 + 22023 + 2321, 
so triangle A; A2A3 is equilateral, by Proposition 1 in this section. 
Problem 2. Let z1, 22, za be the coordinates of the vertices of triangle 
Aj AgA3. If |a| = |z2| = |zs| and z1 + z2 + za = 0, prove that triangle 
A, A2A3 is equilateral. 


Solution 1. The following identity holds for all complex numbers zı and z2 
(see Problem 1 in Sect. 1.1.7): 


|z1 — zal? + |zi + z2? = 2|? + |z21°). (1) 
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From 21+22+23 = 0, it follows that zı +z2 = —23, so |z14-22| = |z3|. Using 
the relations |z1| = |z2| = |z3| and (1), we get |z1 — 23]? = 3|z1|?. Analogously, 
we obtain the relations |z2 — z3|? = 3|z1|? and |z3 — z1|? = 3|z1|?. Therefore, 
|z1 — za| = |za — za| = |z3 — z1|, i.e., triangle A; 42A is equilateral. 

1 


1 1 
Solution 2. If we pass to conjugates, then we obtain — + — + — = 0. 
zi 22 KB 


Combining this with the hypothesis yields 2?-+23+23=2129+2223+23271=0, 
from which the desired conclusion follows by Proposition 1. 


Solution 3. Taking into account the hypotheses |z1| = |z2| = |zs3|, it follows 
that we can consider the complex plane with its origin at the circumcenter 
of triangle A, A2A3. Then the coordinate of the orthocenter H is zy = z1 + 
z2 +23 = 0 = zo. Hence H = O, and triangle A, A2A3 is equilateral. 


Problem 3. In the exterior of triangle ABC, three positively oriented equi- 
lateral triangles AC' B, BA'C, and CB'A are constructed. Prove that the 
centroids of these triangles are the vertices of an equilateral triangle. 


(Napoleon’s problem) 


Solution. Let a, b, c be the coordinates of vertices A, B, C, respectively 
(Fig. 3.13). 


B' 
A 
C^ C 
B 
A' 
Figure 3.13. 
Using Proposition 2, we have 
à--cE--be? 20, b-ra'e-Fee? 20, c+b'e+ae? = 0, (1) 


where a’, b’, c’ are the coordinates of points A’, B’, C". 
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The centroids of triangles A'BC, AB'C, ABC" have the coordinates 


(a 4- b 4- c^), 


Cle 


(a+b +o), d= 


wI = 


(a! +b+0), H= 


wi = 


a = 


respectively. We have to check that c" + a"& + b"e? = 0. Indeed, 


3(c" 4- a" e -- Ue?) — (a -- b 4- c") + (a cb 4 c)e t (a+b +c)? 
= (b4- a'& -- ce?) + (c+ 0 e+ a&^)e + (a+ cde + be?)e? = 0. 


Problem 4. On the sides of the triangle ABC, we draw three regular n-gons, 
external to the triangle. Find all values of n for which the centers of the n-gons 
are the vertices of an equilateral triangle. 


(Balkan Mathematical Olympiad 1990—Shortlist) 


Solution. Let Ao, Bo, Co be the centers of the regular n-gons constructed 
externally on the sides B C, CA, A B, respectively (Fig. 3.14). 


Bo 


Ao 


Figure 3.14. 


eee a 2 
The angles ACo B, BAgC, ABoC have measure = Let 
n 


2m |... 2m 
E = cos — cr isi — 
TU TL 


and denote by a,b,c, ag,bo,co the coordinates of the points A,B,C, 
Ao, Bo, Co, respectively. 
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Using the rotation formula, we obtain 


a = co + (b — co)e, 
b = ao + (c — ao)e, 
c = bo + (a — bo)e. 
Thus 
_b-& b _ Ca ae _ abe 
oP eet Mpeg ceps 


Triangle Ag Bo Co is equilateral if and only if 


aa + be + c = agbo + boco + Coao. 
Substituting the above values of ao, bo, co, we obtain 


(b — ce)? + (c — ae)? + (a — be)? 


= (b — ce)(c — ae) + (c — ae)(a — be) + (a — be) (c — ae). 


'This is equivalent to 


2 2 
It follows that 1 +€ + €? = 0, i.e., zu 2 and we get n — 3. Therefore, 


n 
n = 3 is the only value with the desired property. 


3.5 Some Analytic Geometry in the Complex Plane 


3.5.1 Equation of a Line 


Proposition 1. The equation of a line in the complex plane is 
a-z-az-4-0, 

where a € C*, BER andz—rz-4 iy € C. 

Proof. The equation of a line in the Cartesian plane is 
Az + By+C=0, 


z+2Z 


where A, B, C € R and A? + B? £0. If we set z = x + ty, then x = 


and y = a Thus 
i 
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Zaz. Z—Z 
A — Bi = 
5 i 7 +C=0, 
or equivalently, 
_(A+Bi\ , A-Bi , 
z( B )e: 7 EC = 0. 
A — Bi x 2 
Let a = € C* and 6 = C € R. Then a F 0, because |a|? = 
A? + B? 
“+= 40, and 
a-z+az+6=0, 
as claimed. 


If a = a, then B = 0, and we have a vertical line. If a Z a, then we define 
the angular coefficient of the line as 


Proposition 2. Consider the lines dı and da with equations 
Q1-Zta,-24+ £1 =0 


and 
Q2 -Z + @2: zt fa =0, 


respectively. 
Then the lines dı and dz are: 


(1) parallel if and only jf - = 22a 
or 
(2) perpendicular if and M y. m at E =0; 
| a2 
(3) concurrent if and only if — iu — 
a2 
Proof. 
(1) We have dıl||d2 if and only if mı = mg. Therefore, aur Bd - 2 23 2 i, 
Q1 — Q1 Q2 — a2 
ol 2 


$0 A201 = 0105, and we get ^1 = 
(2) We | bd E L da if and only if ns S = —]. That is, ag@ + aga = 0, 
or — Lae —=0. 
Q1 a2 
(3) The lines dı and dz are concurrent if and only if mı 4 mg. This condition 


n Q Q 
yields zZ z =a 
Q1 Q2 


The results for angular coefficient correspond to the properties of slope. 
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The ratio mg = E is called the complex angular coefficient of the line d 
a 
with equation 


a@-Z+a-z+6=0. 


3.5.2 Equation of a Line Determined by Two Points 


Proposition. The equation of a line determined by the points Pi(z1) and 


P»(z2) is 
zl 


Proof. The equation of a line determined by the points Pi(ri, yi) and 
P2(x2, y2) in the Cartesian plane is 


X1 Yı 1 

T2 Y2 h= 0. 

x y1 
Using complex numbers, we have 


ži Fz 217271 1 


if and only if 
zı t 2121— 711 


1 
— | 2g + Z2 29 — Z2 1| — 0. 
4i e = 
Z--HZ 2-Z1 
That is, 
Zy 2 1 
Z2 Z2 1| = 0, 
zzl1 
as desired. 
Remarks. 


(1) The points Mi(zi), Mo2(z2), Ma(za) are collinear if and only if 
Z1 Z1] 1 
23 Z3 1 
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(2) The complex angular coefficient of a line determined by the points with 


coordinates zı and z2 is 


Z2 — 41 
m n a 
22 — 41 
Indeed, the equation is 
21211 
22 Z2 1|- 0, 
Zz 231 


and it is equivalent to 


2122 + 222 + 22, — ZZ2 — ZZ — 2921 = Q. 


That is, 


Z(zg — 21) — z(a — Z1) + z122 — 2271 = 0. 


Using the definition of the complex angular coefficient, we obtain 


3.5.3 The Area of a Triangle 


Theorem. The area of triangle A, A2A3 whose vertices have coordinates 


21, 22, 23 is equal to the absolute value of the number 


i zzl 
— 22 Z21|. (1) 
4 = 

Z3 23 1 


Proof. Using Cartesian coordinates, 


(x1, yi), (£2, y2), (Xa, y3) is seen 
the determinant 


the area of a triangle with vertices 
to be equal to the absolute value of 


1 zı yi 1 
A=-= $2 y21 
2 
x3 y3 l 
Since 
Zk + Zk Zk — Zk 
= = k —1,2,3 
Tk 2 , k 2i , 9499) 
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we obtain 
yataz Z1 Z1 23 
A= >| z2 +72 22 — Z2 1| = —— | z2 72 1 
8i = = i a 
23 + 23 Z3 — 23 1 Z3 23 2 
j zı zı l 
— 22 22 l|, 
4 I 
23 231 
as claimed. 


It is easy to see that for a positively oriented triangle A1 Az A3 with vertices 
with coordinates z1, z2, 23, the following inequality holds: 


21211 
— | 22 221) O0. 


23 23 1 


Corollary. The area of a directly oriented triangle A1 A2A3 whose vertices 
have coordinates zi, zo, za is 


1 
area[A; A» As] = zm + 2223 + 2321). (2) 


Proof. The determinant in the above theorem is 


212711 
22 22 Has (2122 + 2223 + 2321 — 2223 — 2123 — 2971) 
Z3 Z3 1 


= (az + 2223 + 2371) = (2122 + 2223 + 2321)| 


Replacing this value in (1), the desired formula follows. 


We will see that formula (2) can be extended to a convex directly oriented 
polygon A; A2--- An (see Sect. 4.3). 


Problem 1. Consider the triangle A1 A2A3 and the points Mi, Mə, M3 sit- 
uated on lines AzA3, A1A3, A1A2, respectively. Assume that Mı, Mo, M3 
divide segments [A2 As], [A3A1], [A142] into ratios M1, Ao, Aa, respectively. 
Then 
area[Mi Mz M3] u 1— À1A2A3 (3) 
area[A1 A» Aa] (1 Ai)(1 A2)(1 2a) ` 


Solution. The coordinates of the points Mı, Mə, M3 are 


ag — A103 3 — À201 u Q1 — A302 
Tha >=. 3 Ma = ee i} mor 
ERAS. 


l- ài 1— A» 
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Applying formula (2), we find that 


1 
area[Mi M» M3] = gIm(mima + me2m3 + mamı) 


_ lim E — A1üg)(as — A241) , (ag — A2a1)(a1 — Aza2) 
E (1— A1)(1 — A2) (1 — AÀg)(1 — Ag) 
(a1 — Asaz)(a» — se] 

(1 — A3)(1 — A1) 


at 1— 12243 
= stn | XXE = AJ yj raa + tte 1) 
1— A1À2A3 


= a XDü PATI xj AA 


Remark. From formula (3), we derive the well-known theorem of Menelaus: 
The points Mı, M», Ms are collinear if and only if AyA2A3 = 1, i.e., 


M, Apo Mə As M3A, 


MiA; MA, M3Aq 


triangle. It is known that |a| = |b| = |c| = 1 and that there exists a € 
such that a+ bcosa + csina = 0. Prove that 


14 /2 
a 


Problem 2. Let a, b, c be the coordinates of the vertices A, B, C of 
(0. 5 
» 2 


) 


1 < area[ABC] < 


(Romanian Mathematical Olympiad—Final Round, 2003) 


Solution. Observe that 
1 = |a|? = |bcosa + csin a|? 


= (bcosa + csin a)(b cosa + Tsina) 
= |b|? cos? a + |c|? sin? a + (bc + bc) sin a cos a 
3p 
bc 
It follows that b? + c? = 0; hence b = tic. Applying formula (2), we obtain 


=1+ cosa sina. 


1 = 
area[ABC] = 5 [Im(ab + bc + Ca)| 


= 5 lim{(—Beosa — Tsin a)b + bc — c(bcos a + csina)]| 


1 E 
= 3lim( cosa — sina — bésina — bécosa + bc)| 
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1 I 1 
= zmie — (sin a + cos a)bé]| = z Im[(1 + sin a + cos o)bc]| 


S 1 
(1 4- sina + cos a)|Im(bc)| = jd + sina + cos a)|Im(+ice)| 


N| = 


(1 + sina + cos a)|Im(+i)| = = (1 + sina + cosa) 


1 
2 


ZI eosa) = 5 (1+ vZsin (a+ 7)). 


3 2 
Taking into account that «o o. we get that S. sin (+=) <i, 


and the conclusion follows. 


3.5.4 Equation of a Line Determined by a Point 
and a Direction 


Proposition 1. Let d : az 4- a: z - B — 0 be a line and let Po(zo) be a point. 
The equation of the line parallel to d and passing through point Po is 


[o fe 
Z-2= —7 (2 — 20). 


Proof. In Cartesian coordinates, the line parallel to d and passing through 
point Po(ro, yo) has the equation 
ata 


y-— Yo =t — (x zo). 
Q—Q 


Using complex numbers, the equation takes the form 


z—Z exo Ste (Se 25) 


2i 2 a-a 2 2 


This is equivalent to (a — @)(z — zo — Z + zo) = —(a+ a)(z +Z — zo — Z), 
a 
) 


or a(z — zo) = —a(z — zo). We obtain z — zo = ——(Z — zo 
a 


Proposition 2. Let d : az - a: z 4- f — 0 be a line and let Po(zo) be a point. 
The line passing through point Py and perpendicular to d has the equation 


RIA] 


z — zo = —(Z— Xj). 


Proof. In Cartesian coordinates, the line passing through point P) and per- 
pendicular to d has the equation 
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1 a-@ 


y — Yo = i usum To). 
Then we obtain 
Z—Z  Zo— Zo . aA-AlZ+2% %+Z 
2i «i =i SF 2 2 | 
That is, (a+ @)(z — zo — Z + Zo) = —(& — a)(z — zo + Z — Zo), or 


We obtain 


and therefore 


3.5.5 The Foot of a Perpendicular from a Point 
to a Line 


Proposition. Let Po(zo) be a point and let d : az + az + B = 0 be a line. 
The foot of the perpendicular from Po to d has the coordinate 

_ Qo — QZ — B 

7 2a 


Proof. The point z is the solution of the system 


iae 


a(z — zo) = a(z — x). 


'The first equation gives 


—az—f 


Q 


ie 


Substituting in the second equation yields 


az — Qz = —az — D -Q 2g. 


Hence 
AZ — AZo — B 
2a i 


as claimed. 


90 3 Complex Numbers and Geometry 


3.5.6 Distance from a Point to a Line 


Proposition. The distance from a point Po(zo) to a lined : @-Z+a-z+8=0, 
a € C*, is equal to 
_ lazo t X: Zo  B| 


2/a-a 


Proof. Using the previous result, we can write 


D 


az — a: zo — B 
2a 


D= 


2la| 2V/oa 


. |o:20-d- Ozo c B| _ lazo + «zo + £l 


3.6 The Circle 


3.6.1 Equation of a Circle 


Proposition. The equation of a circle in the complex plane is 
z-Z+ta-z2+a-7+6=0, 

where o, € C and BER, 8 < jal’. 

Proof. The equation of a circle in the Cartesian plane is 


r? +y? 4 mz 4 ny 4 p — 0, 


m? +n? 
m, n, pce R, p< —,1— 
stim i and y =, we obtain 
i 
2, ZT TER EN —Q 
|z| rm 2 n 24 p , 
Or ; : 
z4 m —mni .m tm | —0 
Z:Z-cz 2 +2 2 p= 


-ni 


m 
Take a = 
is proved. 


€ C and 6 = p € R in the above equation, and the claim 
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Note that the radius of the circle is equal to 


Setting 


shows that the equation of the circle with center at y and radius r is 


(z-36-22r. 
Problem. Letzi, zo, z3 be the coordinates of the vertices of triangle A A2 A3. 
The coordinate zo of the circumcenter of triangle A1 A2A3 is 


1 1 1 

21 22 23 

|z1|? [za]? |zal? 
111 f (1) 
Z1 22 Z3 
Zi Z2 Z3 


Solution. The equation of the line passing through P(zo) that is perpendic- 
ular to the line A, A» can be written in the form 


z(z1 — 22) + Z(z1 — 22) = zo(1 — 22) + zo(1 — 22). (2) 


Applying this formula to the midpoints of the sides [A243], [A143] and the 
lines A243, A143, we obtain the equations 


2(Z — Z3) + Z(22 — 23) = |zal^ — |zal". 


z(Zs — 71) + 2(23 — 21) = |zsl? — |211. 


z|(zs — 23) (21 — 23) + (2a — 21) (22 — 23)] 


whence 


111 1 1 1 


Z | Z1 22 23, = Z1 22 23 ; 


21273 |z1|? |z2|? |zal? 
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and the desired formula follows. 


Remark. We can write this formula in the following equivalent form: 


P 212i(22 — 23) + 2a%a(23 — 21) + 287321 — 22) (3) 
111 l 


Zi 2j Z3 


21 22 Z3 


3.6.2 The Power of a Point with Respect to a Circle 


Proposition. Consider a point Po(zo) and a circle with equation 
ZZ--o:z -Fa:z-4-0, 


for a € C and B € R. 
The power of Po with respect to the circle is 


p(z0) = 20 Zo +az +% : Zo + B. 


Proof. Let O(—@) be the center of the circle. The power of P; with respect to 
the circle of radius r is defined by p(zo) = OP} — r?°. In this case, we obtain 


p(zo) = OPY = r^ = |zo t a^ — r^ = 29% + azo + BZ + oi — aa + B 


= 22% +az0 Jd «X: zo f, 


as claimed. 


Given two circles with equations 
Z:*Z+Q1: zc o- Z+ 6, =0 and ZZ + Q2: z +02: Z+ 5-90, 


where o4, a2 € C, £1, B2 € R, their radical axis is the locus of points having 
equal powers with respect to the circles. If P(z) is a point of this locus, then 


z-Z+airz +01: Z+ ßı =z-Ftaoz+ag-z c) 


or equivalently, (o4 — a2)z + (a1 — à2)2 + £1 — b2 = 0, which is the equation 
of a line. 


3.6.3 Angle Between Two Circles 


The angle between two intersecting circles with equations 


z-Z-o:z-cüq:Z40401-0 
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and 
z: Z+tagq: zc ü2: Z+ 82=0, o1, 02€ C, fi, B5 ER, 
is the angle 0 determined by the tangents to the circles at a common point. 


Proposition. The following formula holds (Fig. 3.15): 


oibus By + f» — (a102 + aoo) 
2riT9 


Proof. Let T be a common point and let O1(—a1), O»(—03) be the centers 
of the circles. Al m" 
The angle 0 is equal to O11'O» or m — OıT O2; hence 


2,42 " 
A TA +r5 — 010 
cos @ = | cosO1TO;| = Iri rà 105] 


2riT29 


_ laai — Bi + o2a2 — b2 — lar 
2rir2 


asl 


| |o101 + 0202 By — b2 — Way — a207 + a102 + a102] 
2ri1T2 


_ |f + £a — (a102 + 0102)| 
B 2rir2 


, 


as claimed. 


Figure 3.15. 
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Note that the circles are orthogonal if and only if 
By + b2 = a103 + a102. 


Problem. Leta, b be real numbers such that |b| < 2a?. Prove that the set of 
points with coordinates z such that 


|z? — a?| = |2az + b| 


is the union of two orthogonal circles. 


Solution. The relation 
|z? — a?| = |2az + b| 


is equivalent to 
|2? — a??? = |2az + bl’, 


i.e., 
(2? — a°) (Z? — a?) = (2az + b)(2az + b). 


We can rewrite the last relation as 


lz[* — a? (2? +Z) + a* = 4a°|z|? + 2ab(z +Z) + b?, 


i.e., 
|z|* — a?[(2 +27}? — 2|z[?] + a* = 4a°|z|? + 2ab(z + z) + b. 
Hence 
lz|* — 2a?|z[? + a* = a? (z + 2)? + 2ab(z 4- z) 4- &?, 
i.e., 


(|z? — a)? = (a(z +z) +b}. 
It follows that 


2 2 


— a(z +Z) +b orz -Z — a^ = —a(z + Z) — b. 


z:z—a 
This is equivalent to 
(z — a)(Z — a) = 2a? + b or (z + a)(z + a) = 2a? — b. 


Finally, 
|z — a|? = 2a? +b or|z + a|? = 2a? — b. (1) 


Since |b| < 2a?, it follows that 2a?+b > 0 and 2a? — 0 > 0. Hence the relations 
(1) are equivalent to 


|z — a| = V 2a? + b or|z + a| = V 2a? — b. 
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Therefore, the points with coordinates z that satisfy |z? — a?| = |2az + b| 
lie on two circles with centers C? and C$ whose coordinates are a and —a, 
and with radii Ry = V2a? +b and Rp = V2a? — b. Furthermore, using the 
Pythagorean theorem, we have 


C1 Cz = 4a? = (V 2a? + b? + (V 2a? — b)? = R? + RÈ. 


Hence the circles are orthogonal, as claimed. 


Chapter 4 


More on Complex Numbers 
and Geometry 


4.1 The Real Product of Two Complex Numbers 


The concept of the scalar product of two vectors is well known. In what 

follows, we will introduce this concept for complex numbers. We will see that 

the use of this product simplifies the solution to many problems considerably. 
Let a and b be two complex numbers. 


Definition. Given complex numbers a and b, we call the number given by 
a:b— 5 (0b -- ab) 
the real product of the two numbers. It is easy to see that 
a-b= 5 (ob + ab) =a: b; 
hence a -b is a real number, which justifies the name of this product. 


Let A(a), B(b) be points in the complex plane, and let 0 = (OÀ, OB) be 
the angle between the vectors OA, OB . The following formula holds: 


a- b= |al|b| cos@ = OÅ - OB. 
Indeed, considering the polar form of a and b, we have 
a =|a|(cost; +isint;), b= |b|(cost2 +isintg), 
and 


ab= 


1 = 1 
3 (abt ab) = glallellcos(ta t2) isin(tı t2) t cos(ty t2) | i sin(t4 t2)| 


ER 
= |a||b| cos(& — t2) = Ja||b| cos6 = DÀ - OB. 
The following properties are easy to verify. 


T. Andreescu and D. Andrica, Complex Numbers from A to ... Z, 97 
DOI 10.1007/978-0-8176-8415-0_4, © Springer Science+Business Media New York 2014 
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Proposition 1. For all complex numbers a, b, c, z, the following 
relations hold: 


(1) a- a — |ap?. 

(2) a- b — b. a (the real product is commutative). 

(3) a- (b -- c) =a-b+a-c (the real product is distributive with respect to 
addition). 

(4) (aa) -b = o(a- b) =a - (ab) for alla € R. 

(5) a: b = 0 if and only if OA L OB, where A has coordinate a and B has 


coordinate b. 


(6) (az) - (bz) = |z|? (a - b). 


Remark. Suppose that A and B are points with coordinates a and b. Then 
the real product a- b is equal to the power of the origin with respect to the 


circle of diameter AB. 


b 
Indeed, let M (522) be the midpoint of [AB], hence the center of this 


1 ll 
circle, and let r = ~AB = - |a — b| be the radius of this circle. The power of 


the origin with respect to the circle is 
a—bp 
2 


a+b 


OM? -r? = 
$ 2 


| 2 


_ (a+ b)(@+5) (a-b(a-b aia _ 


4 4 2 


as claimed. 


Proposition 2. Suppose that A(a), B(b), C(c), and D(d) are four distinct 
points. The following statements are equivalent: 

(1) AB L CD; 

(2) (b — a): (d — c) =0; 


b—a : b-a\ 
(3) ——, € iR (or equivalently, Re =) =0). 


Proof. Take points M (b — a) and N(d — c) such that OABM and OCDN 
are parallelograms. Then we have AB L CD if and only if OM 1 ON. That 
is, m: n = (b — a) - (d — c) = 0, using property (5) of the real product. 

The equivalence (2) & (3) follows immediately from the definition of the 
real product. 


Proposition 3. The circumcenter of triangle ABC is at the origin of the 
complex plane. If a, b, c are the coordinates of vertices A, B, C, then the 
orthocenter H has the coordinate h — a 4- b 4 c. 


Proof. Using the real product of the complex numbers, the equations of the 
altitudes AA’, BB’, CC’ of the triangle are 
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AA’: (z-a)(b—c) 20, BB': (z—b)(c-a) 20, CC’: (z-c)-(a—b) = 0. 


We will show that the point with coordinate h = a +b + c lies on all three 
altitudes. Indeed, we have (h—a)-(b—c) = 0 if and only if (b+ c)-(b—c) = 0. 
The last relation is equivalent to b- b—c-c = 0, or |b|? = |c|?. Similarly, 
H € BB' and H € CC’, and we are done. 


Remark. If the numbers a, b, c, o, h are the coordinates of the vertices 
of triangle ABC, the circumcenter O, and the orthocenter H of the triangle, 
then h =a 4-6 4 c— 2o. 

Indeed, if we take A' diametrically opposite A in the circumcircle of tri- 
angle ABC, then the quadrilateral H BA'C is a parallelogram. If (M) = 
H A' n BC, then 


b / 20 — 
ZM = Lm Du "ie, zg =a@+b+c-— 2o. 


Problem 1. Let ABCD be a convex quadrilateral. Prove that 
AB? + CD? = AD? + BC? 
if and only if AC L BD. 


Solution. Using the properties of the real product of complex numbers, we 
have 


AB? + CD? = BC? + DA? 


if and only if 


That is, 
a-b+c-d=b-c+d-a, 


and finally, 
(c-a): (d— 9) =0, 


or equivalently, AC L BD, as required. 


Problem 2. Let M, N, P,Q, R, S be the midpoints of the sides AB, BC, CD, 
DE, EF, FA of a hexagon. Prove that 


RN? = MQ? + PS? 
if and only if MQ L PS. 


(Romanian Mathematical Olympiad—Final Round, 1994) 
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Solution. Let a, b, c, d, e, f be the coordinates of the vertices of the 
hexagon (Fig. 4.1). The points M, N, P, Q, R, S have coordinates 


a+b b+c c+d 

= n= , p= ? 
2 2 2 

E LE. "i god Td 

q= 2 ? S 9 ? mE 2 ? 


respectively. 


Figure 4.1. 


Using the properties of the real product of complex numbers, we have 
RN? = MQ? + PS? 


if and only if 


(e+ f—b—c)-(e+ f —b—c) = (d+e—a—b)-(d+e—a—b)+(f+a—c—d).(f+a—c—d). 


That is, 
(d+e—a—b)-(f+a—c—d) =0; 


hence M Q L PS, as claimed. 


Problem 3. Let A, A2---Apn be a regular polygon inscribed in a circle with 
center O and radius R. Prove that for all points M in the plane, the following 
relation holds: 


M MAR = n(OM? + R?). 
k=1 


Solution. Consider the complex plane with the origin at point O, with the 
x-axis containing the point A;, and let Re, be the coordinate of vertex Ay, 
where e; are the nth-roots of unity, k = 1, ..., n. Let m be the coordinate 
of M. 
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Using the properties of the real product of the complex numbers, we have 


TL 


y ua =>. (m — Rex) - (m — Rex) 
k=1 k=1 


= (m - m — 2Rey - m + Rex - ex) 
k=1 


= n|m|? — 2R (>: «| -m+ R? 30 lel? 
k=1 k=1 
=n: OM? +nR? = n(OM? + R2), 
since $^ ec, = 0. 
k=1 
Remark. If M lies on the circumcircle of the polygon, then 
M MAR = nR. 
k=1 


Problem 4. Let O be the circumcenter of the triangle ABC, let D be the 
midpoint of the segment AB, and let E is the centroid of triangle ACD. 
Prove that lines CD and OE are perpendicular if and only if AB = AC. 


(Balkan Mathematical Olympiad, 1985) 


Solution. Let O be the origin of the complex plane and let a, b, c, d, e be 
the coordinates of points A, B, C, D, E, respectively. Then 


a+b a+c+d 3a+b+2c 
and e = 3 = 6 


d= 


Using the real product of complex numbers, if R is the circumradius of tri- 
angle ABC, then 


a-a=b-b=c-c= R. 
Lines CD and OE are perpendicular if and only if (d — c) : e = 0, that is, 
(a+ b — 2c) - (3a +6+4 2c) — 0. 


The last relation is equivalent to 


38a-ata-b4+2a-c+3a-b+6-b+ 2b-c—6a-c—2b-c—4c-c=0, 


that is, 
a-b=a-c. (1) 
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On the other hand, AB — AC is equivalent to 


|b — al? = |c — ap. 


That is, 
(b — a) : (b — a) = (c — a) : (c — a), 
Or 
b-b-—2a-b+a-a=c-c—2a:c+a-a, 
whence 


a:b—a-:c. (2) 
The relations (1) and (2) show that CD L OE if and only if AB = AC. 


Problem 5. Let a, b, c be distinct complex numbers such that |a| = |b| = |c| 
and |b + c — a| = |a|. Prove that b + c = 0. 


Solution. Let A, B, C be the geometric images of the complex numbers 
à, b, c, respectively. Choose the circumcenter of triangle ABC as the origin 
of the complex plane and denote by R the circumradius of triangle ABC. 
'Then 

aa = bb = ct = R’, 


and using the real product of the complex numbers, we have 


|b + c — a| = |a| if and only if |b + c — al? = |al?. 


That is, 

(b--c— a) (b-- c — a) =|al?, 
i.e., 

lal? + |b? + |c]? + 2b- c— 2a c — 2a - b = |a ?. 

We obtain 

2(R? +b:-c—a:c—a:b)=0, 
i.e., 

a:a4db5:c—a:c—a-:b—0. 


It follows that (a — b) - (a — c) = 0, and hence AB L AC, i.e., BAC = 90°. 
Therefore, [BC] is the diameter of the circumcircle of triangle ABC, so 
b+c=0. 


Problem 6. Let E, F, G, H be the midpoints of sides AB, BC, CD, DA 
of the convex quadrilateral ABC D. Prove that lines AB and CD are perpen- 
dicular if and only if 


BC? + AD? = 2(EG? + FH?). 
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Solution. Denote by the corresponding lowercase letter the coordinate of a 
point denoted by an uppercase letter. Then 


a+b _ b+c NE | dca 


- = h 
z’ pon qo eg 2 


e = 


Using the real product of the complex numbers, the relation 
BC? + AD? = 2(EG? + FH?) 


becomes 


'This is equivalent to 


c-c+b-b4+d-d+a-a—2b-c—2a-d 


=a-:a+b-b+c-c+d-d—2a-c— 2b. d, 
Or 
a-d+b-c=a-c+b-d. 


The last relation shows that (a — b) - (d — c) = 0 if and only if AB L CD, as 
desired. 


Problem 7. Let G be the centroid of triangle ABC and let A41, Bı, C4 be 
the midpoints of sides BC, CA, AB, respectively. Prove that 


MA? + MB? + MC? + 9MG? = 4(M A? + MB? + MC?) 
for all points M in the plane. 


Solution. Denote by the corresponding lowercase letter the coordinate of a 
point denoted by an uppercase letter. Then 


sabe j b+c b | c+a " | Gb 
g= 3 , qi= 2 Ww, — 2 » a 2 . 


Using the real product of the complex numbers, we have 


MA? + MB? + MC? +9MG? 


= (m — a) - (m — a) *- (m — b) - (m — b) + (m — c) (m — c) 


dis a+b+c p cdit t 
3 3 


= 12|m|? — 8(a +b -- c) -m + 2([al? + |b|? + e|?) + 2a - b 2- 2b- c 4- 2c - a. 
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On the other hand, 
4(M A? + MB? + MC?) 


e (759) 0-3 
dem epe een] 


= 12|m|? — 8(a +b -- c) -m + 2([af? + |b|? + |c|?) + 2a- b -- 2b- c - 2c- a, 


so we are done. 


Remark. The following generalization can be proved similarly. 

Let A1 A2- An be a polygon with centroid G and let A;; be the midpoint 
of the segment [A;A;], i < j, i, j € (1,2, ..., n). 

Then 


(n—2)$ MA? +n? MG? 2 AM MAT, 
k=1 i<j 
for all points M in the plane. A nice generalization is given in Theorem 3 in 
Sect. 4.11. 


4.2 The Complex Product of Two Complex Numbers 


The cross product of two vectors is a central concept in vector algebra, with 
numerous applications in various branches of mathematics and science. In 
what follows, we adapt this product to complex numbers. The reader will 
see that this new interpretation has multiple advantages in solving problems 
involving area or collinearity. 

Let a and b be two complex numbers. 


Definition. The complex number 
1 = 
axb= 3 (ab — ab) 


is called the complex product of the numbers a and b. 
Note that 


=. d = l,- 
axb+axb= ;(ab ab) + z (ab ab) = 0, 
so Re(a x b) = 0, which justifies the definition of this product. 


Let A(a), B(b) be points in the complex plane, and let 0 = (OÀ, OB) be 
the angle between the vectors OA, OB . The following formula holds: 


a x b = ei|a||b| sind, 
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where 
_ J —1, if triangle OAB is positively oriented; 
or +1, if triangle OAB is negatively oriented. 


Indeed, if a = |a|(cost; + isint;) and b = |b|(costo + isin t2), then 
a x b = i|a||b| sin(—t4 + t3) = ei|a||b| sin 0. 


'The connection between the real product and the complex product is given 
by the following Lagrange-type formula: 


la - b|? + |a x b|? = |a]? b. 
The following properties are easy to verify: 


Proposition 1. Suppose that a, b, c are complex numbers. Then: 


(1) a x b = 0 if and only if a = 0 or b = 0 or a = Ab, where X is a real 
number. 

(2) a x b — —b x a (the complex product is anticommutative). 

(3) ax (b--c) 2 axb--axc (the complex product is distributive with respect 
to addition). 

(4) o(a x b) = (aa) x b 2 a x (ab), for all real numbers a. 

(5) If A(a) and B(b) are distinct points other than the origin, then a x b = 0 
if and only if O, A, B are collinear. 


Remarks. 


(a) Suppose A(a) and B(b) are distinct points in the complex plane different 
from the origin (Fig. 4.2). 
'The complex product of the numbers a and b has the following useful 
geometric interpretation: 


b= 2i. area [AOB], | if triangle OAB is positively oriented; 
0 X 9 — 1 —2i. area [AOB], if triangle OAB is negatively oriented. 


Figure 4.2. 
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Indeed, if triangle OAB is positively (directly) oriented, then 


2i - area [OAB] = i- OA- OB sin AOB) 


_; . b\ b\ fal 

= ila - |b| - sin c = i- |a| - |b| - Im (2) E 
l a/b b | od 

= za] ( =) E 5 (ab ab) — a x b. 


In the other case, note that triangle OBA is positively oriented; hence 


2i - areaJOBA] = b x a = —a x b. 


(b) Suppose A(a), B(b), C(c) are three points in the complex plane. 
The complex product allows us to obtain the following useful formula for 
the area of the triangle ABC: 


1 
a; (^ X b+bxc+cx a) 

if triangle ABC is positively oriened; 
area [ABC] = 


3; x ^ t+bxce+cxa) 
i 
if triangle ABC is negatively oriented. 


Moreover, simple algebraic manipulation shows that 
lr. 5 9 EET 
area [ABC] = zma + bc + Ga) 


if triangle ABC is directly (positively) oriented. 

To prove the above formula, translate points A, B, C by the vector —c. 
The images of A, B, C are the points A’, B’, O with coordinates a — c, b— 
€, 0, respectively. Triangles ABC and A'B'O are congruent with the same 
orientation. If ABC is positively oriented, then 


area [ABC] = area (OA'B'] = = ((a —c) x (b — c)) 


1 1 
= —((a—c)xb-—(a—c)xc)-2 —(cx (a — c) —bx (a — c)) 
2i 2i 
1 1 
=—(cxa-—cxc—bxat+bxc)=—(axb+bxc+cx a), 
2i 2i 


as claimed. 
The other situation can be handled similarly. 
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Proposition 2. Suppose A(a), B(b), and C(c) are distinct points. The 
following statements are equivalent: 


(1) Points A, B, C are collinear. 

(2) (b — a) x (c — a) ^ 0. 

(3)axb+bxc+cexa=0. 

Proof. Points A, B, C are collinear if and only if area[ABC] = 0, i.e., 


axb+bxc+cxa= 0. The last equation can be written in the form (b — a) x 
(c — a) — 0. 
Proposition 3. Let A(a), B(b), C(c), D(d) be four points, no three of which 
are collinear. Then AB||CD if and only if (b — a) x (d — c) = 0. 

Proof. Choose the points M(m) and N(n) such that OABM and OCDN 
are parallelograms; then m = b — a and n = d — c. 

Lines AB and CD are parallel if and only if points O, M, N are collinear. 
Using property 5, this is equivalent to 0 — m x n — (b — a) x (d — c). 
Problem 1. Points D and E lie on sides AB and AC of the triangle ABC 
such that 


AD AE 3 

AB AC 2 
Consider points E' and D' on the rays (BE and (CD such that EE' = 3BE 
and DD' = 3C D. Prove the following: 


(1) points D', A, E' are collinear. 


(2) AD! = AE’. 
3b 
Solution. The points D, E, D', E' have coordinates: d = = - j 
a+3c 
e= ; 
4 
e' = 4e — 3b = a + 3c — 3b, and d' = 4d — 3c = a+ 3b — 3c, 
respectively. 


D’ A E' 


Figure 4.3. 
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(1) Since 
(a — d^) x (e' — d') = (3c — 3b) x (6c — 6b) = 18(c — b) x (c — b) = 0, 
it follows from Proposition 2 in Sect. 4.2 that the points D’, A, E' are 


collinear (Fig. 4.3). 
(2) Note that 


a— d 
e — d 


AD' 


DE — 


EE! 
= 


so A is the midpoint of segment D'E”. 


Problem 2. Let ABCDE be a convez pentagon and let M, N, P, Q, X, Y 
be the midpoints of the segments BC, CD, DE, EA, MP, NQ, respectively. 
Prove that XY || AB. 


Solution. Let a, b, c, d, e be the coordinates of vertices A, B, C, D, E, 
respectively (Fig. 4.4). 


B M C 


Figure 4.4. 


Points M, N, P, Q, X, Y have coordinates 


b+e c+d d+e 
m — , n 2m , p — , 
2 2 2 
e+a b+c+d+e c+d+e+a 
= ———À y = = 
q 2 , 4 , y 4 , 
respectively. Then 
a—b 
— 1 
LL RN Wee R 


whence 
(y — x) x (b — a) = -7(b-a) x (b — a) = 0. 


From Proposition 3 in Sect. 4.2, it follows that XY || AB. 
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4.3 The Area of a Convex Polygon 
We say that the convex polygon A; A42: -- An is directly (or positively) oriented 


if for every point M situated in the interior of the polygon, the triangles 
MA,Agyi, k — 1,2, ..., n, are directly oriented, where Anı = At. 


Theorem. Consider a directly oriented convex polygon A,A2:-:An with 
vertices with coordinates a1, a2, ..., An. Then 


1 
area [A1 A2--- A4] = jIm(aia +203 d: + anlan + Gar). 


Proof. We use induction on n. The base case n = 3 was proved above using 
the complex product. Suppose that the claim holds for n = k, and note that 


area [A;Ao--- Ag Aki] = area [A1 A2- - Ax] + area [Ak A41 A1] 


1 1 
= zma + d2a3 + +--+ ük-18k + Gea) + zrak + dgy1ai + Trak) 


1 
= zma + a243 +-+- + üg-10& + Ukak+1 + Gea) 


1 1 
*5Im(axai + Gaz) = 5 Im(a1a + dzàa d: d Geany1 + akpa), 


since 
Im(aga; + Gaz) = 0. 


Alternative proof. Choose a point M in the interior of the polygon. Applying 
the formula (2) in Sect. 3.5.3, we have 


area [4145 --- Ap] = 5 area [M Ak Ak+1] 
k=1 


Im(Zak + ūkaâk+ı + ükp12) 


II 
N| =| 
Eo 
i M 
n 


us 1x 
zb Im(agag4i) + 5 5 Im(Zak + ük412z) 
k=1 k=1 
= lii )* + vit z5 ak + 205 = ii > aan 
2 k=1 2 k=1 j=l 2 k=1 


since for any complex numbers z, w the relation Im(Zw + zW) = 0 holds. 


Remark. From the above formula, it follows that the points Ai(ai), 
A»(a2),..., An(@n) as in the theorem are collinear if and only if 


Im(@1 a2 + T203 4- +++ + Gn—1dn + āna) = 0. 
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For this result, the hypotheses in the theorem are essential, as we can see 
from the following counterexample. 

Counterexample The points with respective complex coordinates 
a, =0, a2 = 1, a3 = i, a4 = l +i are not collinear, but we have 
Im(aja2 + à2a3 + à3a4 + à4a1) = Im(—1) = 0. 


Problem 1. Let PoP, --- P, 4 be the polygon whose vertices have coordinates 
1, &,..., &"-1, and let QoQi---Qn—1 be the polygon whose vertices have 


T an. 
coordinates 1,1+e,..., lt+e+---+e"7!, where € = cos Fisin —. Find 
n n 


the ratio of the areas of these polygons. 


Solution. Consider aj = 1 -- € - e^, k 0,1, ..., n — 1, and observe 
that 


n-1 
area [QoQi --- Qn] = sim (S mua) 
k=0 


n—1 
1 =\k+1 _ 1 k4+2 _ 1 
= tm ( 53 2 z 
2 e—1 e—l 
k=0 
1 n-1 
k+1 k+2 
ac - igi? S (e- ©) ent" +1) 
k=0 
1 2T 
gcc quie m) 3 EXIT 
= — —,,2sin — cos — = — cotan —, 
8sin^ 2 
since 
n-1 n-1 
g**! — 0 and 5 ekt? 29 
k=0 k=0 
On the other hand, it is clear that 
2 
area [Pp Pi: P4, 1] = area [POP] = T sin um nsin = cos g 
2 n n n 
We obtain 
. m T 
PoP, ++ Pa n sın — COS — 
area| 041 1] ER z n an = 4sin? T (1) 
area[QoQ1 2 Qn-1| —cotan— n 
4 n 
Remark. We have QkQk+1 = |ak41 — ak| = [e| = 1 and Py Praia = 
je**! — eh] = |e*(e — 1)| = [e*|1 - e| = |1 - e| = 2sin 5, k = 0,1,...,n— 1. 
n 


It follows that 
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PePepr 
QxQki 


That is, the polygons PoP, --- P,.1 and QoQ1---Qn_1 are similar, and 
the result in (1) follows. 


— 2s sin Z, k —0,1, ..., n— I. 


Problem 2. Let A1 A2-+-An(n > 5) ie a convex polygon and let Bp be the 
midpoint of the segment [Ax Ax ii]; k= .., n, where Any, = A1. Then 
the following inequality holds: 


area [By Bo--- Bn] > ; area [A1 Ag--- Anl]. 


Solution. Let a, and bj be the coordinates of points A, and Bk, k = 
1,2, ..., n. It is clear that the polygon BıBə--- Bn is convex, and if we 
assume that A;A2---A, is positively oriented, then B, B5... Bn also has 
this property. Choose as the origin O of the complex plane a point situated 
in the interior of polygon A142: An. 


We have b = $(@k + a&41), k — 1,2, ..., n, and 
area [B1B»:- . = 5ií (bua) = = mS ük + xvi) (axi + ak+2) 
k=1 k=1 


1 n u 1 n n 
= gin " -.) + gm (>: snas) +2 = «(Xs mua) 


1 1 n 
= gee [A142 te - An] + gim (>: Tarsa) 


1 1x 
= g et [4143 use An] + 8 5 Im(agaj42) 


1 i eer 
= —area [41 Ag e : An] += , OA; - OAx42 sin ApOAg+2 
2 8 = 


1 
= gaea [Ay Ag we - An], 


where we have used the relations 


Im (>: mon) = Im > sas) = 2 area [A1 A2- -- An] 


k=1 k=1 


and sin A,OAg 42 >0, k=1,2, ..., n, where A44» = A2. 
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4.4 Intersecting Cevians and Some Important Points 
in a Triangle 


Proposition. Consider the points A’, B', C' on the sides BC, CA, AB of 
the triangle ABC such that AA’, BB', CC’ intersect at point Q and let 
BA p CB m AC n 


AC m B'A p’ CB m 


If a, b, c are the coordinates of points A, B, C, respectively, then the coor- 
dinate of point Q is 


| ma t nb- pe 
= m+n+p ` 
nb + pc ma + pc 
Proof. The coordinates of A’, B’, C' are a’ = p ,b = ng ig 
n+p m p 
b 
and c = mM respectively. Let Q be the point with coordinate q — 
m+n 
matnb+Pe We prove that AA’, BB’, CC’ meet at Q. 


m+n+p 
The points A, Q, A’ are collinear if and only if (q— a) x (a' — a) = 0. This 


is equivalent to 
ma + nb + pc nb + pc 
— -a] x —a|-20, 
m+n+p n+p 


or (nb+ pc — (n+ p)a) x (nb + pc — (n+ p)a) = 0, which is clear by definition 
of the complex product. 
Likewise, Q lies on lines BB’ and CC’, so the proof is complete. 


Some Important Points in a Triangle 


(1) If Q = G, the centroid of the triangle ABC, we have m = n = p. Then 
we obtain again that the coordinate of G is 


at+b+e 
a 


(2) Suppose that the lengths of the sides of triangle ABC are BC = a, CA = 
B, AB = «. If Q = I, the incenter of triangle ABC, then using a known 
result concerning the angle bisector, it follows that m =a, n = B, p = y. 
Therefore, the coordinate of I is 


2G = 


aa + bb + ye 1 
= = t b t , 
zy = RTI gent 86+ 70) 


where s = $(a+ B +74). 
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(3) If Q — H, the orthocenter of the triangle ABC, we easily obtain the 
relations 


BA' | tanC CB’ |. tanA AC’ | tanB 
AC tanB’ B'A tanC’ C'B  tanA’ 


It follows that m = tan A, n = tan B, p = tan C, and the coordinate of 
H is given by 


F (tan A)a + (tan B)b + (tan C)c 
H= ; 


tan A + tan B + tan C 


Remark. The above formula can also be extended to the limiting case in 
which the triangle ABC is a right triangle. Indeed, assume that A — A 


tan B)b + (tan C tan B + tan C 
Then tan A — +00 ani e Jis RUE » 0, EU » 0. In 


: . tan A . .tan 
this case, zg — a, i.e., the orthocenter of triangle ABC is the vertex A. 
(4) The Gergonne! point J is the intersection of the cevians AA’, BB’, CC’, 


where A', B', C' are the points of tangency of the incircle to the sides 
BC, CA, AB, respectively. Then 


1 1 1 
BA 3—y CB' s-a AC  s-f 
A'C l °? B'A 1 ° C'B Lo 

s- s— y s—a 


and the coordinate z; is obtained from the same proposition, where 


raa +rgb+ ryc 


ZJ = 
Ta tre +Ty 
Here ra, rg, ry denote the radii of the three excircles of triangle. It is 
not difficult to show that the following formulas hold: 


K K K 
E — 
s—a "T RA 


where K = area [ABC] and s = $(a+ B + »). 

(5) The Lemoine? point K is the intersection of the symmedians of the tri- 
angle (the symmedian is the reflection of the bisector across the median). 
Using the notation from the proposition, we obtain 


BA' 4? CB' o? AC' £g 
AC B? B'A Q4 CB. a?" 


1 Joseph Diaz Gergonne (1771-1859), French mathematician, founded the journal Annales 
de Mathématiques Pures et Appliquées in 1810. 

? Émile Michel Hyacinthe Lemoine (1840-1912), French mathematician, made important 
contributions to geometry. 
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It follows that 
ofa + 8?b 4- y?c 
o? + 8? 4+ 7? 
(6) The Nagel? point N is the intersection of the cevian AA’, BB’, CC’, 


where A’, B', C' are the points of tangency of the excircles with respec- 
tive sides BC, CA, AB. Then 


ZK = 


BA s-y CB’ s-a AC’ s-8 


AC s—B' B'A s-y CB s-a’ 


and the proposition mentioned above gives the coordinate zy of the Nagel 
point N: 
(s—o)a--(s— B)b-(s—y)c 1 


meh ae clo ee 


-(i 5a (1 5) (-3« 


Problem. Leto, B, y be the lengths of sides BC, CA, AB of triangle ABC 
and suppose a < 8 < y. If points O, I, H are the circumcenter, the incenter, 
and the orthocenter of triangle ABC, respectively, prove that 


1 


area [OIH] = F 


(a — (8-7 — a), 


where r is the inradius of ABC. 


Solution. Consider triangle ABC, directly oriented in the complex plane 
centered at point O. 
Using the complex product and the coordinates of J and H, we have 


1 1 b 
area [OIH] = a; 1 X ZH) = F L— Ll x (abe) 
= + ((o.— pja x b+ (8 — )6 x e+ (y — a)e x al 
Asi 


= >a — B) : area [OAB] + (8 — y) : area [OBC] + (y — o) - area [OC A]] 


1 R? sin 2C R? sin 2A R? sin 2B 
- x e- 9) EE coc RE G- a SREE 


3 Christian Heinrich von Nagel (1803-1882), German mathematician. His contributions 
to triangle geometry were included in the book The Development of Modern Triangle 
Geometry [21]. 
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= F(a- 8)sin2C + (8 — 7)sin2A + (1 — a) sin 2B] 
= +a- B8 3) — a), 


as desired. 


4.5 The Nine-Point Circle of Euler 


Given a triangle ABC, choose its circumcenter O to be the origin of the 
complex plane and let a, b, c be the coordinates of the vertices A, B, C. We 
have seen in Sect. 4.1, Proposition 3, that the coordinate of the orthocenter 
H is zy =a+b+c. 

Let us denote by Aı, Bı, Cı the midpoints of sides BC, CA, AB; by 
A’, B', C' the feet of the altitudes; and by A", B", C" the midpoints of 
segments AH, BH, CH, respectively (Fig. 4.5). 


Figure 4.5. 


It is clear that for the points A1, Bı, Ci, A", B", C", we have the 
following coordinates: 


1 
ZA = (b+), ZB, = (e F8). 20, = z(e +b), 


1 
2 


NI = 


1 1 1 
zan =a + z% o), zpv =b+ g (€ +a), zon -—cd (t b). 


It is not so easy to find the coordinates of A’, B', C". 
Proposition. Consider the point X (x) on the circumcircle of triangle ABC. 


Let P be the projection of X onto line BC. Then the coordinate of P is 
given by 
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1 be _ 
R=, z- pT tb+e ; 


where R is the circumradius of triangle ABC. 


Proof. Using the complex product and the real product, we can write the 
equations of lines BC and XP as follows: 


BC : (z — b) x (c — b) = 0, 
XP:(z— zx): (c—b)=0. 


The coordinate p of P satisfies both equations; hence we have 
(p — b) x (c — b) 2 0 and (p — z) - (c — b) = 0. 
These equations are equivalent to 


(p — b)(c- b) - (p-b)(c- 5) = 


and 
(p — z)(e — b) + (p — z)(c — b) = 0. 


Adding the above relations, we obtain 


(2p — b — z)(c — b) + (b — z)(c — b) — 0. 


It follows that 


1 be  - 1 A l 
-3 [e+e mV »|- 5 (« gebe. 


From the above proposition, we see that the coordinates of A’, B', C’ are 
1 bca 
ta = 5 (a4 b+c B 
1 cab 
zB = 5 a+b+c Re)? 


1 abe 
20 = 5 a+b+c m] 


Theorem 1 (The nine-point circle). /n every triangle ABC, the points 
Ai, Bı, Ci, A’, B', C', A", B", C" are all on the same circle, whose 
center is at the midpoint of the segment OH and whose radius is one-half the 
circumradius. 
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Proof. Denote by Og the midpoint of the segment OH. Using our 


initial assumption, it follows that zog = i(a + b + c) Also, we have 
la| = |b| = |c| = R, where R is the circumradius of triangle ABC. 
1 1 
Observe that OgAr = |Za, Zo; | 5 lal = 5h, and also 
1 
Oo Bı = OC = jf 
1 1 
We can write OgA" = |za» — zo| = 3lel = ah and also 
1 


OoB" = OC" = ZR. 


The distance Og A’ is also not difficult to compute: 


1 bca 1 
OA = zo -zol =|5 (at 5-46 =) 5(atb tc) 
1 1 3 1 

si R. 


= zabe] = zs lallellel = 25 = 5 


l 
Similarly, we get Og B’ = OgC' = jR- Therefore, Op Ay = Og By = Os9C4 


1 
Og. A’ Og B' Og C" Og A" = Og B" = Og C" = aft and the desired 
property follows. 


Theorem 2. 


(1) (Euler line of a triangle.) In any triangle ABC the points O, G, H are 
collinear. 

(2) (Nagel line of a triangle.) In any triangle ABC the points I, G, N are 
collinear. 


Proof. 
(1) If the circumcenter O is the origin of the complex plane, we have zo = 0, 


1 
za = z(a-b--c), zg — a-- b 4- c. Hence these points are collinear by 
Proposition 2 in Sect. 3.2 or 4.2. 


1 
(2) We have z; — Cat P Ve, za = =(a+b+c), and zy = (1- 2) e 
2s 2s 2s 3 E 
( — 2) b+ (1 — 1) c, and we can write zy = 3zg — 2zr. 
S E 


Applying the result mentioned above and properties of the complex prod- 
uct, we obtain (za. — zr) X (zn — zr) = (za — zr) x [3(za — zr)] = 0; hence 
the points J, G, N are collinear. 


4 Leonhard Euler (1707-1783), one of the most important mathematicians of all time, 
created much of modern calculus and contributed significantly to almost every existing 
branch of pure mathematics, adding proofs and arranging the whole in a consistent form. 
Euler wrote an immense number of memoirs on a great variety of mathematical subjects. 
We recommend William Dunham's book Euler: The Master of Us All [33] for more details 
concerning Euler's contributions to mathematics. 
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Remark. Note that NG = 2GI, and hence the triangles OGI and HGN 
are similar. It follows that the lines O7 and NH are parallel, and we have 
the basic configuration of triangle ABC shown in Fig. 4.6. 


Figure 4.6. 


If Gs is the midpoint of segment [IN], then its coordinate is 


zo, = (rt en) = Ea Qto, orm. 


The point Gs is called the Spiecker point of triangle ABC, and it is easy to 
verify that it is the incenter of the medial triangle A4 B,C\. 


Problem 1. Consider a point M on the circumcircle of triangle ABC. Prove 
that the nine-point centers of triangles M BC, MCA, M AB are the vertices 
of a triangle similar to triangle ABC. 


Solution. Let A', B', C' be the nine-point centers of the triangles 
MBC, MCD, MAB, respectively. Take the origin of the complex plane 
to be at the circumcenter of triangle ABC. Denote by the corresponding 
lowercase letter the coordinate of the point denoted by an uppercase letter. 
Then 
y m+b+c y= m+c+a , m+a+b 

T= a Rl d x 1 EL. 

since M lies on the circumcircle of triangle ABC. Then 


b! — o! a-b b-a 


c—a a-c c-a’ 


and hence triangles A' B'C' and ABC are similar. 
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Problem 2. Show that triangle ABC is a right triangle if and only if its 
circumcircle and its nine-point circle are tangent. 


Solution. Take the origin of the complex plane to be at the circumcenter O 
of triangle ABC, and denote by a, b, c the coordinates of vertices A, B, C, 
respectively. Then the circumcircle of triangle ABC is tangent to the nine- 
R 
point circle of triangle ABC if and only if OO 9 = DE This is equivalent to 
R? 
002 = FE that is, |a +b + cj? = R?. 
Using properties of the real product, we have 


|a - b -- cj? = (a - bor c)- (a - b c) = Jal? + [b]? + |e]? +2(a-b+b-c+c-a) 


= 3R? c 2(a- b b:c ca) 2 3R? + (2R? — o? +2R? — 8? +2R? — 4?) 
=9R?° — (a? + £* +7”), 
where a, 8, y are the lengths of the sides of triangle ABC. We have used 
2 2 2 
the formulas a. b = R2 — L, b-c= R?- E task eich can 
be easily derived from the definition of the real product of complex numbers 
(see also the lemma in Sect. 4.6.2). 

Therefore, a? + 8? +~? = 8R?, which is the same as sin? A + sin? B + 
sin? C = 2. We can write the last relation as 1 — cos2A + 1 — cos2B + 1 — 
cos 2C = 4. This is equivalent to 2 cos( A + B) cos(A — B) 4-2cos? C = 0, i.e., 
4 cos A cos B cos C = 0, and the desired conclusion follows. 


Problem 3. Let ABCD be a cyclic quadrilateral and let Ea, Ey, Ec, Ea be 
the nine-point centers of triangles BCD, CDA, DAB, ABC, respectively. 
Prove that the lines AE,, BE, CE., DE are concurrent. 


Solution. Take the origin of the complex plane to be the center O of the 
circumcircle of ABC D. Then the coordinates of the nine-point centers are 


(c+d+a), e; 2 =(d+a+b), ea — Z(ad- b 4 c). 


1 1 
€a = zb + c+ d), =z 


1 
2 


NI = 


We have AE, : z = ka + (1 — k)ea, k € R, and the analogous equations 
for the lines BE, CE., DEa. Observe that the point with coordinate s(a + 


1 
b -- c 4- d) lies on all four lines (: = 5) and we are done. 
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4.6 Some Important Distances in a Triangle 


4.6.1 Fundamental Invariants of a Triangle 


Consider the triangle ABC with sides a, 8, y; semiperimeter 


1 
s — slat Bt y) 


inradius r; and circumradius R. The numbers s, r, R are called the funda- 
mental invariants of triangle ABC. 


Theorem. The sides a, B, y are the roots of the cubic equation 
È — 2st? + (s? +r? +4Rr)t — AsRr — 0. 


Proof. Let us prove that o satisfies the equation. We have 


A 
A A A cos — 
a = 2Hsin A = 4Rsin 7 cos 7 and s — a —Tcotan,, —r Z, 
sin — 
2 
whence 
A a(s—a) A ar 
2 2 
— = —— and sinf — = ——————. 
ET AHp. A 9 3 AEG a) 


A A 
From the formula cos? pisc sin? D E 1, it follows that 


a(s — a) ar 
+ cp 
ARr AR(s — o) 


That is, à? — 250? + (s? +r? -ARr)o — AsRr = 0. We can show analogously 
that 8 and y are roots of the above equation. 


From the above theorem, using the relations between the roots and the 
coefficients, it follows that 


o t By — 2s, 


af + B^ + yo = s? +r? +4Rr, 
apy = AsRr. 
Corollary. The following formulas hold in every triangle ABC: 


o? +8? +7? = 2(s? — r° — 4Rr), 


a? + B? + 9° = 28(s? — 3r? — 6Rr). 
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Proof. We have 


o? + 8? ++ — (a -- 8 - yy? — 2(oB + By -- yo) = 4s? — 2(s? +r? + ART) 
= 25? — 2r? — 8Rr = 2(s? — r? — 4Rr). 


In order to prove the second identity, we can write 


o? 4 f c y! — (ac B y)(o? +6? +7 — oB — By — yo) + 3aBy 


= 2s(2s? — 2r? — 8Rr — s? — r? — 4Rr) + 12sRr = 2s(s? — 3r? — 6Rr). 


4.6.2 The Distance OI 


Assume that the circumcenter O of the triangle ABC is the origin of the 
complex plane, and let a, b, c be the coordinates of the vertices A, B, C, 
respectively. 


Lemma. The real products a- b, b-c, c-a are given by 


a? 2 
a: baw, b. c= RT, c-a= R — E 


Proof. Using the properties of the real product, we have 


y? = |a—b|? = (a—b)-(a—b) = a-a—2a-b+b-b = |a[? —2a-b--|b|? = 2R? —2a-b, 


and the first formula follows. 


In order to simplify the formulas, we will use the symbol 229 called the 
cyclic sum: 


M f (ni 82, £3) = f (21,22, 23) + f (%2, £3, £1) + f (%3, 21,22), 


cyc 
where the sum is taken over all cyclic permutations of the variables. 
Theorem (Euler). The following formula holds: 

OP = R? — 2Rr. 
Proof. The coordinate of the incenter is given by 


a B x 
= — —b — 
às Y Ed 2s E 2s” 
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so we can write 


Gags S cu eae ee 
[211 (z^ 2s Tas 93 2s 25° 


1 
qe quy PR 24s aB)a 


cyc 
Using the above lemma, we find that 


OP = 5 (a? + 8? 4+ 42) R2 + izle p (r? - 7) 


cyc 


1 
- qu(e t 8a) R 2 7 as}? = R? — copra +8 +7) 
cyc 
1 aby K 
ey yee _ p2 . — p2 
=R 5, 07 R*^—2 AK 3 R^ — 2Rr, 
where the well-known formulas 
BE. _ K 
m ap a 


are used. Here K is the area of triangle ABC. 


Corollary (Euler's inequality). In every triangle ABC, the following 
inequality holds: 
R2 2r. 


We have equality if and only if triangle ABC is equilateral. 
Proof. From the above theorem. we have OI? = R(R—2r) > 0, hence R > 2r. 


The equality R — 2r — 0 holds if and only if OI? — 0, i.e., O — I. Therefore, 
triangle ABC is equilateral. 


4.6.3 The Distance ON 


Theorem 1. If N is the Nagel point of triangle ABC, then 
ON = R — 2r. 


Proof. The coordinate of the Nagel point of the triangle is given by 


s-(-2e«- De -2e 
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Therefore, 
M = onl? oi = PY QD) ex (1-9) (1- Fat 
2 
seS (e er 36-5) (æ-) 
a eae) ce as 
= R? x SIE Se -m-E 


'To calculate E, we note that 


a Y(- STE. a)y =% 7- ~ ila + By? + = lai? 


cyc cyc cyc cyc 
1 Jofy _ aby K 
= 2 _ 2 TEC 2 
= DPF Dee at = Dot ote 
cyc cyc cyc cyc 
1 
E 2 bul 3 
E Soa + 5 oe + 8Rr. 
cyc cyc 


Applying the formula in the corollary of Sect. 4.6.1, we conclude that 
E = —2(s* - r? — 4Rr) + 2(s? — 3r? — 6Rr) + 8Rr = —4r? + 4Rr. 


Hence ON? = R? — E = R? — 4Rr + 4r? = (R — 2r)?, and the desired 
formula is proved by Euler’s inequality. 


Theorem 2 (Feuerbach?). In any triangle the incircle and the nine-point 
circle of Euler are tangent. 


Proof. Using the configuration in Sect. 4.5 we observe that 
1 GI  GOs 
2 GN GO` 
Therefore, triangles G/Og and GNO are similar. It follows that the lines 
IO, and ON are parallel and [09 = SON . Applying Theorem 1 in Sect. 


1 R 
4.6.3, we get IO9 = zE 2r) = st = Ry — r, and hence the incircle is 


tangent to the nine-point circle. 


5 Karl Wilhelm Feuerbach (1800-1834), German geometer, published the result of 
Theorem 2 in 1822. 
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Figure 4.7. 


The point of tangency of these two circles is denoted by x and is called 
the Feuerbach point of the triangle (Fig. 4.7). 


4.6.4 The Distance OH 


Theorem. /f H is the orthocenter of triangle ABC, then 
OH? = 9R? + 2r?  8Rr — 23°. 


Proof. Assuming that the circumcenter O is the origin of the complex plane, 
the coordinate of H is 


zg —a-db4 c. 


Using the real product, we can write 


OH? = |zg|? = zg zg = (a+b+ c)- (a-- b -- c) 


=X la 257 a.b 5 382 c 2Y a-b. 


cyc cyc 


Applying the formulas in the lemma and then the first formula in Corol- 
lary 4.6.1, we obtain 


2 
om a «2 (R-X) =9R — (a? - f^ +7") 


cyc 


= 9R? — 2(5? — r? — ARr) = 9R? + 2r? + 8Rr — 2s”. 
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Corollary 1. The following formulas hold: 


2 2 
(1) vigi » = Rr 2d 
2... 2 | 2 | 2 
(2) OO$ = JE T 2" T 2Rr zu b 


Corollary 2. In every triangle ABC, the inequality 
a? + 8* +47 < OR? 
is valid. Equality holds if and only if the triangle is equilateral. 


4.6.5 Blundon’s Inequalities 


Given a triangle ABC, denote by O its circumcenter, 7 the incenter, G the 
centroid, N the Nagel point, s the semiperimeter, R the circumradius, and r 
the inradius. In what follows, we present a geometric proof to the so-called 
fundamental triangle inequality. This relation contains, in fact, two inequal- 
ities, and it was first proved by E. Rouché in 1851, answering a question of 
Ramus concerning necessary and sufficient conditions for three positive real 
numbers s, R,r to be the semiperimeter, circumradius, and inradius of a tri- 
angle. The standard simple proof was first given by W.J. Blundon, and it is 
based on the following algebraic property of the roots of a cubic equation: 
The roots z1, £2, £3 of the equation 


x? + a,z" + aot Jag — 0 


are the side lengths of a (nondegenerate) triangle if and only if the following 
three conditions are satisfied: 


(i) 18a1a2a3 + a2a2 — 27a2 — 4a3 — 4a}az > 0; 
(ii) —a1 > 0, ag > 0, —a3 > 0; 
(iii) a} — 4a1a4 + 8a3 > 0. 


The following result contains a simple geometric proof of the fundamental 
inequality of a triangle, as presented in the article [15]. 


Theorem 1. Assume that the triangle ABC is not equilateral. The following 
relation holds: 
2R? + 10Rr — r? — s? 


cos TON = -= 
2(R — 2r) R? — 2Rr 


Proof. It is known (see Theorem 2 in Sect. 4.5) that the points N, G, and I are 
collinear on a line called Nagel’s line of the triangle, and we have NJ = 3GT. 
If we use Stewart’s theorem in the triangle JON, then we get 


ON? -GI+Ol?.NG-—OG?.-NI=GI-GN- NI, 
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and it follows that 
ON*.GI+ OP .2GI — OG? — 3GI = 6GTP*. 
'This relation is equivalent to 
ON? + 201? — 30G? = 6GT?. 


Now, using formulas for ON, OI, and OG, we obtain 


id gba idis 
ep- (H Retar?) - c (2 - Hn) BR + ar?) 


So we get 
NI? = 9GP? = 5r? + s? — 16Rr. 


We use the law of cosines in the triangle JON to obtain 


ON? -0P-NP 


cos TON = 20N-OI 


(R= 2r}? —2Hr) — (5r? +s? — 16Rr) 2R? +10Rr -r?° — s? 
2(R — 2r / R2 — 2Rr — 2(R 2r / RP? = 2Rr’ 
and we are done. 
If the triangle ABC is equilateral, then the points I, O, N coincide, i.e., 
triangle [ON degenerates to a single point. In this case, we extend the formula 
by cos TON = 1. 


Theorem 2 (Blundon’s inequalities). A necessary and sufficient condi- 
tion for the existence of a triangle with elements s, R, and r is 


2R? + 10Rr — r? — 2(R — 2r) R2 — 2Rr 
< s? < 2R? +10Rr — r? + 2(R? — 2r) R? — 2Rr. 


Proof. If we have R — 2r, then the triangle must be equilateral, and we are 
done. If we assume that R — 2r Æ 0, then the desired inequalities are direct 
consequences of the fact that —1 < cos TON < 1. 


Equilateral triangles give the trivial situation in which we have equality. 
Suppose that we are not working with equilateral triangles, i.e., we have 
R — 2r #0. Denote by 7(R,r) the family of all triangles with circumradius 
R and inradius r. Blundon's inequalities give, in terms of R and r, the exact 
interval for the semiperimeter s of triangles in the family 7(R,r). We have 


s2 in = 2R? + 10Rr — r° — 2(R — 2r) R2 — 2Rr 
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and 


82 ay = 2R? + 10Rr — r? + 2(R — 2r) / R? — 2Rr. 


If we fix the circumcenter O and the incenter J such that OI = V R? — 2Rr, 
then the triangle in the family 7(R,r) with minimal semiperimeter corre- 
sponds to the case cos ON = 1 of equality, i.e., points 7, O, N are collinear, 
and J and N belong to the same ray with the origin O. Taking into account 
the well-known property that points O, G, H belong to Euler's line of the tri- 
angle, we see that O, I, G must be collinear, and hence in this case, triangle 
ABC is isosceles. In Fig. 4.8, this triangle is denoted by Amin BminCmin. Also, 
the triangle in the family 7(R,r) with maximal semiperimeter corresponds 
to the case of equality cos ION = —1, i.e., points 7, O, N are collinear, and 
O is situated between J and N. Using again the Euler line of the triangle, 
we see that triangle ABC is isosceles. In Fig. 4.8, this triangle is denoted by 
Amax BmaxCmax- 

Note that we have BminCmin > BmaxCmax-. The triangles in the family 
T(R,r) are “between” these two extremal triangles (see Fig. 4.8). According 
to Poncelet’s closure theorem, they are inscribed in the circle C(O; R), and 
their sides are externally tangent to the circle C(I; r). 


A 


^^mar 


C, 


max 


B 


min 


Figure 4.8. 
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4.7 Distance Between Two Points in the Plane 
of a Triangle 


4.7.1 Barycentric Coordinates 


Consider a triangle ABC and let a, 8, y be the lengths of sides BC, CA, AB, 
respectively. 


Proposition. Let a, b, c be the coordinates of vertices A, B, C and let P 
be a point in the plane of the triangle. If zp is the coordinate of P, then there 
exist unique real numbers ua, Hb, Ue such that 


ZP = baa + pb + uec and Ha + Hb + Me = 1. 


Proof. Assume that P is in the interior of triangle ABC and consider the 


point A’ such that APM BC = (A'). Let kı = = k2 = I and observe 
that 
pos a + kiza e b+ kac. 
1+k ’ 1+ ka 
Hence in this case, we can write 
1 ky ki ko 
e NUS I CERE CER TREE Cram) 


Moreover, if we consider 
1 ky kik 


Ha qua T eee Vda ey) O Cie Reel F k)’ 


we have 


i i = 1 | kı 
Pa OTE ME Tki LERLE RA) 
= 1+ ki + k2 + kyke 
(1 + kı)(1 + kz) 


kiko 
(1+ k(l + ka) 


=1. 


We proceed in an analogous way when the point P is situated in the 
exterior of triangle ABC. 
If the point P is situated on the support line of a side of triangle ABC 
(i.e., the line determined by two vertices), then 
1 k 1 k 


Ec qoe: rut 
ARPI SER TR Cua aer 
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The real numbers fla, Hb, Mc are called the absolute barycentric coordinates 
of P with respect to triangle ABC. 

The signs of the numbers Ha, Hb, He depend on the regions of the plane in 
which the point P is situated. Triangle ABC determines seven such regions 
(Fig. 4.9). 


III 


Figure 4.9. 


In the following table, we give the signs of ua, Hb, He: 


4.7.2 Distance Between Two Points in Barycentric 
Coordinates 


In what follows, in order to simplify the formulas, we will use again the 


cyclic sum symbol defined above, $7 f(z1, £2, ..., £n). The most important 
cyc 
example for our purposes is 


So f(a, T2, x3) = (2, T2, 23) + f (2, T3, 21) + f (za, T1; £2). 


cyc 


Theorem 1. In the plane of triangle ABC, consider the points P) and P> 
with coordinates zp, and zp,, respectively. If zp, = aka + kb + yke, where 
Ok, Be, Yk are real numbers such that a, + By + Yk = 1, k = 1,2, then 


PiP} = — $ (as — 1 )(b2 — B)". 


cyc 
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Proof. Choose the origin of the complex plane to be located at the 
circumcenter O of the triangle ABC. Using properties of the real product, 
we have 


P,Pj = |zp, — zp |? = |(a2 — o1)a + (B2 — B1)b + (42 — rel? 


= S (os —oy'a- a+ 2S (a2 — aı)(b2 — B1)a- b 


cyc cyc 
2 
= ? (oo -oa) RB. 2X (œ — a1)(B2 — 61) (re - X) 
cyc cyc 
= R? (a2 + P2+72-a1 — pı y) DECS —a1)(B2 — Bi? 
cyc 
xm 3 o» — a1)(B2 — 1)y’, 


cyc 


since a1 + B1 +71 = a» + £3 +72 = 1. 


Theorem 2. The points A1, A», Bı, Bo, C1, C5 are situated on the sides 
BC, CA, AB of triangle ABC such that lines AA,, BB,, CC, meet at 
point P,, and lines AAs, BBs, CC» meet at point P». If 

BA, pk CBr my ACh n 


k 
A.C nk d B.A Dk : Ck B mMk D 


where Mk, Nk, py are nonzero real numbers, k = 1,2, and 
Sk = my ny + py, k = 1,2, then 


1 
P,P? = Er S182 S (mp2 + ping)a? — S? X` napa? — S3 X` nipio? 


cyc cyc cyc 
Proof. The coordinates of points P, and P5 are 


, _ Mka c nyb + pke k=12 
Ph my + ny + pk ’ 94 


It follows that in this case, the absolute barycentric coordinates of points 
P, and P, are given by 


Mk Mk B Nk Nk 
Q ¿= = F = = ? 
FU my + nk +pr Sk FU mk ny c pk Sk 
yk = Pk = Dk =1,2. 


Mg +Nk+Hpk Sk’ 


Substituting in the formula in Theorem 1 in Sect. 4.7.2, we obtain 
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ppi- n» ni p2 Pı 2 
d 3 (S $/N$8 8 )° 
1 
H E 2m — S3n1)(S1pa — S2p1)Q? 


1 
~~ 825 25 [Sinope + Sjmpi — S182 (nipa + nepi)] o? 


cyc 


1 
= grs? [ss 3 (mp2 + napi)o? — S? 3 nap20? — S3 ^ mpio? | , 


cyc cyc cyc 


and the desired formula follows. 


Corollary 1. For real numbers ax, Bk, yk with ay + By + yy = 1, k = 1,2, 
the following inequality holds: 


y (os — a1)(Ba — 81)? <0, 


cyc 
with equality if and only if o4 = o3, B1 = B2, Y1 = %2. 


Corollary 2. For nonzero real numbers my, ny, py, k = 1,2, with Sk = 
mj c ny 4 py, k = 1,2, the lengths of sides a, B, y of triangle ABC satisfy 
the inequality 


Sy 2 S2 2 
n + pinz)? > = N2P2Q" + — nipio, 
X (nape + pina)! > $; ? mp2 3, Snip 


cyc cyc cyc 
m ma m n 
with equality if and only if a oce j l- 3 +=, 
ni N2 pn po mj mo 


Applications 


(1) Let us use the formula in Theorem 2 in Sect. 4.7.2 to compute the distance 
GI, used in Sect. 4.6.5, where G is the centroid and I is the incenter of 
the triangle. 


We have m; = ni = pı = 1 and mz =a, n3 = B, p2 = 7; hence 


=) m3 Sj—- M m o By —25; 


cyc cyc 
X (nim t n3pi)o? = (B + y)o? + (y +a)? + (a+ BY 
cyc 
= (a + B + y)(oB + By + ya) — 3aßy = 2s(s? + r? + 4r R) — 12sRr 
= 28? + 2sr? — 4s Rr. 
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On the other hand, 


Y napao? = a By  B^yo + 3? a8 = a6y(a + B+) = 8s? Rr 
cyc 
and 
nuno =a? + B? +7? = 28? — 2r? — 8Rr. 


cyc 


'Then 
1 
GP = "ig + 5r? — 16Rr). 


(2) Let us prove that in every triangle ABC with sides a, 8, y, the following 
inequality holds: 


30a-8-4)08—o-4)? x 0. 
cyc 
In the inequality in Corollary 1 in Sect. 4.7.2, we consider the points 


1 
[CNN = tsi, S LL E eatin, = rS 
3 2s 2s 


^a = uU and the above inequality follows. We have equality if and only if 
s 
P, = Py, that is, G = I, so the triangle is equilateral. 


4.8 The Area of a Triangle in Barycentric Coordinates 


Consider the triangle ABC with a, b, c the respective coordinates of its 
vertices. Let a, 6, y be the lengths of sides BC, CA, and AB. 


Theorem. Let Pj(zp,), j = 1,2,3, be three points in the plane of triangle 
ABC with zp, = aja + bjb + jc, where oj, Bj, yj are the barycentric coor- 
dinates of Pj. If the triangles ABC and P,P5P3 have the same orientation, 
then 

area|P, P» P3] EN a à m 

areaABC] — duh 
a3 Da Y3 

Proof. Suppose that the triangles ABC and P, P2P3 are positively oriented. 
If O denotes the origin of the complex plane, then using the complex product, 
we can write 


2i area[PLOP»] = zp, x zp, = (aja + B1b + 1c) x (aga + fab + yac) 


= (a1 62 — o21)a x b+ (8172 — Boy1)b x c + (101 — 3203)e x a 
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axbbxccxa axbbx c2i area [ABC] 
=| nh m A -|m o 1 
y2 a2 B» 2 02 1 


Analogously, we obtain 

axbbx c2i area [ABC] 
2i area [P50 P] = 2 a2 1 ; 
(a Q3 1 


a x bb x c 2i area [ABC] 
2i area [P5O P] = AS O3 1 
M4! Q1 1 


Assuming that the origin O is situated in the interior of triangle P; P5 P3, 
it follows that 


area[P, P5 P3] = area [P,O P5] + area [P3O P3] + area [P3O P] 


1 1 
= g; (01 T 02 + a2 — a3 + as — ajax b 5: (m — 2472-3 +y = U)b xe 
+(y102 — y2Q1 + 203 — ¥3A2 + Y3Q1 — ^103)area [ABC] 


= (5102 — ^ya01 + Y23 — ¥3A2 + 301 — 7103) area [ABC] 


ly a1 ay Pi V1 
= area [ABC] |1 y2 a2 | = area[ABC] | a2 82 72], 
l3 o a3 B3 ya 


and the desired formula is obtained. 


Corollary 1. Consider the triangle ABC and the points A1, Bı, Cı situated 
on the respective lines BC, CA, AB (Fig. 4.10) such that 


AB IO Lo _, 
AC "XEM “aB Um 


If AA, N BB, = {Pi}, BB, N CC, = {P>}, and CC N AA, = {P3}, then 


area[ P, P P] (1 — ki kak3)? 


areal ABC] (1 Tk + kik2)(1 + k2 + k2k3)(1 + k3 + k3k1) ` 


Proof. Applying the well-known Menelaus's theorem to triangle AAB, we 
find that 
CiıA CB P3A, 
CıB CA, P3A 


— 1, 
Hence 
PA CA CB 
PA, CB CA, 
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Figure 4.10. 


The coordinate of P3 is given by 


URS usc 
o o a+k(l1+k)za 75798 VATER adkgb kskic 
Ps 1+ kg(1 + ki) I-cks-ksk|  1l+kg3t+kgk, ` 


In an analogous way, we find that 


m kikoa + b + kic 
1+ kı + kiko 


u kga + kok3b + € 
1+ k2 + kk. ` 


and zp, 


Zpi 


The triangles ABC and P, P; P3 have the same orientation; hence by applying 
the formula in the above theorem, we find that 


area[P P» P3) 1 Eds k : f 
area[ABC] — (L+ki+kıko)(L+k2+kəks)(L+k3+kskı)| 7 n bs 


(1 — kj ko ka)? 
(1+ ky + i Ka) (1 + ko + koka) (1 + k3 + kai) 
Remark. When kı = k2 = k3 = k, from Corollary 1 in Sect. 4.8, we obtain 


Problem 3 in Sect. 4.9.2 from the 23rd Putnam Mathematical Competition. 
Let A;, Bj, Cj be points on the lines BC, CA, AB, respectively, such that 


BA; pj CB; mj AC; mj TUE. 
A;C nj’ BjÀ p’ GB m!” MEE 


Corollary 2. If Pj is the intersection point of lines AA;, BB;,CC;, j = 
1,2,3, and the triangles ABC, P,P2P3 have the same orientation, then 


area[Pi P» P3] 1 RIL EI 


area[ABC] 515253 B E - i 


where Sj = mj + nj +pj, j = 1,2,3. 
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Proof. In terms of the coordinates of the triangle, the coordinates of the 
points Pj are 
mja + njb + pje 1 


ZP; = = mja +njb + pjc), j = 1,2,3. 
Pj m; + nj +p; $; j j pic), J 


The formula above follows directly from the above theorem. 


Corollary 3. In triangle ABC, let us consider the cevians AA’, BB’, and 
CC’ such that 


AB - BuU. C'A 
AC ^ BA ™ OB 
Then the following formula holds: 


area[A'B'C"] _ 1+mnp 


area[A BC] (1+ m)(1- n)(1- p) 


Proof. Observe that the coordinates of A’, B', C" are given by 


1 P4 m 1 $ n 1 4 p 
= C. Zp! = C a, zœ = a 
l+m l+m’ B l+n lt+n’ d 


ZA! b. 
" 1l+p 1+p 


Applying the formula in Corollary 2 in Sect. 4.8, we obtain 
area[A' B'C'"] 1 oan 


area ABC] (1 +m)(1+n)(1 +p) jos ; 


1+ mnp 
(1-4 m)(1 4 n)(1- p) 


Applications 


(1) (Steinhaus)? Let A;, Bj, C; be points on lines BC, CA, AB, respec- 
tively, j — 1,2,3. Assume that 


BA, 2 CB, 1 AQ 4. 
AC £ BA ? COB Y 
BA; 4 CB; 2 AC) 1 
AC 1’ BA 4’ CoB 2’ 
BA; 1 CB; 4 AC, 2 
AC 2 BA 1 OB 4 


If P; is the intersection point of lines AA;, BB;, CC}, j = 1,2,3, and 
triangles ABC, P, P5 P3 are of the same orientation, then from Corollary 3 
above, we obtain 


6 Hugo Dyonizy Steinhaus (1887-1972), Polish mathematician, made important contribu- 
tions to functional analysis and other branches of modern mathematics. 
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area[PLPP] — 1. 152| 49 1 
ara[ABC] | 7.7.7 4594| 7 T 


(2) If the cevians AA’, BB’, CC’ are concurrent at point P, let us denote 
by Kp the area of pines A’ B'C'. We can use the formula in Corollary 3 
above to compute the areas of some triangles determined by the feet of 
the cevians of some notable points in a triangle. 


(i) If I is the incenter of triangle ABC, we have 


K; = " B ^ a area ABC] 
Ge) 
2o py 7 2aBysr 
7" usd Fg) Ge Gea): 


(ii) For the orthocenter H of the acute triangle ABC, we obtain 


tanC tanB tanA 
Kaoz tanB tanA tanC 
H= 


ix tan C ise tan B ig tan A d 
tan B tan.A tanC 


= (2cos Á cos B cos C)area[ABC] = (2 cos A cos B cos C)sr 


(iii) For the Nagel point of triangle ABC, we can write 


s—'y s—a s—f 


= s—PB s—"* s-a 


= area[ABC] 
(==) (+=) (+=) 
s— S — ^y s— a 


| 2(s — a)(s - 8)(s — v) . 4area? [ABC] 
= apy area[ABC] = —maagy AA] 
2 
= sprealABC] = T 


If we proceed in the same way for the Gergonne point J, we obtain the 
relation 


sr? 
2R' 


Remark. Two cevians AA’ and AA" are isotomic if the points A’ and A" 


are symmetric with respect to the midpoint of the segment BC. Assuming 
that 


K;-— spercalABC] = 
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AB BC | CA. 
ao ma ” OB ” 
then for the corresponding isotomic cevians, we have 


A"B 1 BC 1 ŒA 1 
A'C m’ B'A n’ C"B p 


Applying the formula in Corollary 3 above yields that 


area[A'B'C"] | 1 + mnp 
area[ ABC]  (1+m)(1+n)(1 +p) 
1 1 
mnp 7 area[A” B" C" 


E: (1+ =) (1+ 9 (1+3) ~~ area[ABC] 


Therefore, area [A' B'C"|] = area[|A" B"C"]. A special case of this relation 


is Ky = Ky, since the points N and J are isotomic (i.e., these points are 
intersections of isotomic cevians). 


(3) Consider the excenters Ia, Ig, Iy of triangle ABC. It is not difficult to 
see that the coordinates of these points are 


™ * a B y 

"^  2(s-o) 2(s-B)  2(s-7)” 
RI i d li C 

ê  2(is—-oa) 2(s-B) 2(s-)' 
LA CE = a+ É Y 


a e e 


From the formula in the theorem above, it follows that 


a B y 
2(s—a) 2(s—p) at 3) 
2(s—a) 2(s-8) 3(s-4) area[ABC] 
d 7 
2(s-a)  2(s-B)  2(s—7) 


area. Tg I] = 


aby -1 1 1 
= 1-11 A 
seals- Ae 7) | | 7 l|wea4BC 


= sa ffyarea[ABC]  sofyarea ABC] |^ 2sapy — —— 9sR 
2s(s — o)(s — B)(s — y) 2area?| ABC] darea| ABC] f 
(4) (Nagel line) Using the formula in the theorem above, we give a different 


proof for the so-called Nagel line: the points I, G, N are collinear. We 
have seen that the coordinates of these points are 
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cds A 
Z[ = 2s Gt abt 35” 
dd it 
za — gat gb 36 
=(1-2)a+ (1-2) 04 G- 1) 
E E 
Then 
a L a 
2s 2s 2s 
arealIGN] =| 4 i i |.area[ABC] — 0, 
1-21-£1-1 


and hence the points J, G, N are collinear. 


4.9 Orthopolar Triangles 


4.9.1 The Simson-Wallace Line and the Pedal 
Triangle 


Consider the triangle ABC, and let M be a point situated in the plane of 
the triangle. Let P, Q, R be the projections of M onto lines BC, CA, AB, 
respectively. 


Theorem 1 (The Simson line’). The points P, Q, R are collinear if and 
only if M is on the circumcircle of triangle ABC. 


Proof. We will give a standard geometric argument. 

Suppose that M lies on the circumcircle of triangle ABC. Without loss 
of generality, we may assume that M is on the arc BC . In order to prove 
the the collinearity of R, P, Q, it suffices to show that the angles BPR and 
CPQ are congruent. The The quadrilaterals PRBM and PCQM are re cyclic (since 
BRM =] BPM 1 and MPC + + MQ = = 180°); he hence we have BPR = BMR 
and CPQ = CMQ. But BMR = 90° — ABM = 90° — MOQ, since the 
quadrilateral ABMC is cyclic, too. Finally, we obtain BMR = 90° — MOQ = 
CMQ, so the angles BPR and CPQ are congruent (Fig. 4.11). 

To prove the converse, we note that if the points P, Q, R are collinear, 
then the angles BPR and CPQ are congruent; hence ABM + ACM = 180°, 
i.e., the quadrilateral ABMC is cyclic. Therefore, the point M is situated on 
the circumcircle of triangles ABC. 


T Robert Simson (1687-1768), Scottish mathematician. This line was attributed to Simson 
by Poncelet, but it is now generally known as the Simson-Wallace line, since it does not 
actually appear in any work of Simson. William Wallace (1768-1843) was also a Scottish 
mathematician, who possibly published the theorem above concerning the Simson line in 
1799. 
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Figure 4.11. 


When M lies on the circumcircle of triangle ABC, the line in the above 
theorem is called the S?mson-Wallace line of M with respect to triangle 
ABC. 

We continue with a nice generalization of the property contained in Theo- 
rem 1 above. For an arbitrary point X in the plane of triangle ABC, consider 
its projections P, Q, and R on the lines BC, CA and AB, respectively. 

The triangle PQR is called the pedal triangle of point X with respect to 
the triangle ABC. Let us choose the circumcenter O of triangle ABC as the 
origin of the complex plane. 


Theorem 2. The area of the pedal triangle of X with respect to the triangle 
ABC is given by 


area[ABC 


| 
T |l]? R? 


area[PQR] = 


(1) 


where R is the circumradius of triangle ABC. 


B P € 
Figure 4.12. 
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Proof. Applying the formula in the proposition of Sect. 4.5, we obtain the 
coordinates p, q, r of the points P, Q, R, respectively (Fig. 4.12): 


1 be _ 
P= 5 z- p tb+c ; 


1 Ca _ 
4— z(s- zt cta), 


2 R? 
1 ab _ 
r= 5 z- F_ttatb . 


Taking into account the formula in Sect. 3.5.3, we have 


i ppi ilq—pq-p 


For the coordinates p, q, r, we obtain 


=~ 1/_ ù T 
Py p^ P rc], 


It follows that 


PRA 2 eee 2 
q P= t \(x — c)R^ and r Beg \(a— b)R 
Therefore, 
_jt|q—pg—p|,_ j$(e-5(a-c) [1-8 (x—om 
arealPOR|= (3/2 PFE | = ee te ee 
- eere) R^—cbzs—c jg pies d) (b—c)%b-—c | 
7 16abe R?—bex—b|' s 16abc R? — bT x — b 
(a — 0)(b — e)(a — c) T 1 qme... p2 
=| 16abc -mebl 16abc ate) 
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We find that 
|a — b||b — ellc- ali, 1 2 apy 2 2 
PQR|- gH--27 aum 
area[PQR] 16jallbllc| [|| | Ta | 
area[ABC] 
me IB mE 


where a, £, y are the side lengths of triangle ABC. 


Remarks. 


(1) The formula in Theorem 2 above contains the Simson-Wallace line 
property. Indeed, points P, Q, R are collinear if and only if area 
[PQR] = 0, that is, |rzz — R?| = 0, i.e., xz = R?. It follows that |x| = R, 
so X lies on the circumcircle of triangle ABC. 

(2) If X lies on a circle of radius Rı and center O (the circumcenter of 
triangle ABC), then zz = R2, and from Theorem 2 above, we obtain 


area[ABC] 
AR? 


It follows that the area of triangle PQR does not depend on the point X. 


area[PQR] = |R? — R? |. 


The converse is also true. The locus of all points X in the plane of triangle 
ABC such that area [PQR] = k (constant) is defined by 


4R?k 
2_ p2j_— 
Ie — 8" area[ ABC] | 
This is equivalent to 
AR?k Ak 
2 2 2 
= R c =R (1+ . 
er oen area[ABC] ( area[ABC] ) 


I 
If k > 4 8rea[ABC], then the locus is a circle with center O and radius 


| Ak 
Macs IE area[ABC] 


1 
If k < gareel ABC], then the locus consists with two circles of 


center O and radii R4/1 + — s one of which degenerates to O when 
area[ABC] 


1 
k= areal ABC]. 


Theorem 3. For every point X in the plane of triangle ABC, we can con- 
struct a triangle with sides AX - BC, BX -CA, CX -AB. This triangle is 
then similar to the pedal triangle of point X with respect to the triangle ABC. 
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Proof. Let PQR be the pedal triangle of X with respect to triangle ABC. 
From formula (2), we obtain 


R? — cx 
= b " 3 
17b g(a- Ue - ai (3) 
Taking moduli in (3), we obtain 
1 R? — ez 
4 
la - Pl = zgla -olle = el] ~—* (4 
On the other hand, 
R- a| R- R?-tr R?-ce R?-t 
r—c © $—c z—c r-e _ E 
c 
_ R? — cT , R?(c— x) 2g 
z—c cT — R2 , 
whence from (4), we derive the relation 
a» = sola - tlle — c (5) 
q- p| — oR a : 
Therefore, 
PQ QR RP 1 
(6) 


CX.AB  AX.BC BX.CA 2R’ 


and the conclusion follows. 


Corollary 1. In the plane of triangle ABC, consider the point X and denote 
by A' B'C' the triangle with sides AX - BC, BX - CA, CX. AB. Then 


area[A' B'C"] = area[ABC]||x|? — R?|. (7) 


Proof. From formula (6), it follows that area [A’B’C’] = 4R? area [PQR], 
where PQR is the pedal triangle of X with respect to triangle ABC. Replac- 
ing this result in (1), we obtain the desired formula. 


Corollary 2 (Ptolemy’s inequality). The following inequality holds for 
every quadrilateral ABCD: 


AC. BD < AB- CD + BC - AD. (8) 


Corollary 3 (Ptolemy's theorem). The convex quadrilateral ABCD is 
cyclic if and only if 


AC. BD = AB- CD + BC - AD. (9) 
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Proof. If the relation (9) holds, then triangle A’ B’C’ in Corollary 1 above is 
degenerate; i.e., area [A’B’C] = 0. From formula (7), it follows that d-d = R?, 
where d is the coordinate of D and R is the circumradius of triangle ABC. 
Hence the point D lies on the circumcircle of triangle ABC. 

If quadrilateral ABCD is cyclic, then the pedal triangle of point D 
with respect to triangle ABC is degenerate. From (6), we obtain the 
relation (9). 


Corollary 4 (Pompeiu's theorem?). For every point X in the plane of 
the equilateral triangle ABC, three segments with lengths X A, XB, XC can 
be taken as the sides of a triangle. 


Proof. In Theorem 3 above, we have BC = CA = AB, and the desired 
conclusion follows. 


The triangle in Corollary 4 above is called the Pompeiu triangle of X 
with respect to the equilateral triangle ABC. This triangle is degenerate if 
and only if X lies on the circumcircle of ABC. Using the second part of 
Theorem 3, we find that Pompeiu's triangle of the point X is similar to the 
pedal triangle of X with respect to triangle ABC and 


CX AX BX 2R 23 
PQ QR RP a 37 


(10) 


Problem 1. Let A, B, and C be equidistant points on the circumference of 
a circle of unit radius centered at O, and let X be any point in the circle's 
interior. Let da, dp, dc be the distances from X to A, B, C, respectively. 
Show that there is a triangle with sides d4, dg, dc, and that the area of this 
triangle depends only on the distance from X to O. 


(2003 Putnam Mathematical Competition) 
Solution. The first assertion is just the property contained in Corollary 4 
above. Taking into account the relations (10), we see that the area of Pom- 


4 
peiu's triangle of point X is -area[PQR]. From Theorem 2 above, we get 
that area [PQR] depends only on the distance from X to O, as desired. 
Problem 2. Let X be a point in the plane of the equilateral triangle ABC 
such that X does not lie om the circumcircle of triangleABC, and let 


XA=u, XB=v, XC = w. Express the side length a of triangle ABC in 
terms of real numbers u, v, w. 


(1978 GDR Mathematical Olympiad) 


8 Dimitrie Pompeiu (1873-1954), Romanian mathematician, made important contribu- 
tions in the fields of mathematical analysis, functions of a complex variable, and rational 
mechanics. He was a Ph.D student of Henri Poincaré. 
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Solution. The segments [X AJ, [XB], [XC] are the sides of Pompeiu’s 
triangle of point X with respect to equilateral triangle ABC. Denote this 
triangle by A’ B'C'. From relations (10) and from Theorem 2 in Sect. 4.9.1 it 
follows that 


2 
area[A’ B'C"] = (£) area[PQR] = sprarealABC] x — R?| 
1 a’V3 v3 
SIT Iz? — R?| = a” - R^. (1) 


On the other hand, using the well-known formula of Heron, we obtain, 
after a few simple computations, 


area[A' B'C'] = Ve + v? + w?)? — 2(u* + vt + wt). 


Substituting in (1), we obtain 


1 
|XO? — R?| = vg V ete + wy? - 204 + ot + wt). (11) 


Now we consider the following two cases: 


Case 1. If X lies in the interior of the circumcircle of triangle ABC, then 
XO? < R?. Using the relation (see also formula (4) in Sect. 4.11) 


XO? = (uw? +u + w? —3R?), 


from (11) we find that 


1 
an = gu Tv? pw?) 4 


and hence 


1 3 
a = aU rv +w?) + Bere + w2)? — 2(u* + vt + w^). 


Case 2. If X lies in the exterior of the circumcircle of triangle ABC, then 
XO? » R?, and after some similar computations we obtain 


1 3 
o? = sete +w?)- Bere + w?)? — 2(u* + vt + wt). 
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4.9.2 Necessary and Sufficient Conditions 
for Orthopolarity 


Consider a triangle ABC and points X, Y, Z situated on its circumcircle. 
Triangles ABC and XYZ are called orthopolar triangles (or S-triangles)? if 
the Simson-Wallace line of point X with respect to triangle ABC is perpen- 
dicular (orthogonal) to line Y Z. 

Let us choose the circumcenter O of triangle ABC to lie at the origin of the 
complex plane. Points A, B, C, X, Y, Z havethe coordinates a, b, c, z, y, z 
with 


la] = |b] = |e] = Ix] = [y] = |2| = R, 
where R is the circumradius of the triangle ABC. 


Theorem. Triangles ABC and XYZ are orthopolar triangles if and only if 
abc = xyz. 


Proof. Let P, Q, R be the feet of the orthogonal lines from the point X to 
the lines BC, CA, AB, respectively. 

Points P, Q, R are on the same line, namely the Simson—Wallace line of 
point X with respect to triangle ABC. 

The coordinates of P, Q, R are denoted by p, q, r, respectively. Using 
the formula in Proposition of Sect. 4.5, we have 


;( be _ ) 
p—-ziz—-r-bcc], 


2 R? 
1 ca _ 
17 5 (s gt teta). 
1 ab _ 
=5(2- Geter), 


We study two cases. 


Case 1. Point X is not a vertex of triangle ABC. 
Then P Q is orthogonal to Y Z if and only if (p — q) - (y — z) = 0. That is, 


le-a(1- &) | v- 2-0. 


Or 


We obtain 


(FB) (eB) o-oeen(e) (E) -a 


9 This definition was given in 1915 by the Romanian mathematician Traian Lalescu (1882— 
1929). He is famous for his book La géometrie du triangle [43]. 
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hence 


The last relation is equivalent to 
(abc — xyz) (a — b)(c — x)(y — z) = 0, 


and finally, we get abc = xyz, as desired. 

Case 2. Point X is a vertex of triangle ABC. Without loss of generality, 
assume that X — B. 
Then the Simson-Wallace line of point X = B is the orthogonal line from 
B to AC. It follows that BQ is orthogonal to Y Z if and only if lines AC 
and Y Z are parallel. This is equivalent to ac = yz. Because b = x, we 
obtain abc = xyz, as desired. 


Remark. Due to the symmetry of the relation abc = xyz, we observe that 
the Simson-Wallace line of every vertex of triangle XY Z with respect to 
ABC is orthogonal to the opposite side of the triangle XY Z. Moreover, the 
same property holds for the vertices of triangle ABC. 

Hence ABC and XYZ are orthopolar triangles if and only if XYZ and 
ABC are orthopolar triangles. Therefore the orthopolarity relation is sym- 
metric. 


Problem 1. The median and the orthic triangles of a triangle ABC are or- 
thopolar in the nine-point circle. 


Solution. Consider the origin of the complex plane at the circumcenter O 
of triangle ABC. Let M, N, P be the midpoints of AB, BC, CA and let 
A’, B', C’ be the feet of the altitudes of triangles ABC from A, B, C, 
respectively. 

If m, n, p, a’, b’, c are coordinates of M, N, P, A’, B', C', then we 
have 


(b+c), p= z(c- a) 


Nl =| 
NI =| 


1 
m — z(a +b), n= 


and 


1 ca 1 ab 
=z (a+b+c ze 5 (« b+e >) 


The nine-point center Og is the midpoint of the segment OH, where H(a+b+ 
1 
c) is the orthocenter of triangle ABC. The coordinate of Og is w = 2 (a+b+c). 
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Now observe that 


and the claim is proved. 


Problem 2. The altitudes of triangle ABC meet its circumcircle at points 
A1, Bı, C1, respectively. If A4, Bi, C are the antipodal points of A1, Bi, Cy 
on the circumcircle ABC, then ABC and A, BC are orthopolar triangles. 


bc ca ab 
Solution. The coordinates of A41, B1, C1 are — —, ——, ——, respectively. 


Indeed, the equation of line AH in terms of the real product is 
AH :(z— a): (b — c) ^ 0. 
b 
It suffices to show that the point with coordinate a lies both on AH and 
a 
on the circumcircle of triangle ABC. First, let us note that 


bc| |dllc] | R-R 
a la R 


R; 


hence this point is situated on the circumcircle of triangle ABC. Now we 


b 

shall show that the complex number E satisfies the equation of the line 
a 

AH. This is equivalent to 


(£ +a) @-9=0, 


Using the definition of the real product, this reduces to 


(% «saa (210) (£29) ao 


Finally, this comes down to 


bc 2 2 
(b (Geta R =) =0, 


or 


R? a be 


a relation that is clearly true. 


be ca ab 
It follows that Aj, Bj, Cj have coordinates —, P PY. respectively. 
a c 
Because 
b b 
be ca ab 
a c c 


we obtain that the triangles ABC and A1 BC} are orthopolar (Fig. 4.13). 
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A Ai 
B, 
By 
Ci 
Ci 
B C 
A 
Figure 4.13. 


Problem 3. Let P and P' be distinct points on the circumcircle of triangle 
ABC such that lines AP and AP' are symmetric with respect to the bisector 
of angle B AC. Then triangles ABC and APP’ are orthopolar (Fig. 4.14). 


Figure 4.14. 


Solution. Let us consider p and p' the coordinates of points P and P’, 
respectively. It is clear that the lines PP' and BC are parallel. Using the 
complex product, it follows that (p — p') x (b — c) = 0. This relation is 
equivalent to 


(p — p')@ -= ©) - (p—-p)(b— c) =0. 
Considering the origin of the complex plane at the circumcenter O of triangle 
ABC, we have 
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w-»)(F-=)-(E-=) o-oo, 


€ p p 


SO 


1 1 
o -sy-o(s-)- 
c pp 
Therefore, bc = pp’, i.e., abc = app’. From the theorem at the beginning of 
this subsection, it follows that ABC and APP’ are orthopolar triangles. 


4.10 Area of the Antipedal Triangle 


Consider a triangle ABC and a point M. The perpendicular lines from 
A, B, Cto MA, MB, MC, respectively, determine a triangle; we call this 
triangle the antipedal triangle of M with respect to ABC (Fig. 4.15). 

Recall that M' is the isogonal point of M if the pairs of lines AM, AM"; 
BM, BM'; CM, CM’ are isogonal, i.e., the following relations hold: 


MAC = M'AB, MBC = M'BA, MCA = M'CB. 


Figure 4.15. 


Theorem. Consider M a point in the plane of triangle ABC, M’ the isog- 
onal point of M, and A"B"C" the antipedal triangle of M with respect to 
ABC. Then 


area[ABC] — |R?—OM"| _ |p(M’)| 


area[A"B"C"] ^ 4m? AR? C 


where p(M') is the power of M' with respect to the circumcircle of triangle 
ABC. 
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Proof. Consider point O the origin of the complex plane and let m, a, b, c 
be the coordinates of M, A, B, C. Then 


R? = aa = bb = cé and p(M) = R? — mm. (1) 


Let Oi, O2, Os be the circumcenters of triangles BMC, CMA, AMB, 
respectively. It is easy to verify that O1, O2, O3 are the midpoints of segments 
MA", MB", MC", respectively, and so 


area[O1 0203] e 1 (2) 
area[ A" B" C"! 4 


The coordinate of the circumcenter of the triangle with vertices with coo- 
rdinates 21, z9, 23 is given by the following formula (see formula (1) in 
Sect. 3.6.1): 


ziZi(z2 — 23) + 2920 (23 — 21) + zaZ8(21 — 22) 


zo = . 
21211 


Z9 Z2 1 
Z3 Z3 l 
The bisector line of the segment [z;, z2] has the following equation in 
1 
terms of the real product: |z — 5 (41 + 22)| + (z1 — z2) = 0. It is sufficient to 


check that zo satisfies this equation, since that implies, by symmetry, that zo 
belongs to the perpendicular bisectors of segments [z2, z3] and [z3, zi]. 
The coordinate of O4 is 


mmi(b — c) + bb(c — m) + ce(m — b) 


ZO, = = 
mm 1 
b b1 
c él 
. (R^? -mm)(c—-tb) — p(M)(c — b) 
i mm 1 i mml 
bbi bbi 
c él cecel 
Let 
aal 
A=|bb1 
ccl 
and consider 
1 mm 1 1 mm 1 
prece ON pS > eel), 
ecl aul 
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and 


5 
Il 
ble 
oa 3 


With this notation we obtain 


(aa + Bb + yc) - A = X` m(ab — ac) — X` m(ab — ac) + V ^ a(be — bc) 


cyc cyc cyc 


m-0+S a (02 - =.) -matey (2-5) — mA, 


cyc cyc 
and consequently, 
aa + Bb 4- yc — m 


since it is clear that A Z 0. 
We note that a, 6, y are real numbers and a + f +y = 1, so a, D, yare 
the barycentric coordinates of point M. 


Since 
o (CoM)  _ (e-a pM) _ (a- D) (M) 
O1 dis A » 402 BA ; 203 y: ^ , 
we have 
3 ZO, 4O4 1 
1 ZO, 205,1 
area[O; 0203] " 203 ZO; 1 
area[ABC] — LN 
4 
1 pM) b—cb-Za 
= E c—-ac—af 
HEB NE IM Es 
|. |p (M) 1 c—ac-—aü 
| A? aBy la—ba—-b 
2 M 1 2 
JED 1 A|.|e(M) 1 (3) 
A3 apy A? apy 
Relations (2) and (3) imply that 
area[ABC] A?ofry 


area[A" B"C"] — 4p?(M)" 


Because a, 3, y are the barycentric coordinates of M, it follows that 


zM =azat+ Dzp + "yzc. 
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Using the real product, we find that 
OM? = zm: zu = (aza + Bzp + yzc): (aza t+ Bzg +720) 


= (œ + 8? + y7)R? +25 > aBza - ZB 


cyc 


2 
= (o? + B? c 39)? +25 ap Ge =) 


cyc 
=(a+8+7)?R?— M aBAB? = R - MT aBAB?. 
cyc cyc 


Therefore, the power of M' with respect to the circumcircle of triangle ABC 
can be expressed in the form 


p(M) = R? — OM? 2 V aBAB?. 


cyc 


On the other hand, if o, 8, y are the barycentric coordinates of the point 
M, then its isogonal point M' has barycentric coordinates given by 


"um By BC? A’ = yaC A? 
ByBC? + ayCA?2 + aBAB?’ ByBC? + ayC A? + aß AB?’ 
j aß AB? 
1 = B3BC? + ayCA2 + BABY: 
Therefore, 


p(M") = V a6" AB? 
cyc 
O aßyAB? . BC? . CA? aßyAB? . BC? . CA? 5 
= (PIBO + a70 A? + ap ABP 7 pu ©) 


On the other hand, we have 


4 i.\? 
2. — é — 
e- (28) 


The desired conclusion follows from the relations (4), (5), and (6). 


?^  AB?. BC? - CA? 


4 
= E : areaL ABC] 


Applications 
(1) If M is the orthocenter H, then M' is the circumcenter O, and 


area[A" B"C"] 4R? — 


area[ABC] R 1 
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(2) If M is the circumcenter O, then M' is the orthocenter H, and we obtain 


area[ABC] |R? — OH?| 


area[A" B"C"] AR? 


Using the formula in the theorem of Sect. 4.6.4, it follows that 


area[A" B"C"] 2R? 


area[ABC] ((2R +r}? — s?| 


(3) If M is the Lemoine point K, then M’ is the centroid G, and 


area[ABC] |R? — OG?| 


area[A”B’C"] — AR? 


Applying the formula in Corollary 1 in Sect. 4.6.4, then the first formula 
in Corollary of Sect. 4.6.1, it follows that 


area[ABC] 2(2—r?—ARr) a2+ 674-2 


area[A" B"C"] — 36R? |». 386g? ^" 


where a, £, y are the sides of triangle ABC. 
From the inequality a? + 8? + 4? < 9R? (Corollary 2 in Sect. 4.6.4), we 
obtain 
area[ABC] z 1 
area[A" B"C"] ^ 4 
(4) If M is the incenter I of triangle ABC, then M' = I, and using Euler’s 
formula OI? = R? — 2Rr (see the theorem of Sect. 4.6.2), we find that 


area[ABC] |R?-OF?| 2Rr r 


area[JA"B"C"] 4R? AR? 4R 


Applying Euler's inequality R > 2r (corollary of Sect. 4.6.2), it follows 
that 


area[ABC] z 1 
area[A" B"C"] ^ 4' 


4.11 Lagrange's Theorem and Applications 


Consider the distinct points A1(z1), ..., An(Zn) in the complex plane. Let 
mi, ..., Mn be nonzero real numbers such that m4 +--- +m, 4 0. Let 
m = mi +++: +Mp. 


154 4 More on Complex Numbers and Geometry 


'The point G with coordinate 


ZG = —(mizi spe frío 2n) 
m 


is called the barycenter of the set (A1, ..., An} with respect to the weights 
T, ..., Mn- 

In the case mı = +- = m, = 1, the point G is the centroid of the set 
(Ai, ..., An}. 


When n = 3 and the points A1, A2, A3 are not collinear, we obtain the 
absolute barycentric coordinates of G with respect to the triangle A, A2 A3 
(see Sect. 4.7.1): 


my mea m3 
Hzı = —_, Hz2 = ——, beg — —. 
m m m 
Theorem 1 (Lagrange!?). Consider the points Ai, ..., An and the 
nonzero real numbers mi, ..., Mn such that m =m ,+---+m, £0. If G 
denotes the barycenter of the set (A1, ..., An} with respect to the weights 
ml, ..., Mn, then for every point M in the plane, the following relation 
holds: 
nm nm 
So mjM A; = mMG? + S mGA. (1) 
j=l j=l 


Proof. Without loss of generality, we can assume that the barycenter G is 
the origin of the complex plane; that is, zg = 0. 
Using properties of the real product, we obtain for all 7 =1, ..., n, the 
relations 
MAS = |zm — zjl? = (zm — 25): (zw — 25) 

= lzm|? — 22M QE |z|”, 
i.e., 

MAS = Izul? — 22M “Byt les] 


Multiplying by m; and adding the relations obtained for j = 1, ..., n 
yields 


n TL 
dim MAG = D3 (lem? — 2zm + 25 pz) 
j=l 


j=1 


n n 
= m|zm|? — 2zm - 3 miz + So milz}? 
j=l j=l 


10 Joseph Louis Lagrange (1736-1813), French mathematician, one of the greatest math- 
ematicians of the eighteenth century. He made important contributions in all branches of 
mathematics, and his results have greatly influenced modern science. 
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= m|zul — 2zm : (mza) + Doms 


T 
= mlzm|? + Y mj|zf = m|zu — zal? DX S 
j-1 j=l 


=mMG? + V mGA. 


j=l 
Corollary 1. Consider the distinct points A,, ..., An and the nonzero real 
numbers mi, ..., Mn such that mi +---+mp #0. The following inequality 


holds for every point M in the plane: 
2 m;M A; > 2 mjGA?, (2) 


with equality if and only if M = G, the barycenter of set (A1, ..., An} with 
respect to the weights mi, ..., Mn. 


Proof. The inequality (2) follows directly from Lagrange's relation (1). 


If my — --- = m, = 1, then from Theorem 1 above, one obtains the 
following corollary. 


Corollary 2 (Leibniz!!). Consider the distinct points Ai, ..., An and the 
centroid G of the se t (A1, ..., An}. The following relation holds for every 
point M in the plane: 
3 MA? = nMG? +Y GA}. (3) 
j=l j=l 


Remark. The relation (3) is equivalent to the following identity: For all 
complex numbers z, 21, ..., 2n, we have 
n 


z= z| =n rs d 
j 


j=1 


c. Zn 


e 


Applications. We will use formula (3) in determining some important 
distances in a triangle. Let us consider the triangle ABC and let us take 
n — 3 in the formula (3). We find that the following formula holds for every 
point M in the plane of triangle ABC: 


aj — 


MA? + MB? + MC? = 3MG? + GA? + GB? + GC’, (4) 


11 Gottfried Wilhelm Leibniz (1646-1716) was a German philosopher, mathematician, 
and logician who is probably best known for having invented the differential and integral 
calculus independently of Sir Isaac Newton. 
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ere G is the centroid of triangle ABC. Assume that the circumcenter O 


of the triangle ABC is the origin of the complex plane. 


(1) 


In the relation (4) we choose M — O, and we get 
R? = 30G? + GA? + GB? + GC’. 


Applying the well-known median formula yields 


4 
GA? + GB? + GC? = ges CREARE 
1 
-$3l R +r) - a7] = 5 (o? +B +7"), 
cyc 


where a, 2, y are the sides of triangle ABC. We obtain 
OG? = R — 5 (o? tB. (5) 


An equivalent form of the distance OG is given in terms of the basic 
invariants of a triangle in Corollary 1, Sect. 4.6.4. 

Using the collinearity of points O, G, H and the relation OH = 30G 
(see Theorem 1 in Sect. 3.1), it follows that 


OH? = 90G? = 9R? — (o? + 8? +9’). (6) 


An equivalent form for the distance OH was obtained in terms of the 
fundamental invariants of the triangle in the theorem of Sect. 4.6.4. 

In (4), consider M = I, the incenter of triangle ABC (Fig. 4.16). 
We obtain 


IA? + IB? + IC? = 31G? + + 5 (0? + 6? +7’). 
On the other hand, we have the following relations: 


r 
IA= — p IB= — p C= =R 
sin — sin — sin — 


2 2 2 


where r is the inradius of triangle ABC. It follows that 


1 1 1 1 1 
IG? =- |r? + + C sia qe poer) 
VT ANTT. 2C 
sim, sm sin 


2 


Taking into account the well-known formula 


it erg 


2 By 
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A 


r I 
B C 
Figure 4.16. 
we obtain 
1o By _ By(s — a) 
— » (s— B)(s = v) » (s — o)(s = 8)(s = 7) 
= q3 2.66 - 9) = x DIZLETA 
cyc 


= gal +r? +4Rr) —12sRr] = Z +r? — 8Rr), 
where we have used the formulas in Sect. 4.6.1. Therefore, 
1 1 
IG? => E +r? — 8Rr — z(a? + 6 e) 
- (s? + 5r? — 16Rr), 


2 
— E +r? — 8Rr — (s — r’? un) 
3 3 
where the first formula in Corollary 1 in this section was used. That is, 
(7) 


1 
IG = rica + 5r? — 16Rr), 


and hence we obtain again the formula in Application 1 of Sect. 4.7.2. 
Problem. Let zi, zo, za be distinct complex numbers having modulus R. 
Prove that 

9R? — |zi + za + zal? = V3 
|z1 — 22]: |z2 — z3| - |z3 — zıl T R? 


Solution. Let A, B, C be the geometric images of the complex numbers 
21, Z2, 23 and let G be the centroid of the triangle ABC. 

. s zı Z2 + 23 
The coordinate of G is equal to ZEE S and |z1—22| = y, |z2—23| = a, 


[za = zl = B. 
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The inequality becomes 


9R? — 90G? " V3 
o ^y = R` 


Using the formula 
1 
OG? = R? — e T8 +7’), 


we see that (1) is equivalent to 


Here is a proof of this famous inequality using Heron’s formula and the 
arithmetic-geometric mean (AM-GM) inequality: 


Keg ca qu e vec atr Hrs = se 


s  (oacB-4)? z 3l + B27 +77) o^4-8^ 4? 


343 123 7 12/3 A3 


We now extend Leibniz's relation in Corollary 2 above. First, we need the 
following result. 


Theorem 2. Let n > 2 be a positive integer. Consider the distinct points 
Aj, ..., An, and let G be the centroid of the set (A1, ..., An}. Then the 
following formula holds for every point in the plane: 


nM@ =nX MA- M) AA. (8) 
j=1 1<i<k<n 


Proof. We assume that the barycenter G is the origin of the complex plane. 
Using properties of the real product, we have 


Mj = |zu -zi = (zu — 25): (zm — 25) = Iz — 2zm + 25 + [23]? 
and 
A; A? = |z; — zx? = [zi]? — 2zi- zr + |2x|^, 


where the complex number zj is the coordinate of the point Aj, j = 
1,2, ... n 
The relation (8) is equivalent to 


T 
vu =n (zul*—2zw-zi-|lmP)- M, lal? 2z: z+ lz). 
j=l 1<i<k<n 
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'That is, 
"Xn Y» gj E (zi? — 2z;21 + |zx|?). 
l<i<k<n 


Taking into account the hypothesis that G is the origin of the complex plane, 
we have 


n 


So em zj = zm: Xa) - = n(zy - 2G) —n(zwu: 0) 2 0. 


j=l 
Hence, the relation (8) is equivalent to 
n 
5 |z;|? --—2 5 Zi Zhe 
j=1 1<i<k<n 


The last relation can be obtained as follows: 


1 n n 
0= leet = 26:20 2s (Sons) ( a) 
i=l k=1 


So lz? +2 5 zi: zk |. 
j=1 1<i<k<n 

) 

( 


E 
(m 


Therefore the relation (8) is proved. 


Remark. The formula (8) is equivalent to the following identity: for all 


complex numbers z, 21, ..., Zn, we have 
Lx 2 zi +e +n E 2 
Z—2i z = Zi — Zk|^. 
n » al n n P» | g k 
j=l 1<i<k<n 
Applications 
(1) If Ay, ..., An are points on the circle with center O and radius R, then 


if we take M = O in (8), it follows that 


3) AA = n?(R? — OG"). 


l<i<k<n 


If n = 3, we obtain the formula (5). 
(2) The following inequality holds for every point M in the plane: 


Y MA? > 3 AA 
j=l 


1<i<k<n 
with equality if and only if M = G, the centroid of the set (A1, ..., An}. 


Slr 
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Let n > 2 be a positive integer, and let k be an integer such that 2 € k <n. 


Consider the distinct points A4, ..., An and let G be the centroid of the 
set (A1, ..., An}. For indices 44 < -+-+ < ix, let us denote by Gi,,...i, the 
centroid of the set {A;,, ..., Aj, }. We have the following result: 


Theorem 3. For every point M in the plane, 


(n — k) "i Yo MAL efr is MG? 


= kn(n — 1) 5 MG; i (9) 


l€iüz-cdkn 


Proof. It is not difficult to see that the barycenter of the set {Gi -i : 1 < 
ij € «dy € n) is G. Applying Leibniz's relation, one obtains 


y» MA; = nMG? + 5 GAS, (10) 


j=l j=l 


$3: MG, = (1) MG- NX GG (Q1) 


1Sdác«ecdxn li < <in 
k k 
Y MA? = kMG? ai, HYO Gini, AL. (12) 
s=1 s=1 


Considering in (12) M = G and adding all these relations yields 


k 
>, b GA, =k b» GO on 


1i «i <n s=1 1€i «iy <n 
k 
2 
4 E CGomaud. (13) 
1Xii ««iü€ns-l 


Applying formula (8) in Theorem 3 above to the sets {Aj,...,An} and 
(Ai... Ai, b respectively, we get 


VMG=nS MA- M. AA, (14) 
j=l 1<i<k<n 
k 
KPMG? 4g, =kY MA- M) AQA. (15) 
s=1 l<p<q<k 


Taking M = Gi,...;, in (15) yields 


k 


aee AB, = 2 Y AQA. (16) 


s=1 l<p<q<k 
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From (16) and (13), we obtain 


" 
5 XOGA? =k 5 GG? i 


1€i «--«i,€ns-l 1<i «--«iy Xn 


m 5 NO Ai, AP. (17) 


1X4 <:+-<ipcn l<p<q<n 


If we rearrange the terms in formula (17), we get 


1j \ kj & " 5 Li27X à 
g=1 IKi <- <ik IN 2 l<i<k<n 


(18) 


From relations (10), (11), (14), and (18), we readily derive formula (9). 


Remark. The relation (9) is equivalent to the following identity: for all 
complex numbers z, 21, ..., Zn, we have 


a-w (t) Yes ese) (1) 


2 
-km(n-1 © NE ERAS 


k 
1i «i, En 


Applications 


(1) In the case k — 2, from (9) we obtain that the following relation holds 
for every point M in the plane: 


(n-2) X MA -w?MG 24 M MG? 


i1i3* 
j=l 1<t1<ig<n 


In this case, G;,;, is the midpoint of the segment |A; Aiz]. 
(2) If k — 3, from (9) we get that the relation 


(n — 3)(n— 2) 2 MAE + 2n2(n - MG? — 18 > MG 


411913 
j=l 1<iy <ig<ig<n 


holds for every point M in the plane. Here the point Gi izi is the centroid 
of triangle A;, Ais Aj. 
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4.12 Euler's Center of an Inscribed Polygon 


Consider a polygon A; A»? - - - An inscribed in a circle centered at the origin of 
the complex plane and let a1, a2, ..., an be the coordinates of its vertices. 
By definition, the point E with coordinate 


a, + 02 t: ts 
2 


ZE = 
is called Euler’s center of the polygon A1 Aə--- An. In the case n = 3, it is 
clear that E is equal to Og, the center of Euler’s nine-point circle. 
Remarks. 


(a) Let G(za) and H(zg) be the centroid and orthocenter of the inscribed 
polygon A445-:-- An. Then 


nzG ZH nOG OH 
EEG eon Heb emm 
ge cr e 2 2 


Recall that the orthocenter of the polygon A1 Aə--- Aj, is the point H 
with coordinate zy = a, + a2 +-:-:+4n. 

(b) For n = 4, point F is also called Mathot’s point of the inscribed quadri- 
lateral EU A2 A3 A4. 


Proposition. In the above notation, the following relation holds: 
M BA? = nR? + (n—4)EO?. (1) 
i=1 
Proof. Using the identity (8) in Theorem 4, Sect. 2.17 for M = E and 
M = O, namely 


n?. MG? -nY MA? — X AA}, 


i=1 1<i<j<n 
we obtain " 
n? -EG =nŅ ER- M) Ad (2) 
i=1 1<i<j<n 
and 
n?-OG@=nR?- VM! AA. (3) 
1<i<j<n 


n 
Setting s = J aj, we have 
i=1 


S 


$8 
EG = \zn -2zs|- f .OE. (4) 


= || n-2 n-2 
= = 


n n 
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From the relations (2), (3), and (4), we derive that 


nM BA? =n? - EG? —n?-OG? +n? R? 


i—1 


= (n — 270 E? — 4OE? + n? R? = n(n — 4) - EO? + n? R?, 


or equivalently, 


as desired. 


S BA? = nR? + (n-4)EO’, 


i=l 


Applications 


(1) For n = 3, from relation (1), we obtain 


(3) 


Og A2 + O9 A2 + Og A2 = 3R? — OO. (5) 


Using the formula in Corollary 1 in Sect. 4.6.4, we can express the 
right-hand side in (5) in terms of the fundamental invariants of trian- 
gle 414243: 

l 2 


1 
Os A1 + 0O94 + 0943 = ČR? 5" — 2Rr 4 2j (6) 


From formula (5), it follows that the following inequality holds for every 
triangle A142 43: 


Og A? + Og A2 + Og 42 < 3R?, (7) 


with equality if and only if the triangle is equilateral. 
For n = 4, we obtain the interesting relation 


4 
Y BA? =4R. (8) 
i—1 


The point E is the unique point in the plane of the quadrilateral 
41424344 satisfying relation (8). 
For n > 4, from relation (1), the inequality 


5 EA? > nR? (9) 


i=1 


follows. Equality holds only in the polygon A; A» - - - An with the property 
E — OQ. 
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(4) The Cauchy-Schwarz inequality and inequality (7) give 


3 2 3 
(>: R- ova) € (382) 3 5044? < 9R?. 
i=1 i=1 
This is equivalent to 
Og Ay + O9 A5 + Og A3 < 3R. (10) 


(5) Using the same inequality and the relation (8), we have 


4 


4 2 
(x: EA. < AR! - M EA; = 16R^, 
i=1 


i=1 


or equivalently, 
4 


Y BA; < AR. (11) 
4=1 


(6) Using the relation 


2EA; = 2|e — a;l -3[-« 


= |s — 2a,|, 
the inequalities (4), (5) become respectively 


X|- ai +az+as| < 6R 
cyc 


and 
XC |- a +a2 + a3 + a4] < 8R. 


cyc 


The above inequalities hold for all complex numbers of the same 
modulus R. 


4.13 Some Geometric Transformations of the Complex 
Plane 


4.13.1 Translation 


Let zo be a fixed complex number and let £4, be the mapping defined by 
t,,:€ 9 C, talz) 2 z 9 zo. 


The mapping tz, is called the translation of the complex plane by complex 
number zo. 
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4 


M'Gaz) 


M(z) 


Mo(zo) 


Figure 4.17. 


Taking into account the geometric interpretation of the addition of two 
complex numbers (see Sect. 1.2.3), we have Fig. 4.17, giving the geometric 
image of t,,(z). 

In Fig. 4.17, OMoM'M is a parallelogram and OM’ is one of its diago- 
nals. Therefore, the mapping tz corresponds in the complex plane C to the 
translation tom by the vector OM in the case of the Euclidean plane. 

It is clear that the composition of two translations t,, and t,, satisfies the 
relation 


tz, O tz = inan. 


It is also clear that the set 7 of all translations of the complex plane is 
a group with respect to the composition of mappings. The group (7, o) is 
abelian, and its unit is to — 1c, translation by the complex number 0. 


4.13.2 Reflection in the Real Axis 


Consider the mapping s : C > C, s(z) =Z. If M is the point with coordinate 
z, then the point M'(s(z)) is obtained by reflecting M across the real axis 
(see Fig. 4.18). The mapping s is called the reflection in the real axis. It is 
clear that s o s — 1c. 


4.13.3 Reflection in a Point 


Consider the mapping so : C > C, so(z) = —z. Since so(z)-- z = 0, the origin 
O is the midpoint of the segment [M (2) M'(z)|; hence M” is the reflection of 
point M across O (Fig. 4.19). 
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M(z) 


M'(s(z)) 
Figure 4.18. 


'The mapping so is called the reflection in the origin. 
Consider a fixed complex number zo and the mapping 


$4,,:C — C, s4,(z) = 229 — z. 


If zo, Z, s4,(z) are the coordinates of points Mo, M, M’, then Mo is the 
midpoint of the segment [M M']. Hence M' is the reflection of M in Mo 
(Fig. 4.20). 

The mapping sz, is called the reflection in the point Mo(zo). It is clear 
that the following relation holds: sz, o sz, = 1c. 


M(z) 


M'(-z) 


Figure 4.19. 


4.13.4 Rotation 


Let a = costo + i sin tọ be a complex number having modulus 1 and let ra be 
the mapping given by ra : C 2 C, ra(z) = az. If z = p(cost +isint), then 
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M'(so(z)) 


Figure 4.20. 


ra(Z) = az = p|cos(t + to) + isin(t + to)], 


and hence M'(ra(z)) is obtained by rotating point M(z) about the origin 
through the angle to (Fig. 4.21). 
The mapping r, is called the rotation with center O and angle to = arga. 


4.13.5 Isometric Transformation of the Complex 
Plane 


A mapping f : C > C is called an isometry if it preserves distance, i.e., for 
all z1, z2 € C, |f(z1) — f(z3)| = |z — zəl. 


Theorem 1. Translations, reflections (in the real axis or in a point), and 
rotations about center O are isometries of the complex plane. 


M"r,(z)) 


Figure 4.21. 
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Proof. For the translation tz, we have 
ltz (21) — t (22)| = IG + 20) — (22 + 20)| = [z1 — 22l. 
For the reflection s across the real axis, we obtain 
|s(z1) — s(22)| = [zx — 22] = [z1 — 22| = [z1 — 22l, 


and the same goes for the reflection in a point. Finally, if ra is a rotation, 
then 


Ira(z1) — ra(22)| = |az1 — aze| = la|llz1 — ze| = |z1 — z2|, since |a| = 1. 


We can easily check that the composition of two isometries is also an 
isometry. The set Iso(C) of all isometries of the complex plane is a group 
with respect to the composition of mappings, and (7, o) is a subgroup of 
that group. 


Problem. Let A,A2A3A4 be a cyclic quadrilateral inscribed in a circle 
with center O, and let Hi, Hs, Ha, H4 be the orthocenters of triangles 
A» Aa A4, A143414, Ay A244, A142 A3, respectively. 

Prove that quadrilaterals A, A2A3A4 and HiH5H3H4 are congruent. 


(Balkan Mathematical Olympiad, 1984) 


Solution. Consider the complex plane with origin at the circumcenter, and 
denote by the corresponding lowercase letter the coordinates of a point de- 
noted by an uppercase letter. 

If s =a, +ag+a3+ a4, then hy = ag+a3+a4 = s — a4, ho = s — ag, h3 = 
S — a3, h4 = s — a4. Hence the quadrilateral Hı Hə H3 H4 is the reflection of 
quadrilateral A;A2A3A4 across the point with coordinate an 


The following result describes all isometries of the complex plane. 


Theorem 2. Every isometry of the complex plane is a mapping f : C C 
with f(z) =az +b or f(z) =az+b, where a, b € C and |a| = 1. 


Proof. Let b — f(0), c= f(1), and a 2 c — b. Then 
la| = le- 8 = |) - f()] = I - 0] = 1. 


Consider the mapping g : C > C, given by g(z) = az--b. It is not difficult to 
prove that g is an isometry, with g(0) = b = f(0) and g(1) = a+b = c = f(1). 
Hence h = g7! is an isometry, with 0 and 1 as fixed points. By definition, 
it follows that every real number is a fixed point of h, and hence h = 1c or 
h = s, the reflection in the real axis. Hence g = f or g = f o s, and the proof 
is complete. 


'The above result shows that every isometry of the complex plane is the 
composition of a rotation and a translation or the composition of a rotation 
with a reflection in the origin O and a translation. 
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4.13.6 Morley's Theorem 


In 1899, Frank Morley, then professor of mathematics at Haverford College, 
came across a result so surprising that it entered mathematical folklore under 
the name “Morley’s Miracle.” Morley's marvelous theorem states that the 
three points of intersection of the adjacent trisectors of the angles of any 
triangle form an equilateral triangle. 

The theorem was mistakenly attributed to Napoleon Bonaparte, who made 
some contributions to geometry. 

There are various proofs of this nice result, such as those by J. Conway, 
D.J. Newman, L. Bankoff, and N. Dergiades. 

Here we present a new proof published in 1998, by Alain Connes. His proof 
is derived from the following result: 


Theorem 1 (Alain Connes). Consider the transformations f; : C — C, 
filz) = aiz 4- bi, i = 1,2,3, of the complex plane, where all coefficients a; are 
different from zero. Assume that the mappings f10 fo, fao fs, fao fi, and 
fio foo fa are not translations, equivalently, that a4a2, a3a3,a3a1, a1a3a3 € 
C\{1}. Then the following statements are equivalent: 

(1) fi o f3 o f$ = 1c. 

(2) j? — 1 and o 4- 3B 4- j?* — 0, where j = a1a3a3 #1 and o, B, y are the 

respective unique fixed points of the mappings f10o fo, foo fs, fao fi. 


Proof. Note that (fı o f2)(z) = a1agz + aib2 + b1, a1a2 Æ 1, 


(fa o fa)(z) = aga3z + agb3 + b2, a2a3 #1, 
(fa o fi)(z) = asa12 + azbı + b3, aga, Æ 1, 


Ep i, deb 
Fix (fio fo) = d = [mm rus J ; 
n sod 
Fix (fa o fs) = Ed = [mm T E =; a} ’ 
Pi (ho f= | ee m rey ap 


where Fix( f) denotes the set of fixed points of the mapping f. 
For the cubes of fi, fo, f3, we have the formulas 


fi(z) = aiz bi (ai a t 1), 


Be ) = aj2 bo (a5 az t 1), 
f3(z) = a$ + b3(a$ + as + 1), 


whence 
(fi o f3 o f3)(z) = ajazazz + ajajbs(a$ + aa + 1) 
Fab» (a2 + a2 + 1) + b1(a2 + ay + T): 
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Therefore, f? o f2 o f3 = idc if and only if aa3a3 = 1 and 
aja3bs(a$ + as + 1) + a3ba(a2 + a3 +1) + bi(a? +a, +1) =0. 


To prove the equivalence of statements (1) and (2) we have to show that 
a+ jB + j?* is different from the free term of f? o f3 o f3 by a multiplicative 
constant. Indeed, using the relation j? = 1 and implicitly j? + j + 1 = 0, we 
have successively 


ac j8--y-actjBt(-1-jy-a-v-3(8—) 
A (am + a4102 420301 + 2) 


à1— j à2—] 


010302 +r a3bı a2a3bı = a2b3 
a3 — j a2 —j 


41020305 + a3a301 — a1a3092j — a3b13— a2a3bı — a2a3b3 + a2a3bı j + a2b3j 
(a2 — j)(as — j) 

.Q1a2b3 + a1a2b2 — a1a303j — a102j— a1a2a3b1— a1a3b3 + aza3b1j + azb3j 
(a1 — j)(a2 — j) 


T (= - 42303513? E 010302 à301j a2a2b, 20303 + à303j 


ag — j az — j 
NUUS + 410202 j + a1a3b3 — abaj? — bij? + 420351 j? + eh) 
ay —j 


1 . : : : 
= z ) (a102j bi a1a3b5j = a1agbıj = a12a2b1 = b3] 


(a1 — j)(a2 — j)(a3 — j 
+41 02637 — b2j° + agasb, + a1a302? + ab j? + aza3b1j + a3a303j — a3b3j? 


+agb3j” + b2j* + bj — a1a3b2j? — asbi j^ + azasbij? + asasbaj? 
—a1a2baj? — a1a205j? — a1a303j + a1b5 + bı — a2agbı — agbs) 
-aja Jaj eoh ahi = oshi 
—aza3b1 — a2a3b3 — aa2b3j^ — à41a2b55? — a2b3) 
=- S DICERE (aza2a2bs + a]aaab» 


DER. 2 2 4.2 2 
-Fa1a2a50; + a1a2a5b, + a3a$b, + aga3b3 + a1a532b3 + a1a32b» + agbs) 


etd ag) bee ae eae) 


+agb3(1 + ag +a 


1 + ajaja5)] 


[a}a3b3(1 + a3 + a3) 


(a1 — j)(a2 — 3)(as — j) 
1 


+ ag -- a2) - bY(1 + a1 4 a)]. 
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Theorem 2 (Morley). The three points A'(o), B'(8), C'(v) of the adjacent 
trisectors of the angles of any triangle ABC form an equilateral triangle. 


Figure 4.22. 


Proof (Alain Connes). Let us consider the rotations fi = rae, f2 = TB,2y, 

1; ^ A 
fa = rc; with centers A, B, C and angles x = gh y= 3P z= a 
(Fig. 4.22). 


Note that Fix (fı o f2) = {A’}, Fix (fo 0 f3) = {B’}, Fix (fao fi) = {C’} 
(see Fig. 4.23). 


A" fo(A’) 
Figure 4.23. 


X 


Figure 4.24. 
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To prove that triangle A'B'C" is equilateral, it is sufficient to show, by 
Proposition 2, in Sect. 2.4 and above Theorem 1 in Sect. 4.13.6, that f? o 
fof = lc. The composition sacosap of reflections sAc and sap across the 
lines AC and AB is a rotation about center A through angle 6a (Fig. 4.24). 

Therefore, f? = sac © sag, and analogously, fj = spA4ospco and 
f3 = scnposca. It follows that 


3 3 3 
fiof2olf3 = SAC ° SAB ° SBA ° SBC ° SCB ° SCA = lc. 


4.13.7 Homothecy 


Given a fixed nonzero real number k, the mapping A : C > C, hg(z) = kz, 
is called the homothety of the complex plane with center O and magnitude k. 

Figures 4.25 and 4.26 show the position of point M’(h;(z)) in the cases 
k 7 0 and k <0. 

Points M(z) and M'(hy(z)) are collinear with center O, which lies on the 
line segment M M' if and only if k « 0. 

Moreover, the following relation holds: 


|OM"| = |kl|OM]. 


Point M' is called the homothetic point of M with center O and magnitude k. 


M(z) 


M'(hy(z)) 


k>0 


Figure 4.25. 


It is clear that the composition of two homotheties hg, and hk, is also a 
homothety, that is, 


hg, © hko = hk ko: 


The set H of all homotheties of the complex plane is an abelian group with 
respect to the composition of mappings. The identity of the group (H, o) is 
hı = 1c, the homothety of magnitude 1. 
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M'(hy(z)) 


Figure 4.26. 


Problem. Let M be a point inside an equilateral triangle ABC and let 
Mi, Mo, Ms be the feet of the perpendiculars from M to the sides 
BC, CA, AB, respectively. Find the locus of the centroid of the triangle 
M1M»5Ms. 


Solution. Let 1, e, £? be the coordinates of points A, B, C, where 
€ = cos 120? + isin 120°. Recall that 


€? +e+1=0 and e? — 1. 


If m, mi, m», ma are the coordinates of points M, Mi, M2, Ma, we have 


1 

m; = zl +e t m — em), 
1 2 NT 

ma = 5(e +e 4m — m), 
1 

ma = 5 +1+m-—e?m). 


Let g be the coordinate of the centroid of the triangle Mı M2M3. Then 


1 1 
g = 5 (ma +m +ms) = 51 bebe?) 3m - m +e +e") = Z, 


1 
and hence OG = -OM. 
The locus of G is the interior of the triangle obtained from ABC under a 
homothety of center O and magnitude =. In other words, the vertices of this 


11 1 
triangle have coordinates 2 3^ 38^ 
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4.13.8 Problems 


1. Prove that the composition of two isometries of the complex plane is an 
isometry. 

2. An isometry of the complex plane has two fixed points A and B. Prove 
that every point M of line AB is a fixed point of the transformation. 

3. Prove that every isometry of the complex plane is a composition of a 
rotation with a translation and possibly also with a reflection in the real 
axis. 

4. Prove that the mapping f : C > C, f(z) 2 i-Z 4-4 — i, is an isometry. 
Analyze f as in the previous problem. 

5. Prove that the mapping g : C > C, g(z) = —iz + 1 + 2i, is an isometry. 
Analyze g as in the previous problem. 


Chapter 5 
Olympiad-Caliber Problems 


'The use of complex numbers is helpful in solving Olympiad problems. In many 
instances, a rather complicated problem can be solved unexpectedly by 
employing complex numbers. Even though the methods of Euclidean geome- 
try, coordinate geometry, vector algebra, and complex numbers look similar, 
in many situations the use of complex numbers has multiple advantages. This 
chapter will illustrate some classes of Olympiad-caliber problems for which 
the method of complex numbers works efficiently. 


5.1 Problems Involving Moduli and Conjugates 


Problem 1. Let zi, zo, z3 be complex numbers such that 
|z1| = l| = |za] =r > 0 
and zı + 22 + z3 £0. Prove that 


Z129 + 2223 + £32] 
Z1 + Z2 + 23 


Solution. Observe that 


21*21 22° 22 23° 23 r?. 
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'Then 
2 
2122 + Z223 + 2321| _ 2122 + 22273 + 2321 2122 + 2223 + 2321 
Z1 Z2 + 23 Z1 + Z2 + 23 Zi 22 + 23 
gee ips cp EMEN OM 
. | $ + . 
T 
| 212g + 20%3 t 2%3%1 zi 29 ns Z3 Z3 Zi E 
Zi +22 + 23 r? Ê p? ; 
Z1 22 Z3 

as desired. 


Problem 2. Let z1, z2 be complex numbers such that 


EN = |z2| =r>0. 


21 + 22 ? Si — 22 : 1 
< 2) 4 Bc 
r2 + 2122 r2— zzz] 7r? 

Solution. The desired inequality is equivalent to 
r(z1 + z2) ? r(zi — 22) g 
em E o imd 
r2 + 2129 Tr? — 2129 


zı = r(cos 2x + isin 2x) and z2 = r(cos 2y + i sin 2y) 


Prove that 


Setting 


yields 


r(zı1 +22) r°(cos2xr +isin2x + cos2y +isin2y) cos(x — y) 
r2+zız2  r?(1+cos(2x + 2y) +isin(2x +2y))  cos(z +y) 


Similarly, 
r(z—22) _ sin(y — 2) 
2_ zz  sin(y--x) 


Thus 


(4 + 2 (= — a | cos? (zx — y) i sin?(z — y) 
r?+zz2) ^ NT—ziz2) — cos(z--y) sin?(z+y) 


> cos?(z — y) + sin?(z — y) = 1, 
as claimed. 
Problem 3. Let zi, zo, z3 be complex numbers such that 


|z1| = |z2| = |z3| = 1 
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and 
2 2 2 
z z z 
1 2 4 3 IÀ 
2223 2143 2142 
Prove that 


|z1 + 22 + 23| € {1,2}. 
Solution 1. The given equality can be written as 
2 + 22 + a2 + 212223 = 0, 
or 


—4212223 = 2 + 22 + 25 — 9212223 


= (z1 + 22 + z3)(2? + 23 + 22 — z122 — 2223 — 2321). 


Setting z = z1 + 22 + 23 yields 
z3— 3z(z1z9 + Zaza + 2321) = —4212223. 


This is equivalent to 


1 1 1 
z? = 212223 E ( I I ) 1l ; 
VAI Z2 Z3 


The last relation can be written as 


2? = 212923(32(H + Z + Z3) — 4], i.e., 2° = z122z3(3|z|? — 4). 


2 
Taking the absolute values of both sides yields |z|? = |3|z|? — 4|. If |z| > Js 
2 
then |z|3—3|z|?+4 = 0, implying |z| = 2. If |z| < Jg then |z|?+3|z|?—4 = 0, 


giving |z| = 1, as required. 


Solution 2. It is not difficult to see that |z?+23+z3| = 1. From the algebraic 
identity 


(u 4- v)(v + w)(w + u) = (u +v + w)(uv + vw + wu) — ww 


for u = 2$, v = z3, w = 23, it follows that 


332:8,8 E E E 3,3,3 
(23 + 23)G3 23) G3 + 23) = G3 + 23 + 23) 123 + 2323 + 2323) — 212323 
al 1 1 
3 
= z1z323(21 +23 +23) | -5 + -5 + -5 | — 212223 
Zi 72 Z3 
E e E RE DAE Te ES 3.3.3 
= 242923 (21 + 29 + 23) (27 + 23 + 23) — 212223 


Pann es is ee ee S E 
= 212923 — Z] 2323 = 0. 
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Suppose that 2? + 23 = 0. Then z1 + zo = 0 or 2? — z122 + z3 = 0, implying 
2: + AS = —2z129 or 2 + 24 = 2122. 


On the other hand, from the given relation it follows that z3 = —212223, 
yielding 22 = —2122. 
We have 


1 1 1 
zi + 22 + 23|? = (z1 + 22 + 23) (z*z*z) 
1 


Z1 22 Z 23 z2 23 
=34 ! H I t t 
22 zl 23 22 23 zl 
2 2 2 2 2 2 
cupo pre 23 + 2122 23 + 2120 zi T 25 
j c j 
2122 2223 2371 2122 
This leads to |z1 + z2 + 23|? = 1 if 2? + 23 = —2z123 and |z1 + 22 + 23/7? = 4 


if 22 + 22 = 2122. The conclusion follows. 


Problem 4. If a,b € C, then |1+ a| + |l 4- b| 4- |1 -- ab| > 2. 


Solution. If |a| > 1 we have 


|l +a] - |1 4- b| - |1 - a6| > |(1 4- a) — (124- a6)| - |1 4- 6| 
= Ja|-|1 — b| c [1-6 > [13 — b] - [1c 6| > |a — b)+ (1 +b)| 2. 


If |a| € 1, we have 


Problem 5. Let n > 0 be an integer and let z be a complex number such that 
|z| = 1. Prove that 


nji 4 z| - |l z2| - 1 22) e [o z^ [LS zm > Qn. 


Solution 1. We have 


n|1 4 z| + [1+ z2| - 1 22| - --- HLH 27"| 4+ [1 4- 2271] 
TL TL 
=X (1 ezpen oz zx 
k=1 k=1 
n n n 
> Sole — 27k + SO +2] = sl -z + [1 + za 
k=1 k=1 k=1 
n n 
=X (1 — 278) +] +>) >So fn — 2h +1 4278) =2n, 
k=1 k=1 


as claimed. 
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Solution 2. We use induction on n. 
For n = 1, we prove that |1 + z| + |1 + z?| - |1 + 22| > 2. Indeed, 


2-2|1 404240254 z(14- z2)| € 1 - z| +| - 1| 9- izl +z 


1 z 
-t-cz-x +2? 4t 2]. 


Assume that the inequality is valid for some n, so 


n|l- z| - |1 4 z2| 4-4 [1 4 z2^*!| > 2n. 


We prove that 


(ri4- 1)|1 2- z| 4-1. 2- 22| 4 - + [12-227 | [1 4- 227] 4 [T 4- 22779 | > 20 4-2. 
Using the inductive hypothesis yields 


(m+1)[1+ 2| - LE Z2 | oe ez E 4 zm 
> 2n-|[1- z| + 1 4- z2?"**?| 4 [1 4- z?7*3| 
- [zt + 277] + fr zn] 


H 227012) 1 1.4. 22**?| = 25-2, 


=2n4+|l+z 


| 
> 2n+|1+z-—z(1 


as needed. 
Problem 6. Let z1, zo, z3 be complex numbers such that 


(1) jal = |z2| = |z3| = 1; 
(2) z1 +22 + za #0; 
(3) 22+ 23 4+ 22 — 0. 


Prove that for all integers n > 2, 
l2] + 29 +23| € {0,1,2, 3}. 
Solution 1. Let 
S1 = Zi + 22 + 23, $2 = 2129 + 2023 + 2321, $3 = 212223 
and consider the cubic equation 
3 


E — 8127 + $92 — $4 = 0 


with roots 21, z2, 23. 
Because z? + 22 + 22 = 0, we have 


s2 = 282. (1) 
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On the other hand, 


1 1 1 

= 53 ( + I ) = ss(71 t Z3 + Z3) = $3: 81. (2) 
zi 22 Z3 

The relations (1) and (2) imply s? = 2s3 - s; and, consequently, |s1|? = 

2|s3| - [51| = 2|s1|. Because sı Z 0, we have |s1| = 2, so sı = 2A with |A| = 1. 

$2 

En 


From relations (1) and (2), it follows that s9 — so = 2X and s3 = 
oa a 
The equation with roots 21, z2, z3 becomes 
z? — 2A2? +202 — M = 0. 
This is equivalent to 
(z —A)(z? — Az +A?) = 0. 
V3 


1 
The roots are A, Ae, —Ae?, where e = ii (rin 


Without loss of generality we may assume that z1 = A, z2 = Ae, 23 = 
—Ae?. From the relations €? — e + 1 = 0 and &? = —1, it follows that 


E, = |z] + 25 + 23| = |A" + AME”  (-1)"A^e?"| 
- |1 pe” + (—1)^e?^ |. 


It is not difficult to see that Exig = Ex for all integers k and that the 
equalities 


Eg = 3, Ej —2, Fy =0, E3 — 1, E4—0, E; —2, 
settle the claim. 


Solution 2. It is clear that 22, 23, 22 are distinct. Otherwise, if, for example, 
22 = 32, then 1 = |z2| = | — (2? + 22)| = 2|21| = 2, a contradiction. 

From z2 + 23 + 22 = 0 it follows that z2, 22, z2 are the coordinates of 
the vertices of an equilateral triangle. Hence we may assume that 23 = &27 
and z2 = &?22, where £? +e +1 = 0. Because 22 = &*22 and 22 = &?z2, it 
follows that zo = +e?z, and z3 = tez,. Then 


len +23 25] = |(1+ Gee)" + Gee)" | = [1+ (+e)” + (te7)”| € {0, 1,2, 3) 


by the same argument used at the end of the previous solution. 
Problem 7. Find all complex numbers z such that 


Iz — |z +1ļ|| — Iz dz — MI. 
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Solution. We have 
jz — |z 4 1| 2 |z 9 |z — 1]| 
if and only if 
Iz — |z - MP = |z + |z — 11’, 
i.e., 
(z—|z-1)-(z—-|z 1D) 2 (z |z — 1|): (2 |z — 11). 


The last equation is equivalent to 


z-Z— (z-Z)z-1|-- |z-- 17 =2-74 (z--Z)-|z— 1| -- |z — Af. 
'This can be written as 
lz- 1P — |z- 1? = (z - 2) (lz - 1| - |z — 1|), 
i.e., 


(z-F1)41) - (z- 12-1) = (2+2) (lz - 1] 4 |z — 1]). 


The last equation is equivalent to 
2(z +Z) = (z +Z): (z +1|+ |z- 11), ie, zz — 0, 


or |z - 1| - |z 2 1| 2 2. 
The triangle inequality 


2—|(z4-1)-(z-1) €|z*1| 9 |z — 1| 


shows that the solutions to the equation |z + 1] + |z — 1| = 2 satisfy z + 1 = 
t(1 — z), where t is a real number and t > 0. 


t—1 
It follows that z — TIT so z is any real number such that —1 < z < 1. 


The equation z + Z = 0 has the solutions z = bi, b € R. Hence, the 
solutions to the equation are 


(bi:bc R}U{ae R: ae [-1,1]). 


Problem 8. Let 21, 22,...,z4 be complex numbers such that |z1| = |z2| = 
-++=|2Z,| > 0. Prove that 


Een 
k 


Re 


n n 


j=1 k=1 
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if and only if 


TL 


k=1 
(Romanian Mathematical Olympiad—Second Round, 1987) 


Solution. Let 


Then 


30) 


Hence S is a real number, so ReS = S = 0 if and only if $^ z = 0. 
k=1 


Problem 9. Let A be a real number and let n > 2 be an integer. Solve the 
equation 
MZ 4- z") = 4(z — z"). 
Solution. The equation is equivalent to 
z" (A -F4) 2 z(—A 4 i). 
Taking the absolute values of both sides of the equation, we obtain |z|” = 
|z| = |z|; hence |z| = 0 or |z| = 1. 
1 
If |z| = 0, then z = 0, which satisfies the equation. If |z| = 1, then Z = =, 
z 
and the equation may be rewritten as 


m Ati 
Aci 


A+ 


— = = 1, there exists t € [0, 27) such that 
Aci 


Because | 


—A-cd aa 
— = cost +z7sint. 
Acid 
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Then 
t+2kr |. t+2kr 
Zk = COS isin 
+1 n+l 
for k = 0,1, ..., n are the other solutions to the equation (besides z = 0). 


Problem 10. Prove that 


6z—i 1 
sae <1 if and only if lal S 3- 
Solution. We have 


| Oe =} eaitund-outy i [uec he Seal 


2+ 3iz 


The last inequality is equivalent to 
[6z — ij? < |2 + 3iz|?, i.e., (6z — i)(6z + i) < (2 + 3iz)(2 — 3iz). 


We obtain 


36z-Z--6iz — 6iz +1 < 4 — Giz + Giz + 927, 
1 
i.e., 272z -Z < 3. Finally, zz € - or equivalently, |z| € 3? as desired. 
Problem 11. Let z be a complex number such that z € C\R and 


l+2+2? 
l-z4+2? 


ER. 


Prove that |z| = 1. 


Solution. We have 


Terts E 
——~ = 14 2—— — E R if and only if —————5 € R. 
1—z+ 2? b Deui LEM. ES EE EP S 
That is, 
1-242? 1 


1 
lc-zcR,ie,z-c--cR. 
z z 


z 
The last relation is equivalent to 
1 1 
z---Z-Z2, ie, (z-Z)(-|z?)- 0. 
Z Zz 


We obtain z = Z or |z| = 1. 
Because z is not a real number, it follows that |z| = 1, as desired. 
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Problem 12. Let 21, z2, ..., Zn be complex numbers such that |z1| =--: = 


|zn| = 1, and let 
n n 1 
k=1 k=1 


Prove that z is a real number and 0 < z < n?. 


1 
Solution. Note that zy = — for all k = 1, ..., n. Because 
Zk 


“EJES (Ea) (Ee) 


it follows that z is a real number. 
Let zk = cos ak + isin œg, where a, are real numbers for k = 1,n. Then 


n n TL n 
z= (>: COS Qk EX > COS Qk — LS 
k=1 k=1 k=1 k=1 
= (>: cos J + (>: sin s) > 0. 
k=1 


k=1 
On the other hand, we have 


n 


pu X (cos? oj, + sin? o) +2 1 (cos a; cos o. + sin o; sina;) 


k=1 l<i<j<n 
=n+2 De cos(a; — aj) X n 4-2 - Spaa ed). ug 
"c a 4 Eid 2 d 2 ? 
1<i<j<n 
as desired. 


Remark. An alternative solution to the inequalities 0 < z < n? is as follows: 


-(36:)-6)(8) 


so0<z<n?. 


n 


2 7r 


k=1 


Problem 13. Let zi, z2, z3 be complex numbers such that 


zı + 22 + za £0 and |zi| = |z2| = |z3l. 
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Prove that 
1 1 1 1 
Re| > +> +> ])-Re( —— x0 
ZY Z2 23 zı + Za + 23 
Solution. Let r = |z1| = |z2| = |z3| > 0. Then 
2121 = 22229 = 2323 = r? 
and 
TE 1 A+mM+% zi z2d Z3 
^v dA «y r2 B r2 $ 


On the other hand, we have 


1 E zı Z2 + 23 
zı + Z2 + 23 [z1 + z2 + z3|2" 


and consequently, 


1 1 1 1 
Re|—o-—4—]|-Re[ —————— 
21 22  Zg Z1 + 22 + 23 


— Re z1 + Z2 + 23 Re zy-z2t23 \ (Re(a + 22 z3))? 
r2 |z1 + 22 + 23|? r?|z1 + za + 23|? 


as desired. 


Problem 14. Let x, y, z be complex numbers. 


(a) Prove that 


lx] + lyl+ l| < |e +y- z|+ļ|zr-y+z|+|-£z+y+zl. 


(b) If x, y, z are distinct and the numbers x +y — z, x —y--z, -xr +y +z 
have equal absolute values, prove that 


2(Iz| + |y| + |z)) € |zr-y — z| -|z— y -z| -| o y 4 zl. 
Solution. Let 


m -—-—rtyctz,n-—rz—yctz,p—-rzcty-z. 


We have 
n+p m+p m+n 
= , y = ? z= sd 
2 2 2 
(a) Adding the inequalities 
1 1 1 
jel 5 Inl + Ip), lul € 5 (ml + Wal), lel < 5 ml + le) 
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yields 
Iz] + [y] + lz] < [m] + [n] + Ipl, 
as desired. 
(b) Let A, B, C be the points with coordinates m, n, p and observe that 
the numbers m, n, p are distinct and that |m| = |n| = |p| = R, the 


circumradius of triangle ABC. 


Let the origin of the complex plane be the circumcenter of triangle ABC. 
The orthocenter H of triangle ABC has the coordinate h = m + n + p. The 
desired inequality becomes 


|h — m| + |k — n| + |h — pl < Im] + In] + [p], 


Or 


AH + BH - CH € 3R. 


'This is equivalent to 


3 
cos A + cos B + cosC < 5. (1) 
Inequality (1) can be written as 
A+B A-B C 3 
2 1 in? > < 
cos z 8—5 + 2 sin 2$9 


Or 


A-B\?* A-B 
0 < (2sin S — cos ; ) sin’ 2-3 


which is clear. We have equality in (1) if and only if triangle ABC is equi- 
lateral, i.e., m = a, n = ae, p = ae’, where a is a complex parameter and 


2m m 2m In thi a a» 
E = cos isin —. In this case, z — y= E€ Z= E 

3 3 gue g 2 
Problem 15. Let zo, zi, Z2, ..., 2n be complex numbers such that 


(k + 1)zg41 — i(n — k)zy = 0 
for all k € (0, 1, 2, ..., n— 1]. 
(1) Find zg such that 
zo +z tee +n = 2”. 
(2) For the value of zo determined above, prove that 


(3n +1)” 


lzo + ax? +: + len? < = 


5.1 Problems Involving Moduli and Conjugates 187 


Solution. 


(a) Use induction to prove that 


zy i (1) Z0, for all k € (0, 1, t3 n]. 


Then 
zo + z1 +--+ 2n = 2” if and only if zo(1 +i)” = 2”, 


i.e., zo = (1 — i)”. 
(b) Applying the AM-GM inequality, we have 


2 2 2 
2 2 2: os 2 n n e n 
[zo| + [zx E dud = [20] ( (3) + @ Tec o 


= |zof?. (z) =2", a - Z 2n(2n—1)---(n-+1) 


2^ (2n - (2n - 1) - c (n-1)V"  (8n4+1)” 
<2 ( ) =l l 


n! , 


n 
as desired. 
Problem 16. Let z1, zo, z3 be complex numbers such that 


zı + Z2 + Z3 = 2122 + 2223 + 2321 = 0. 


Prove that |z1| = |z2| = |za]. 

Solution 1. Substituting zı + z2 = —2z3 in 2129 + za(z1 + z2) = 0 gives 
2122 = 23, 80 |z1| - |22] = |z3|?. Likewise, |z2| -|z3| = |z1|? and |zs||21| = |z2]?. 
Then 


zal? + [227 + |231? = |z1||zal + |zallzsl + |zallzal, 


i.e., 


(lza| — 221)? + (lzal — 1231)? + (lzs| — lal)? = 0, 


yielding |z1| = |z2| = [za]. 


Solution 2. Using the relations between the roots and the coefficients, it 
follows that 21, z2, z3 are the roots of the polynomial z?—p, where p = 212223. 
Hence z3—p = z3—p = z3 —p = 0, implying 2? = z3 = z3, and the conclusion 


follows. 


Problem 17. Prove that for all complex numbers z with |z| = 1, the following 
inequalities hold: 


V2 < |1- z| 4 [1o z?| € 4. 
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Solution. Setting z = cost + isint yields 


-z| = (1 — cost)? + sin? t = V2 - 2cost = 2 


. t 
sin = 
2 


and 


jit 22] — ya + cos 2¢)2 + sin? 2t = /2 + 2 cos 2t 


t 
= 2| cost| ZI 


2 t 
It suffices to prove that z < |a| + |1 — 2a?| < 2 for a = sin 5 € [-1, 1]. 
We leave this to the reader. 
Problem 18. Let z1, zo, za, z4 be distinct complex numbers such that 


22 — 2) 22 — 23 


Re = Re 


ZA — 2] ZA — 23 


— 0. 


(a) Find all real numbers x such that 
[21 — za|” + |z1 — z4|* € |22 — zal” < |z2 — zal” + |z4 — za|". 
(b) Prove that |z3 — 21| € |z4 — z3]. 


Solution. Consider the points A, B, C, D with coordinates z1, 22, 23, Z4, 
respectively. The conditions 
Z2 — #1 42 — 23 


Re——— = Re—— = 0 


Z4 — 2] ZA — Z3 


imply BAD = BCD = 90°. Then |Z, — Z2| = AB and |z1 — z4| = AD are the 
lengths of the sides of the right triangle ABD with hypotenuse BD = |z2— z4]. 

The inequality AB” + AD” < BD” holds for x > 2. 

Similarly, |z2—z3| = BC and |z4—z3| = CD are the sides of the right trian- 
gle BCD, so the inequality BD” < BC*--C D" holds for x < 2. Consequently, 
v= 2. 

Finally, AC = |z3 — z1| € BD = |z4 — zg|, since AC is a chord in the circle 
of diameter BD. 


Problem 19. Let x and y be distinct complex numbers such that |x| = |y|. 
Prove that 


1 
git + yl < [x]. 


Solution 1. Let x = a + ib and y = c + id, with a, b, c, d € R and 
a? + b? = c + d?. The inequality is equivalent to 
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(a+c)*+(b+d)? < 4(a? + 87), 
or 
(a — c) + (b — d}? > 0, 
which is clear, since x Z y. 


Solution 2. Consider points X(x) and Y (y). In triangle XOY, we have 
OX = OY. Hence OM < OX, where M is the midpoint of segment [XY]. 


The coordinate of point M is m 


2 and the desired inequality follows. 
Problem 20. Consider the set 
A={zEC:z=a+bi, a>0, |z| « 1). 
Prove that for every z € A, there is a number x € A such that 
L— 2 
z = —. 
loc 


Te 
Solution. Let z € A. The equation z — i has the root 
x 


z l-z peu 


TOES bg 


where a > 0 and a? +b? < 1. 
To prove that x € A, it suffices to show that |z| < 1 and Re(x) > 0. 
Indeed, we have 


a (=a) +8? : : 2 2 
r| = ——.—_,; if and only if (1 — a a)”, 
|x| (pana 5o E eo f (1— a)^ « (14- a) 
i.e., 0 « 4a, as needed. 
d es 2 
Moreover, Re(x) — " m > 0, since |z| < 1. 
Z 


Here are more problems involving moduli and conjugates of complex 
numbers. 


Problem 21. Consider the set 
A={zeEC:|z| « 1], 
a real number a such that |a| > 1, and the function 


f:4> A, f(z) = Aa 
z+a 


Prove that f is bijective. 
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Problem 22. Let z be a complex number such that |z| = 1 and both Re(z) 
and Im(z) are rational numbers. Prove that |z?” —1| is rational for all integers 
n 21. 


Problem 23. Consider the function 
lot 


1- ti. 


f:R>C, ft) = 

Prove that f is injective and determine its range. 
Problem 24. Let zı, z2 € C* be such that |z1+2z2| = |z1| = |z2|. Compute e. 
22 


Problem 25. Prove that the following inequality holds for all complex num- 
bers zi, 22, ..., Zn? 


(lzi + |22| 4 + [zn] + |z1 + 22 4 + Z|)? 
> 2([zl^ 4 t zal? + [zi + 224 + Z|") 
Problem 26. Let z1, zo, ..., Z2n be complex numbers such that |z1| = |z2| = 


+++ = |Z9,| and arg zı < arg z2 < +++ < arg za, < m. Prove that 
g g g 
|z1 + Z2n| < |z2 + Zən-1| < © < |n + Zn+1l- 


Problem 27. Find all positive real numbers x and y satisfying the system of 
equations 


(1996 Vietnamese Mathematical Olympiad) 


Problem 28. Let zi, zo, z3 be complex numbers. Prove that z1 + z2 + za = 0 
if and only if |z1| = |za + zal, |za| = |23 + 21] and |z3| = |z1 + zəl. 


Problem 29. Let z1, zo, ..., Zn be distinct complex numbers with the same 
modulus such that 


Z324...Zn—1Zn + Z124... Zn—12Zn t occ + Z122... Zn—-2 = 0. 


Prove that 
Z129 + 2223 d: + Zn_12n = 0. 


Problem 30. Let a and z be complex numbers such that |z + a| = 1. Prove 
that 
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|1 — 2\al?| 
" 


Problem 31. Find the geometric images of the complex numbers z for which 


|z? 4- a?| > 


z".Re(z) = Z" - Im(z), 
where n is an integer. 


Problem 32. Let a, b be real numbers with a+b = 1 and let z1, z2 be complex 


numbers with |z1| = |za| = 1. 
Prove that 
lazy + bze| > n ral 
2 
Problem 33. Let k, n be positive integers and let zi, zo, ..., Zn be nonzero 


complex numbers with the same modulus such that 


ze zb... zB-IQ. 


Prove that 
1 $ Lr E. 2g 
Fas n "zb — 


Problem 34. Find all pairs (a,b) of real numbers such that 


(a 4- bi)? =b + ai. 
Problem 35. For every value of a € R find min |z? 
and |z| € 1. 


— az 4 a|, where z € C 


Problem 36. Let a,b,c be three complex numbers such that 
a|bc| + b|ca| + clab| = 0. 


Prove that Hu 
|(a — b)(b — c)(c — a)| > 3v3|abe]. 
(Romanian Mathematical Olympiad—Final Round, 2008) 


Problem 37. Let a and b be two complex numbers. Prove the inequality 
|1 + ab] + |a +d] > Ja? = 1| — 1]. 


(Romanian Mathematical Olympiad—District Round, 2008) 


Problem 38. Consider complex numbers a, b, and c such thata+b+c=0 
and |a| = |b| = |c| = 1. Prove that for every complex number z, |z| € 1, we 
have 

3€|z—a| 4 |z— | -|z — e| <4. 


(Romanian Mathematical Olympiad—Final Round, 2012) 
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5.2 Algebraic Equations and Polynomials 


Problem 1. Consider the quadratic equation 
a?z? + abz +c? = 0b 
. QU. 
where a, b, c € C*, and denote by z1, z2 its roots. Prove that if — is a real 
c 
number, then |z1| = |z2| or "lem. 
22 
: b 
Solution. Let t = - € R. Then b = tc and 
c 


A = (ab)? — 4a? -Ê = a?c? (t^ — 4). 


If |t| > 2, the roots of the equation are 


—tac + acy t? — 4 c ———— 
21,2 = 242 = 25 t+ Vt? — 4), 


ey i " zl. 
and it is obvious that — is a real number. 


22 
If |t| < 2, the roots of the equation are 


21,2 — c (-t x iV 4— 12); 


2a 
hence |zi| = |z2| = 5. as claimed. 
Problem 2. Let a, b, c, z be complex numbers such that |a| = |b| = |c| > 0 
and az? + bz + c = 0. Prove that 
Za Sla ED 


Solution. Let r = |a| = |b| = |c| > 0. We have 


[az?| = | — bz — e| < [bl|z| + lel, 


1 5 
and hence r|z?| < r|z| +r. It follows that |z|? — |z| 1 € 0, so |z| < a 
On the other hand, |c| = |—az?—bz| < |a||z|?+0|z|, so that |z|?--|z| - 1 > 0. 


Thus |z| > , and we are done. 


Problem 3. Let p, q be complex numbers such that |p| + |g| < 1. Prove that 
the moduli of the roots of the equation z? + pz + q = 0 are less than 1. 


5.2 Algebraic Equations and Polynomials 193 


Solution. Because z; + 22 = —p and z1z2 = q, the inequality |p| + |q| < 1 
implies |z1 + z2| + |z122| < 1. But ||z1| — |z2|| € |z1 + z2|; hence 


\z1| — |z2| + ]zi]|z2| ^ 1 < 0 if and only if (1 + |za)(|z1] — 1) < 0 
and 

|22| — |z1|  |zol|zi| ^ 1 < 0 if and only if (1 + |z1])(|z2] — 1) < 0. 
Consequently, |z1| < 1 and |z2| < 1, as desired. 


Problem 4. Let f = x? + ax +b be a quadratic polynomial with complex 
coefficients with both roots having modulus 1. Prove that g = x? + |a|x + |b| 
has the same property. 


Solution. Let xı and x2 be the complex roots of the polynomial f = x^ + 
ax + b and let y; and y» be the complex roots of the polynomial g = xf + 
lala + |b]. 

We have to prove that if |z1| = |x2| = 1, then |yi| = |yo| = 1. 


Since zı - x2 = b and zı + x22 = —a, then |b| = |zi||xs| = 1 and |a| € 
[23 | a [23 E 
The quadratic polynomial g = <x? + |a|r + 1 has discriminant 


A = |a|? — 4 € 0; hence 


—|a| + 14/4 —- la[? 


Y1,2 = 2 


It is easy to see that |yi| = |y2| = 1, as desired. 


Problem 5. Let a, b be nonzero complex numbers. Prove that the equation 


az? +bz?+6z+a=0 
has at least one root with absolute value equal to 1. 


1 
Solution. Observe that if z is a root of the equation, then — is also a root of 


E 
the equation. Consequently, if z1, zo, z3 are the roots of the equation, then 


1 1 -— 
—, —, — are the same roots, not necessarily in the same order. 
21 22 Z3 


1 
If zk = — for some k = 1,2,3, then |z,|? = 2.2% = 1, and we are done. If 
Zk 


1 
Zk x = for all k = 1,2,3, we may consider without loss of generality that 
k 
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The first two equalities yield 21 - Z3 < 22:z3 = 1; hence |z4| - |z2|? - |z3|] = 1. On 
the other hand, z12223 = c so |zi||z2|| za] = 1. It follows that |z2| = 1, as 
a 


claimed. 


Problem 6. Let f = xt + ax? + bx? + cx +d be a polynomial with real 
coefficients and real roots. Prove that if |f(i)| = 1, thna=b=c=d=0. 


Solution. Let rj, r9,23, x4 be the real roots of the polynomial f. Then 


f = (x — x1)(x — x2)(x — x3)(x — za), 


and we have 


—. 
= 
Il 
8 
an 
Sy 
— 
8 
N 


i)(—zs + i)(—z4 + i); 


hence 


O| =|- z1 + il- |- $2 + i|- | — z3 4 


i|-| z4 +i 
= lta} lead 1+23.- 14 zi. 


Because |/(i)| = 1, we deduce that xı = £2 = za = x4 = 0, and consequently 
a = b = c = d = Q, as desired. 


Problem 7. Prove that if 1121? + 10iz? + 10iz — 11 = 0, then |z| = 1. 


(1989 Putnam Mathematical Competition) 


Solution. The equation can be rewritten as z? = a iot. Ifz-a-dbi, 
11z 4 106 
then 
| p D | 11—10iz| _ y112 + 220b + 10? (a? + b?) 
11z+10i| — J/112(a2 + b?) + 220b + 102 


Let f(a, b) and g(a, b) denote the numerator and denominator of the right- 
hand side. If |z| > 1, then a? + b? > 1, so g(a, b) > f(a, b), leading to 
|z°| < 1, a contradiction. If |z| < 1, then a? +b? < 1, so g(a, b) < f(a, b), 
yielding |z?| > 1, again a contradiction. Hence |z| = 1. 


Problem 8. Let n > 3 be an integer and let a be a nonzero real number. 
Show that every nonreal root z of the equation x" + ax + 1 = 0 satisfies the 


inequality 
az v 
z = 
= n—1 


(Romanian Mathematical Olympiad—Final Round, 1995) 
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Solution. Let z = r(cosa+isina) be a nonreal root of the equation, where 
a € (0, 27) and a ¥ m. Substituting back into the equation, we obtain 
r” cos na + ra cosa + 1+ i(r" sinna + rasina) = 0. Hence 


r” cosna + racosa + 1 = 0 and r” sinna + rasina = 0. 


Multiplying the first relation by sina, the second by cosa, and then sub- 
tracting them, we find that r” sin(n — 1)a = sina. It follows that 


r"|sin(n — 1)a| = | sina]. 


The inequality | sin ka| € k|sina| is valid for every positive integer k. The 
proof is based on a simple inductive argument on k. 
Applying this inequality, from r"|sin(n — 1)o| = |sino|, we obtain 


|sina| € r"(n — 1)|sino|. Because sino ¥ 0, it follows that r” > 


: 1 
i.e., |z| > £/ ——. 
n-—1 


Problem 9. Suppose P is a polynomial of even degree with complex coeffi- 
cients. If all the roots of P are complex nonreal numbers with modulus 1, 
prove that 


n—1' 


P(1) € R if and only if P(—1) € R. 


P 
Solution. It suffices to prove that x L ER. 


Let £1, £2, ..., Zan be the roots of P. Then 
P(x) = A(x — x)(x — z2)--- (£ — Len) 


for some A € C*, and 


PO) _ AXü-a)ü-2z)-(1-2«) _ Tpl-2 
PI) A(Or-wg(l-wies(oleuwa) pe Pee 
From the hypothesis, we have |x| = 1 for all k = 1,2,..., 2n. Then 
(=) -5=- oR te-1 | 1— Tk 
1+ zk 1+ Ey "EE Tk +1 l-c-zky' 
Tk 
whence 
PQ) \ (1-2 Il 1— c 
Pel e CLE RM ltak 
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P(1) 

P(-1) 
2 


Problem 10. Consider the sequence of polynomials defined by P, (x) = x*—2 
and P;(z) = P,(Pj-1(«)) for j = 2,3,.... Show that for every positive integer 
n, the roots of the equation P, (x) = x are all real and distinct. 


(18th IMO—Shortlist) 


'This proves that is a real number, as desired. 


Solution. Put x = z+ z-!, where z is a nonzero complex number. Then 
Py(z) = x? — 2 = (z +271}? — 2 = z2? +277. A simple inductive argument 
shows that for all positive integers n, we have P,(x) = 27^ + 272". 

The equation P,,(x) = x is equivalent to aT 4+ 2-2" =z+z7!. We obtain 
2 —-goe7 tag, ie, 2271-1) = z7?" (2-1 — 1). It follows that 
(27-1 — Dome — 1) = 0. Because gcd(2" — 1, 2” + 1) = 1, the unique 
common root of the equations 72271 — 1 = 0 and z2"t! —1— 0i 2 — 1 
(see Proposition 1 in Sect. 2.2.2). Moreover, for every root of the equation 
(22-1 — 1) (27 *! — 1) = 0, we have |z| = 1, i.e., z7} = Z. Also, observe that 
for two roots z and w of (22 ^! — 1)(z?"+! — 1) = 0 that are different from 
1, we have 2+ z 1 = w--w 1 if and only if (z — w)(1 — (zw) 1) = 0. This is 
equivalent to zw = 1, i.e., w = z-! = Z, a contradiction to the fact that the 
unique common root of 22-1 — 1 = 0 and z2"t! —1— 0 is 1. 

It is clear that the degree of the polynomial P, is r As we have seen 


before, all the roots of P, (x) = x are given by x = z4-z l, where z = 1, z = 


2k 2k 2s 2 
cos i J-isin = k=1,...,2"—2, and z = cos ——— 2 +isin sl j 
— 2^ +1 2" 4-1 


Taking into account the symmetry E the expression z + z~!, we see that 
1 
the total number of these roots is 1 + = 5 lon- 2) + 37 — 2". and all of them 


are real and distinct. 


Here are other problems involving algebraic equations and polynomials. 


Problem 11. Let a, b, c be complex numbers with a zz 0. Prove that if the 
roots of the equation az? + bz + c = 0 have equal moduli, then ab|c| = |a|bc. 


Problem 12. Let z1, z2 be the roots of the equation z? + z + 1 = 0, and let 
Z3, za be the roots of the equation z? — z + 1 = 0. Find all integers n such 
that z7 + z3 = z3 + zł. 


Problem 13. Consider the equation with real coefficients 
z$ + ax® + bz* + ex? + ba? +ax +1 — 0, 


and denote by £1, £2,..., xg the roots of the equation. 
Prove that 


6 
lt a? +1) = (2a — cy". 
k=1 
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Problem 14. Let a and b be complex numbers and let P(z) = az? + bz +i. 
Prove that there exists zy € C with |zo| = 1 such that |P(zo)| > 1+ |a]. 


Problem 15. Find all polynomials f with real coefficients satisfying, for 
every real number x, the relation f(x) f (22?) = f (22? +2). 


(21st IMO—Shortlist) 
Problem 16. Find all complex numbers z such that 


(z—a*Y1-- 24-22) - -. 


(Mathematical Reflections, 2013) 
Problem 17. Determine all pairs (z,n) such that 
z+2z? +... +z” Snel, 
where z € C and |z| € Z4. 
(Mathematical Reflections, 2008) 


Problem 18. Let a,b, c, d be nonzero complex numbers such that ad — bc Æ 0, 
and let n be a positive integer. Consider the equation 


(ax +b)” + (ex +d)” — 0. 


(a) Prove that for |a| = |c|, the roots of the equation are situated on a line. 
(b) Prove that for |a| Z |c|, the roots of the equation are situated on a circle. 
(c) Find the radius of the circle when |a| Z |c]. 


(Mathematical Reflections, 2010) 


Problem 19. Let n be a positive integer. Prove that a complex number of 
absolute value 1 is a solution to z” 4- z 4-1 2 0 if and only ifn = 3m + 2 for 
some positive integer m. 


(Romanian Mathematical Olympiad—Final Round, 2007) 


Problem 20. Let a and b be two complex numbers. Prove that the following 
statements are equivalent: 


(1) The absolute values of the roots of the equation x? — ax +b = 0 are 
respectively equal to the absolute values of the roots of the equation 


z? —be+a=0. 
(2) a =b? orba. 


(Romanian Mathematical Olympiad—District Round, 2011) 
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5.3 From Algebraic Identities to Geometric Properties 


Problem 1. Consider equilateral triangles ABC and A' B'C', both in the 
same plane and having the same orientation. Show that the segments [AA'], 
[BB’], [CC"] can be the sides of a triangle. 


Solution. Let a, b, c be the coordinates of vertices A, B, C and let a’, b’, c' 
be the coordinates of vertices A’, B', C’. Because triangles ABC and A'B'C" 
are similar, we have the relation (see the remark in Sect. 3.3) 


111 
abc|=0. (1) 
a’ v c 


- 


That is, 
a'(b — c) -- (c — a) +c (a — b) — 0. (2) 


On the other hand, the following relation is clear: 
a(b — c) + b(c — a) + c(a — b) = 0. (3) 
By subtracting relation (3) from relation (2), we obtain 
(a^ — a)(b — c) 4- (i — b)(c — a) + (d — e)(a — b) = 0. (4) 
Passing to moduli, it follows that 
la! alb — e| < |b! — blle— al + Ie — ella — è. (5) 
Taking into account that |b—c| = |c—a| = |a—6|, we obtain AA’ € BB’+CC’. 


Similarly, we prove the inequalities BB’ < CC' -- AA' and CC’ € AA' - BB', 
and the desired conclusion follows. 


Remarks. 


(1) If ABC and A'B'C' are two similar triangles situated in the same plane 
and having the same orientation, then from (5), the inequality 


AA’. BC € BB'- CA CC'. AB (1) 


follows. This is the generalized Ptolemy inequality. Ptolemy’s inequality 
is obtained when the triangle A’ B'C' degenerates to a point. 

(2) Taking into account the inequality (1), we have also BB’ - CA < CC’. 
AB + AA! - BC and CC’. AB < AA’. BC + BB’ CA. It follows that 
for any two similar triangles ABC and A’B’C’ with the same orientation 
and situated in the same plane, we can construct a triangle of side lengths 
AA - BC, BB'. CA, CC’. AB. 
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(3) When the triangle A' B'C" degenerates to the point M, it follows from the 
property in our problem that the segments MA, M B, MC are the sides 
of a triangle, which follows from Pompeiu's theorem (see also Sect. 4.9.1). 


Problem 2. Let P be an arbitrary point in the plane of a triangle ABC. 
Then 
a: PB. PC-B- PC-PA-- «y: PA: PB > apy, 


where a, D,^y are the sides of ABC. 
Solution. Let us consider the origin of the complex plane at P and let 


à, b, c be the coordinates of the vertices of triangle ABC. From the algebraic 
identity 


bc ca ab 


a-e- * 6-96-a) * (c-ac-5 ^P z 


it follows if we pass to absolute values that 


Ib||e| le||a| |a||>| 
la—bdlla—e| |b—ellb—al |e—alle—b] ~ — 


(2) 


Taking into account that |a| = PA, |b] = PB, |c| = PC, and |b — e| = 
a, |c— a| = B, |a — b| = y, we see that the inequality (2) is equivalent to 
PB.PC  PC.PA  PA.PB. 


T 1, 
By ya aß 


which is the desired inequality. 


Remarks. 


(1) If P is the circumcenter O of triangle ABC, we can derive Euler’s 
inequality R > 2r. Indeed, in this case, the inequality is equivalent to 
R? (a + B +7) > aby. Therefore, 


2 _ 27 _ aby 4R apy 


zt = 2R 
a 4 84 2s 2s 4R 


AB 
_area[ABC] aiin 
E 
and hence R > 2r. 
(2) If P is the centroid G of triangle ABC, we obtain the following inequality 
involving the medians ma, mg, m: 


moamg | mgm-. 4 My Mo = 9 


aß By ya TL 


with equality if and only if triangle ABC is equilateral. A good argument 
for the case of acute triangles is given in the next problem. 
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Problem 3. Let ABC be an acute triangle and let P be a point in its interior. 
Prove that 


a: PB.PC-B-PC-PA-- «4: PA. PB — afy 
if and only if P is the orthocenter of triangle ABC. 
(1998 Chinese Mathematical Olympiad) 


Solution. Let P be the origin of the complex plane, and let a, b, c be 
the coordinates of A, B, C, respectively. The relation in the problem is 
equivalent to 


|ab(a — b)| + |bc(b — c)| + |ca(c — a)| = |(a — b)(b — c)(c — a)]. 


Let 


ab bc ca 


la- 9b- 9 ~~ balea ^ (é-B(a-5) 
It follows that 


Z] = 


\z1| + |z2| + |z3| = 1 and z1 + z2 + z3 = 1, 


the latter from identity (1) in the previous problem. 

We will prove that P is the orthocenter of triangle ABC if and only if 
Z1, Z2, Z3 are positive real numbers. Indeed, if P is the orthocenter, then 
since the triangle ABC is acute, it follows that P is in the interior of ABC. 
Hence there are positive real numbers r1, r2, r3 such that 


implying z1 = rır2 > 0, z2 = rara > 0, za = rari > 0, and we are done. 
Conversely, suppose that z1, z2, z3 are all positive real numbers. Because 


2 2 2 
2122 = b Z223 C Z321 E a 
Z3 es '" - (25) ! o zm - (5) í 
b c 
it follows that z ae are purely imaginary numbers, thus AP L 


BC and BP L CA, Em that P is the orthocenter of triangle ABC. 


Problem 4. Let G be the centroid of triangle ABC and let Ri, R2, R3 be 
the circumradii of triangles GBC, GC A, GAB, respectively. Then 


Rı + Rə + R3 > 3R, 


where R is the circumradius of triangle ABC. 
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Solution. In Problem 2, consider P the centroid G of triangle ABC. Then 
a-GB-GC+8-GC-GA+7-GA-GB > af, (1) 


where a, 8, V are the lengths of the sides of triangle ABC. 
But 


1 
a: GB - GC = 4R; - area[GBC] = ARS - 3area[ABC]. 


Likewise, 
1 1 
B-GC- GA —AR3- garealABC], y- GA -GB =4R3- gareal ABC]. 


Hence, the inequality (1) is equivalent to 


4 
3 
i.e., Rı + Rə + Rs = 3R. 


(Ri + R5 + R3). area [ABC] > AR. area [ABC], 


Problem 5. Let ABC be a triangle and let P be a point in its interior. Let 
Fa, Ha, Rz be the radii of the circumcircles of triangles PBC, PCA, PAB, 
respectively. Lines PA, PB, PC intersect sides BC, CA, AB at Ai, B4, Ci, 
respectively. Let 


Prove that kı R4 + ko Ra + ka Ra > R, where R is the circumradius of triangle 
ABC. 


(2004 Romanian IMO Team Selection Test) 


Solution. Note that 
area[P BC] n area[PC A] n area[P AB] 


area[ABO]’ ^ — area[JABC|! ? — area[ABC] 


-PB-P 
But area [ABC] = on and area [PBC] = SU ae Two similar rela- 


4Rı 
tions for area [PC A] and area [PAB] hold. 
'The desired inequality is equivalent to 
-PB-PC . PC- PA .PA- PB 
E ERE + R2 > 


R 
apy apy apy 


R, 


which reduces to the inequality in Problem 2. 
When triangle ABC is acute, it follows from Problem 3 that equality holds 
if and only if P is the orthocenter of ABC. 
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Problem 6. The following inequality holds for every point M in the plane of 
triangle ABC: 


AM? sin A+ BM? sin B + CM? sinC > 6- MG. area [ABC], 


where G is the centroid of triangle ABC. 


Solution. The identity 


z(y-z)*ty(z-z)*z(z-y)-(z-w(y-2)-a)z-ty-2) (1) 


holds for all complex numbers z, y, z. Passing to the absolute value, we 
obtain the inequality 


lz? (y = 2)| + ly? ( — 2)| + I (e — y)| 2 |e — vlly — zllz — alle +y + 2l. (2) 


Let a, b, c, m be the coordinates of points A, B, C, M, respectively. 
In (2), consider z = m — a, y = m — b, z = m — c, and obtain 


AM? -a + BM? - B + CM? -y > 3of4MG. (3) 
Using the formula area [ABC] = na and the law of sines, the desired 


inequality follows from (3). 


Problem 7. Let ABCD be a cyclic quadrilateral inscribed in circle C(O; R) 
having sides of length o, B, y, 6 and diagonals of length dy and do. Then 


a »yód; d» 


area[ABC D] > RR 


Solution. Take the center O to be the origin of the complex plane and 
consider a, b, c, d the coordinates of vertices A, B, C, D. From the well- 
known Euler identity 


3 


a 
2 (a8 — Ya — d) i (1) 
by passing to the absolute value, it follows that 
lal? 
>1. 2 
a er (2) 


The inequality (2) is equivalent to 


R3 
2o o re 
2AB A0 AD 2» (3) 


cyc 
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Or 


Y R?- BD. CD- BC > adi do. (4) 


cyc 


But we have the known relation BD- CD- BC = AR. area [BCD] and three 
other such relations. The inequality (4) can be written in the form 


4R*(area[ABC] + area[BC D] + area[C DA] + area[DAB]) > aßyôdıdə, 
or equivalently, 8R* area[ABCD] > aßyôdıdə. 
Problem 8. Leta, b, c be distinct complex numbers such that 
(a — 6)" + (b—c)’ +(c—a)’ =0. 
Prove that a, b, c are the coordinates of the vertices of an equilateral triangle. 


Solution 1. Setting x = a — b, y = b — c, z = c — a implies r +y +z =0 
and z^ + y" + z7 = 0. Since z # 0, we may set a = ~ and f = 4. Hence 
2 z 


a+ B = —1 and a’ + 6? = —1. Then the given relation becomes 
aÊ — o? B + a^? — a? B? + o? 8* — ap? + pË — 1. (1) 
Let s = a + 8 = —1 and p = ab. The relation (1) becomes 
(a8 + 8*) — plat + 8*) + p (o? + 6?) - p? =1. (2) 


Because o? + 6? = s? — 2p = 1 — 2p, 


at + pt = (a? 6°)" = 20? ga = (1 — 2p)? — 2p? = 1 — 4p + 2p?, 
a® + 6° = (a? + 6?)((a4 + 84) — a?8?) = (1 — 2p)(1 — 4p + p°), 


the equality (2) is equivalent to 
(1 — 2p)(1 — 4p + p°) - p(l — 4p + 2p?) + p*(1 — 2p) - p? = 1. 


That is, 1 — 4p + p? — 2p4 
ie. —7p? + 14p? — 7p +1 = 
p-— 1. 

If p = 0, then a = 0 or 8 = 0, and consequently, x = 0 or y = 0. It follows 
that a = b or b — c, which is false; hence p = 1. 

From of = 1 and a+ 8 = —1, we deduce that a and £ are the roots of 
the quadratic equation x? + z + 1 = 0. Thus a? = 8? = 1 and |a] = |8| = 1. 
Therefore, |x| = |y| = |z|, or |a — b| = |b — e| = |c — al, as claimed. 


8p? 2p! — p + 4p* — 2p? + p° - 2 - p? = 1; 
1. We obtain 7p(p — 1)? = 0, and hence p = 0 or 


Solution 2. Let z =a-— b, y=b-—c, z-c-— a. Because z +y +z = 0 and 
z' +y’ +27 = 0, we find that (x + y)! — x" — y? = 0. This is equivalent to 
Txy(x + y)(a? + xy + y?)? — 0. 
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But xyz Æ 0, so x? + zy +y? = 0, i.e., 2? = y?. From symmetry, x? = 
y? = z?, whence |z| = |y| = |z]. 


Problem 9. Let M be a point in the plane of the square ABCD and let 
MA = z, MB = y, MC = z, MD = t. Prove that the numbers 
zy, yz, zt, tx are the sides of a quadrilateral. 


Solution. Consider the complex plane such that 1,i,—1,—i are the 
coordinates of vertices A, B, C, D of the square. If z is the coordinate 
of point M, then we have the identity 


l(z—i)(z-1)-4i(z-41)(z-4i)—l(z-oi)(z—1)—i(z—1)(z-—31)-0. (1) 


and using the triangle inequality, we obtain 


iz — illz 4- 1] - |z + 1]|z - i| 4- |z - i||z — 1| > |z — M|z — i|, 


or yz + zt + tx > xy. 
In the same manner, we prove that 


xy + zt+ tr > yz, vy +yz+tr zt 
and xy + yz + zt > tz, as needed. 


Problem 10. Let z1, z2, za be distinct complex numbers such that |z1| = 
|z2| = |z3| = R. Prove that 


1 1 1 1 


I I 
la —z»|z-—zs| z2- zillz2 — z3| ` |z3 — zıllz3 — z2| — R? 


Solution 1. The following identity is easy to verify: 
EE SEE 


xcu a e aa 


Passing to the absolute value, we find that 


Ho |S LEcae 
(21 — z2)(z1 — za) ES |z1 — zo||z1 — za 


cyc cyc 


which is the desired inequality. 
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Solution 2. Let 
a = |z — 23|, 8 = |z3 — zl y = |z1 — 22l. 
From Problem 29 in Sect. 1.1.9, we have 
aß + B^ + yo € 9R?. 


Using the inequality 


(ab + By + yo) (Stat z ) >9 


aB By ya 
yields 
1 1 1 9 1 
+ Z 2 , 
ab by ya~ ae By py R? 
as desired. 


Remark. Consider the triangle with vertices at z1, Z2, z3 and whose cir- 
cumcenter is the origin of the complex plane. Then the circumradius R equals 
|z1| = |z2| = |z3|, and the side lengths are 

a = |z2 — zal; B = |z — 23b Y = |a — zol. 
The above inequality is equivalent to 


—- 
aß By we R? 


i.e., 
aby 4K 4sr 
t by > = = i 
a+b +72 TRR 


We obtain R > 2r, i.e., Euler's inequality for a triangle. 


Problem 11. Let ABC be a triangle and let P be a point in its plane. 
(1) Prove that 


a- PA? + 8- PB? +y- PC? > 3ofy PG, 


where G is the centroid of ABC. 
(2) Prove that 


R?(R? — 4r?) > 4? SR? — (o? + 8? +°). 


Solution. 


(1) The identity 


z^(y— 2) ty (zx) + z(z-y)- (x-y) -— 3)(- x) yz) (1) 
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holds for all complex numbers zr, y, z. Passing to absolute values, we 
obtain 


Izl*ly — z| + lul — z| + ze — yl > In — ylly — zllz — alle + y + 2l. 


Let a, b, c, zp be the coordinates of A, B, C, P, respectively. In the 
equation above, take x = zp— a, y = zp — b, z = zp — c and obtain the 
desired inequality. 

(2) If P is the circumcenter O of triangle ABC, after some elementary trans- 
formations, the previous inequality becomes R? > 6r- OG. Squaring 
both sides yields R^ > 36r? . OG?. Using the well-known relation 


1 
OG? = R? — x (a? +8” +7"), we obtain Rt > 36R?r? — 4r? (o? B? +97), 


and the conclusion follows. 


Remark. The inequality (2) improves Euler's inequality for the class of 
obtuse triangles. This is equivalent to proving that o? 4-0? 4? < 8R? in every 
such triangle. The last relation can be written as sin? A-- sin? B - sin? C < 2, 
or cos? A + cos? B — sin? C > 0. That is, 


1+cos2A 1+cos2B 


5 5 1 + cos? C > 0, 


which reduces to cos(A + B) cos(A — B) + cos? C > 0. This is equivalent to 
cos C[cos(A — B) + cos( A + B)] < 0, i.e., cos A cos B cos C < 0. 


Here are some other problems involving this topic. 


Problem 12. Let a, b, c, d be distinct complex numbers with |a| = |b| = 
\c| = |d| anda+b+c+d=0. 


Then the geometric images of a, b, c, d are the vertices of a rectangle. 


Problem 13. The compler numbers z; i = 1,2,3,4,5, have the same 
nonzero modulus, and 


5 
NS em qe 


i=1 i=1 
Prove that zi, zo, ...,25 are the coordinates of the vertices of a regular 
pentagon. 


(Romanian Mathematical Olympiad—Final Round, 2003) 


Problem 14. Let ABC be a triangle. 
(a) Prove that if M is any point in its plane, then 


AM sin A € BM sin B -- CM sinC. 
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(b) Let A1, Bı, Cy be points on the sides BC, AC and AB, respectively, 
such that the angles of the triangle A,B,C, are in this order a, D, vy. 
Prove that 


XAA sina < 5 BC sina. 


cyc cyc 
(Romanian Mathematical Olympiad—Second Round, 2003) 


Problem 15. Let M and N be points inside triangle ABC such that 
MAB = NAC and MBA = NBC. 


Prove that 


AM:AN BM:BN  CM.CN _, 
AB.AC  BA.BC | CACB" 


(39th IMO— Shortlist) 


5.4 Solving Geometric Problems 


Problem 1. On each side of a parallelogram, a square is drawn external to 
the figure. Prove that the centers of the squares are the vertices of another 
square. 


Solution. Consider the complex plane with origin at the intersection point 
of the diagonals and let a,b,—a,—b be the coordinates of the vertices 
A, B, C, D, respectively. 

Using the rotation formulas, we obtain 


b ; 
b = zo, + (a — zo, )(—i) or zo, = IL 
Likewise, 
a — bi —b — ai —a 4 bi 
z = Zz 
One quasque = queer OET eg 
It follows that 
NONSE euo) Nai o, -ar i a = argi = 2 
EOS IR M 5 ac bi — b — ai E 2 
sO O105 = O104, and 
—— 20, — ZO —a-4 bi 4- b -- ai o T 
020304 = : t= = ——, 
por M ODD. is a — bi - b -- ai rd 2 


so O304 = 0302. Therefore, O1020304 is a square. 
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Problem 2. Given a point on the circumcircle of a cyclic quadrilateral, prove 
that the products of the distances from the point to any pair of opposite sides 
or to the diagonals are equal. 


(Pappus's theorem) 


Solution. Let a, b, c, d be the coordinates of the vertices A, B, C, D ofthe 

quadrilateral and consider the complex plane with origin at the circumcenter 

of ABCD. Without loss of generality assume that the circumradius equals 1. 
The equation of line AB is 


aal 
bb1;/=0 
z1 


This is equivalent to 
z(a — b) — Z(a — b) = ab — ab, i.e., z +abZ — a +b. 


Let point Mı be the foot of the perpendicular from a point M on the 
circumcircle to the line AB. If m is the coordinate of point M, then (see the 
proposition in Sect. 4.5) 


m — abm -4- a 4- b 
2 


Zm, = 


and 


— alim — ay(m — b 
(M, AB) = |m- mi| = |m m Ale a)(m — b) 


2 2m 
since mm = 1. 
Likewise, 

am, Bo) - |P=], at, cp) - [730-9 

d(M, DA) = [p-20-3 , d(M, AC) = [mane , 
and 

d(M, BD) = | LS yin - d) | 

Thus, 


d(M, AB) d(M, CD) =d(M, BC)-d(M, DA) 2 d(M, AC)-d(M, BD), 


as claimed. 
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Problem 3. Three equal circles CA(O1; r), Co(Os;r), and C3(Os;r) have a 
common point O. Circles Cı and C2, C2 and C3, C3 and C1, meet again at 
points A, B, C respectively. Prove that the circumradius of triangle ABC is 
equal to r. 


(Tzitzeica's! ^five-lei-coin problem") 


Solution. Consider the complex plane with origin at point O and let 
Z1, 22, 23 be the coordinates of the centers O1, O2, Os, respectively. It fol- 
lows that points A, B, C have the coordinates z1 + 22, z2+23, 23 + 21, and 
hence 


AB — \(z1 + 22) = (z2 + 23)| = E — zal = 0103. 


Likewise, BC = O10» and AC = O303; hence triangle ABC and O10203 are 
congruent. Consequently, their circumradii are equal. Since OO, = OO» = 
OO3 = r, the circumradii of triangles O10203 and ABC are both equal to 
r, as desired. 


Problem 4. On the sides AB and BC of triangle ABC, draw squares with 
centers D and E such that points C and D lie on the same side of line AB 
and points A and E lie on opposite sides of line BC. Prove that the angle 
between lines AC and DE is equal to 45°. 


Solution. The rotation about E through angle 90? maps point C to point 
B; hence 
ZB — Zot 


zB = zg + (zo — zg)i and zg = TEF 


ar ZB — ZA 
Similarly, zp = ————— 


— a Y 
The angle between the lines AC and DE is equal to 


_ - 1-i l-i 
i EC — ZA _ aig (zc zAX i = arg = = arg(1 + i) = x 
ZE — ŽD ZB — ŽC% — ZB T Z4 =i : 


as desired (Fig. 5.1). 


Remark. If on the sides AB and BC of the triangle ABC, we draw rect- 
angles with centers D and E, satisfying the same conditions, then the angle 
between lines AC and DE is equal to 90? — BAD. 


Problem 5. On the sides AB and BC of triangle ABC, equilateral triangles 
ABN and ACM are drawn external to the figure. If P, Q, R are the midpoints 
of segments BC, AM, AN, respectively, prove that triangle PQR is equilateral. 


Solution. Consider the complex plane with origin at A and denote by 
the corresponding lowercase letter the coordinate of a point denoted by an 
uppercase letter (Fig. 5.2). 


1 Gheorghe Tzitzeica (1873-1939), Romanian mathematician, made important contribu- 
tions in geometry. 
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Figure 5.1. 


Figure 5.2. 


The rotation about center A through angle 60° maps points N and C to 
B and M, respectively. Setting € = cos 60? + i sin 60°, we have b = n - € and 
m = c: €. Thus 
b+c m ce n b be? be? 
p= ge r 


2" 2 2" 2 2€ 2 2 


To prove that triangle PQR is equilateral, using Proposition 1 in Sect. 3.4, it 
suffices to observe that 


P +E tr? = pq - qr + rp. 


Problem 6. Let AA'BB'CC' be a hexagon inscribed in the circle C(O; R) 
such that 


AA' = BB' = CC' =R. 
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If M, N, P are midpoints of sides A' B, B'C, C'A respectively, prove that 
triangle M N P is equilateral. 


Solution. Consider the complex plane with origin at the circumcenter O and 
let a, b, c, a’, b', c' be the coordinates of the vertices A, B, C, A’, B', C', 
respectively. If € = cos 60? + i sin 60°, then 


a’ =a-e, b =b-e, c —c.e. 
'The points M, N, P have the coordinates 


ae +b be +c ce+a 
> n= > p= i 
2 2 2 


m — 


It is easy to observe that 
3 ad qupd ; 
m+n +p = mn + np + pm; 
therefore, MNP is an equilateral triangle (see Proposition 1 in Sect. 3.4). 


Problem 7. On the sides AB and AC of triangle ABC, squares ABDE and 
ACFG are drawn external to the figure. If M is the midpoint of side BC, 
prove that AM L EG and EG = 2AM. 


Solution. Consider the complex plane with origin at A and let b, c, g, e, m 
be the coordinates of points B, C, G, E, M (Fig. 5.3). 


Observe that g = ci, e = —bi, m = A: hence 


m—a —(b+c) i 
g-e 2(b+c) 2 


and 
| | s | 
m — a| = -le — gl. 
a 5 e-g 
Thus, AM L EG and 2AM = EG. 


Problem 8. The sides AB, BC, andCA of the triangle ABC are divided into 
three equals parts by points M, N;P, Q; and R, S, respectively. Equilateral 
triangles MN D, PQE, RSF are constructed exterior to triangle ABC. Prove 
that triangle D E F is equilateral. 


Solution. Denote by the corresponding lowercase letters the coordinates of 
the points denoted by uppercase letters. Then 


2a +b a+ 2b 2b+c¢ 

= n= » p= , 
3 3 3 

b+ 2c 2c+a c+ 2a 

= t= e= . 
3 3 3 
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E ain 
LA 


Figure 5.3. 


The point D is obtained from point M by a rotation with center N and angle 
60° (Fig. 5.4). 


E 
Figure 5.4. 


Hence T b 
d — n4 (m geo "= te- E 


where £ = cos 60? + i sin 60°. Likewise, 
_ b6+2¢+ (b — c)e 


e=qt (p— ge 3 
and á 
faatt ga = 


Since 
f-d ct+a-—2b+(b+c-—2a)e 
e-d 2c-a-b4 (2b—a- c)e 
&(b 4- c — 2a + (c - a — 20)(—&?)) 
7 2c— a — b + (2b — a — c)e 
e(b+ c — 2a) + (c+ a — 26)(e — 1)) 
2c— a— b 4 (2b—a— c)e 


— E, 
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we have FDE = 60° and FD = FE, so triangle DEF is equilateral. 


Problem 9. Let ABCD be a square of side length a and consider a point P 
on the incircle of the square. Find the value of 


PA? + PB? + PC? + PD?. 


Solution. Consider the complex plane such that points A, B, C, D have 
coordinates 


ZA FFB FST h e= 


Let zp = 5 (cosa + isin x) be the coordinate of point P (Fig. 5.5). 


B 


AN 
WY 


D 


Figure 5.5. 


Then 


PA?+PB?+PC?+PD*=|z4—zp|?+|zp—zp|*+|ze — zp|? + |zp — zp|? 


2 2 
= lea - 2bY(z3 — P) = 47 4 E 5 


(2cosa + 2cos (z z) + 


cyc 


3 2 
+2 cos(x + 7) + 2 cos (e+ z)) +45 = 2a7 +0 +a? = 3a’. 


Problem 10. On the sides AB and AD of the triangle ABD draw externally 
squares ABEF and ADGH with centers O and Q, respectively. If M is the 
midpoint of the side BD, prove that OM Q is an isosceles triangle with a right 
angle at M. 


Solution. Let a, b, d be the coordinates of the points A, B, D, respectively 
(Fig. 5.6). 
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B M D 
Figure 5.6. 


The rotation formula gives 


a — Zo | d—zQ = 
b — zo a—zQ 


sO 
b — b)i 
gu ETIAM gas cs 


a 4- d (d — a)i 
B RE a 


2 


d 
The coordinate of the midpoint M of segment [B D] is Zm = ote. hence 


Zo — 2M _a-d+(a—b)ji_, 
ZQ — 2M —&-—b4 (d— ay m 


Therefore, QM L OM and OM = QM, as desired. 


Problem 11. On the sides of a convex quadrilateral ABCD,  equilat- 
eral triangles ABM and CDP are drawn external to the figure, and equi- 
lateral triangles BCN and ADQ are drawn internal to the figure. Describe 
the shape of the quadrilateral M N PQ. 


(23rd IMO—Shortlist) 


Solution. Denote by the corresponding lowercase letter the coordinate of a 
point denoted by an uppercase letter (Fig. 5.7). 
Using the rotation formula, we obtain 


m — a4 (b—a)e, n2 c4 (b — c)e, 
p — c- (d— c)e, q — a (d — a)e, 


where 
€ = cos 60? + isin 60°. 
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Figure 5.7. 


It is easy to see that 
m+p=a+ct+(b+d—-—a-—cle=n+q, 
whence MNPQ is a parallelogram or points M, N, P, Q are collinear. 


Problem 12. On the sides of a triangle ABC draw externally the squares 
ABMM', ACNN', and BCPP’. Let A’, B', C' be the midpoints of the 
segments M'N', P'M, PN, respectively. 

Prove that triangles ABC and A' B'C' have the same centroid. 


Solution. Denote by the corresponding lowercase letter the coordinate of a 
point denoted by an uppercase letter (Fig. 5.8). 
Using the rotation formula, we obtain 


n' — a4 (c — a)i and m =a + (b — a)(—i); 
hence 


, m tw"  2ac(c-b)i 


Likewise, 
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Figure 5.8. 


Triangles A'B'C" and ABC have the same centroid if and only if 


a +b +e a+b+c 
3 3 i 


Since 


. 2a+2b+2c+(c—b+a—-c+b-a)i 


/ b’ / 
a +0 +c 2 


the conclusion follows. 


Problem 13. Let ABC be an acute triangle. On the same side of line AC 
as point B, draw isosceles triangles DAB, BCE, AFC with right angles at 
A, C, F, respectively. 

Prove that the points D, E, F are collinear. 


Solution. Denote by the corresponding lowercase letters the coordinates of 
the points denoted by uppercase letters. The rotation formula gives 


d=a+(b—a)(-i), e- cc (b—c)i, a= f -(c— fyi. 


Then 


a—ci a+c+(a—c)h d+e 
~ aisi 2 EE 
so points F, D, E are collinear. 


Problem 14. On sides AB and CD of the parallelogram ABCD, draw 
external equilateral triangles ABE and C DF. On the sides AD and BC, 
draw external squares of centers G and H. 

Prove that EH FG is a parallelogram. 
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Solution. Denote by the corresponding lowercase letter the coordinate of a 
point denoted by an uppercase letter. 
Since ABCD is a parallelogram, we have a+ c = b + d (Fig. 5.9). 
The rotations with 90? and centers G and H map the points A and C into 
D and B, respectively. Then d — g = (a — g)i and b — h = (c — h)i, whence 
d — ai b — ci 
I=; and h = Ta 
The rotations with angle 60° and centers E and F map the points B and 
D into A and C, respectively. Then a — e = (b — e)e and c — f = (d — f)e, 


—b —d 
where £ = cos 60? + isin60?. Hence e = — and f = E E 


l-e 
Observe that 
d+b— j = j 
"T + (a+eji _ (ate) Cha) er 
1-7 1-21 
and 
gp Oe OE nue 


l—-e l-e 
hence EHFG is a parallelogram. 


Problem 15. Let ABC be a right triangle with C = 90° and let D be the foot 
of the altitude from C. If M and N are the midpoints of the segments [DC] 
and |B D], prove that lines AM and CN are perpendicular. 


Solution 1. Consider the complex plane with origin at point C, and let 
à, b, d, m, n be the coordinates of points A, B, D, M, N, respectively 
(Fig. 5.10). 

Triangles ABC and C DB are similar with the same orientation; hence 


a-d 0-d pd- a 
d—0 d—b | a+b 
'Then 
d ab and b+d  2ab4 
= — = —— ni n = = " 
m9 ~ 2(a4 0) 2 2a+by) 
Thus 
ab 
-a | 2(a + b) u O T 
arg es AS O abt o -ag(-i)- 5: 
2(a + b) 


so AM LCN. 
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E 


Figure 5.9. 
B 
N 
D 
C A 
Figure 5.10. 


Solution 2. Using the properties of the real product in Proposition 1, 
Sect. 4.1, and taking into account that CA L CB, we have 


caecos (ger) (8) 
- (eget) ' Can = sot > 


(a-b) — 0. 
The conclusion follows from Proposition 2 in Sect. 4.1. 


Problem 16. Let ABC be an equilateral triangle with circumradius equal to 
1. Prove that for every point P on the circumcircle, we have 


PA? + PB? + PC? — 6. 
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Solution. Consider the complex plane such that the coordinates of points 
A, B, C are the cube roots of unity 1,6,&?, respectively, and let z be the 
coordinate of point P. Then |z| = 1, and we have 


PA? + PB? + PC? = |z — A + |z- el? + |z — e^? 
= (z—1)(z-1)-(z-—e&)-E) 
—3|z — (102 e e?)z - (0c EJ 
=3-0-27-0-z+1+1+1=6, 


as desired. 


Problem 17. Point B lies inside the segment [AC]. Equilateral triangles 
ABE and BCF are constructed on the same side of line AC. If M and 
N are the midpoints of segments AF and CE, prove that triangle BMN is 
equilateral. 


Solution. Denote by the corresponding lowercase letter the coordinate of a 
point denoted by an uppercase letter. The point E is obtained from point B 
by a rotation with center A and angle 60°; hence 


e=a+(b—a)e, where € = cos 60° + isin 60°. 


Likewise, f = b+ (c — b)e. 
'The coordinates of points M and N are 


a 4- b 4- (c — b)e c4 a4 (b — a)e 
———3 —— and n = ——, —_—. 


m 
It suffices to prove that 
n-— 


; = £. Indeed, we have 
m — b= (n — b)e 
if and only if 
a — b+ (c — b)e = (c +a — 2b)e + (b — a)&?. 


That is, 


as needed. 


Problem 18. Let ABCD be a square with center O and let M, N be the 
midpoints of segments BO, CD respectively. 
Prove that triangle AM N is an isosceles right triangle. 


Solution. Consider the complex plane with center at O such that 1i, — 1, —i 
are the coordinates of points A, B, C, D, respectively (Fig. 5.11). 
i aa al 
The points M and N have coordinates m = > and n = 5 t so 
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a-m 2 u 2—i z 
n—-m -l-i i -1-2i 


2 2 
Then AM 1. MN and AM = NM, as needed. 


i: 


Problem 19. In the plane of the nonequilateral triangle A} A9 A3 consider 
points Bı, B2, Bs such that triangles A, A2B3, A24A3Bı and A3Aı Bə are 
similar with the same orientation. 

Prove that triangle Bı B2B is equilateral if and only if triangles A; A2 Bs, 
Aj A3B,, A3Aı B2 are isosceles with bases A1 A2, A243, A3A, and base 
angles equal to 30°. 


Solution. Triangles A; A2B3, A2A3B,, A3A41B» are similar with the same 


b3 — a» by — a3 b2 — ay 
orientation; hence = = = z. Then 
a, — ag a2 — a3 a3 — ay, 


b3 = a2 + z(a1 — a2), bı = aa + z(a2 — a3), b2 = a1 + z(as — a1). 
Triangle Bı B2B3 is equilateral if and only if 
by + eb2 + "bs = 0 or bı + &ba + "bo =0. 


Assume that the first is valid. 
Then we have 


b, + &ba + €7b3 = 0 if and only if 
a3 + z(a» — a3) + €a4 + ez(ag — a4) + €7a9 + &?z(a, — az) = 0, i.e., 


a3 +€a, + €7a9 + 2(d2 — a3 + €a3 — €a, + &?a, = €?a3) =0. 
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The last relation is equivalent to 


z[as(1 — e)(1 + €) — aye(1 — £) — a3(1 — £€)] = —(a3 + &a1 + £^a3), 
i.e., 


a3 + £a +€7a 1 1 Tw 
z= a : - = = — (cos 30° + i sin 30°), 
(l—e)(ag3 + £a +e7a2) 1l-e v3 


which shows that triangles A; A2B3, A2A3B,, and A341 B3 are isosceles with 
angles of 30°. 
Notice that a3 + £a, + £?a3 #0, since triangle A, A» A3 is not equilateral. 


Problem 20. The diagonals AC and CE of a regular heragon ABCDEF are 
divided by interior points M and N, respectively, such that 

AM CN _ 

AU g” 
Determine r knowing that points B, M, and N are collinear. 


(23rd IMO) 


Solution. Consider the complex plane with origin at the center of the regular 
hexagon such that 1, e, &?, e, &*, e5 are the coordinates of the vertices 


B, C, D, E, F, A, where 


l4 i3 
2 


UNE . T 
E = cos isin — = 
3 3 


Since 
MC NE l-r 
MA NC ro! 


the coordinates of points M and N are 

m — er - e*(1— r) 
and 

n — &r -- e(1— r), 


respectively (Fig. 5.12). 
m—1 


1 € R*. We have 


The points B, M, N are collinear if and only if 
n-— 


m-—1-er-e(1-r)-1-esr-&(1-r)-1 


QE. EM r)= la dg. 1) 
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D C 

E B 
F A 
Figure 5.12. 


and 
nus 
n-l=er+e(1—r)-1l=-rt+ say r)-1 
1 3r i3 
T ND, 2 
hence 
m—-1 -1l-iV3(2-1) ds 


n-l  —(148r) +iV3(1—r) 
if and only if 
V3(1— r) — (1+ 3r) - V3(2r — 1) = 0. 


1 1 
This is equivalent to 1 — r = 6r? — r — 1, i.e., r? = y It follows that r = —. 


V3 


Problem 21. Let G be the centroid of quadrilateral ABCD. Prove that if 
lines GA and GD are perpendicular, then AD is congruent to the line segment 
joining the midpoints of sides AD and BC. 


Solution. Consider a, b, c, d, g the coordinates of points A, B, C, D, G, 
respectively. Using properties of the real product of complex numbers, 
we have 


GA L GD if and only if (a — g)- (d — g) = 0, i.e., 


a+b+c+d a+b+c+d 
a 1 -(d j —0 


That is, 
(3a4—b—c—d)-(3d—-a—b—c) -0, 


and we obtain 
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The last relation is equivalent to 


(a--d—b—c)-(a--d—b— c) —-4(a— d): (a — d), i.e., 


at+d b+c 
: 2 = la — dļ?. (1) 


Let M and N be the midpoints of the sides AD and BC. The coordinates 


b 
of points M and N are ave and TE hence relation (1) shows that 


2 
MN = AD, and we are done. 


Problem 22. Consider a convex quadrilateral ABCD with nonparallel 
opposite sides AD and BC. Let Gi, Gs, G3, G4 be the centroids of the 
triangles BCD, ACD, ABD, ABC, respectively. Prove that if AG, = BG» 
and CG3 = DG4, then ABCD is an isosceles trapezoid. 


Solution. Denote by the corresponding lowercase letter the coordinate of a 
point denoted by an uppercase letter. Setting s = a + b + c + d yields 


_b+c+d s-a  s8—b | 4 s—d 
n= 3 7^3 > g2 — 3 | B= : 


The relation AG; = BG» can be written as 


la — gi| = |b — g2|, that is, |4a — s| = |4b — s|. 


Using the real product of complex numbers, we see that the last relation is 
equivalent to 


(4a — s) - (4a — s) = (4b — s) - (4b — s), i.e., 
16|a|? — 8a. s = 16|b|? — 8b - s. 


We obtain 
2(lal? — bl’) = (a — b) - s. (1) 


Likewise, we have 
CG3 = DG, if and only if 2(|c|? — |d|?) = (c — d) - s. (2) 
Subtracting the relations (1) and (2) gives 
2(lal? — |b)? — |e? + |d|?) = (a — b — c-- d) - (a +b+ e d). 


That is, 
2(laP — |b|? — le]? + |d|’) = |a + d? — |b +e)”, i.e., 
2(aa — bb — cc + dd) = ac + ad + ad + dd — bb — be — bc — cc. 


224 5 Olympiad-Caliber Problems 


We obtain 
aa — ad — ad + dd = bb — bc — bc + cc, i.e., 
la — d? = |b — e?. 
Hence 
AD = BC. (3) 
Adding relations (1) and (2) gives 


(lal? — |b|? — |d|? + lel?) = (a — b— d+c): (a -- b -- e -- d), 


and similarly, we obtain 
AC = BD. (4) 


From relations (3) and (4), we deduce that AB ||C D, and consequently, ABCD 
is an isosceles trapezoid. 


Problem 23. Prove that in every quadrilateral ABCD, 
AC? . BD? = AB? . CD? + AD? BC? — 2AB - BC. CD- DA. cos(A + C). 
(Bretschneider relation, or a first generalization of Ptolemy's theorem) 


Solution. Let zA, zB, zc, zp be the coordinates of the points A, B, C, D 
in the complex plane with origin at A and point B on the positive real axis 
(see Fig. 5.13). 
Using the identities 
(za — 2c)(zB — zp) = —(24 — 2B) (2p — 2c) — (2a — zn)(*c — zB) 


and 


(za — 2c)(2B — zp) = —(Za — zB)(zp — 2c) — (24 — zp)(2c — zn), 


Figure 5.13. 
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by multiplication we obtain 
AC? - BD? = AB*. DC? AD. BC? +z +Z, 


where 


z = (za — zB)(zp — zo )(za — zp)(zc — ZB). 


It suffices to prove that 


z +Z = —2AB -BC -CD DA- cos(A + C). 


We have 
za — zg = AB(cosm +isinz), 
zp — zc = DC[cos(27r — B — C) + isin(2r — B — C), 
ZA-— zp = DAlcos(m — A) +isin(a — A)], 
and 
zc — zp = BC[cos(r + B) + isin(a + B). 
Then 


z +Z =2Rez = 2AB- BC CD: DAcos(5r — A — C) 
= —2AB- BC. CD- DA- cos( A + C), 


and we are done. 

Remark. Since cos(A + C) > —1, this relation gives Ptolemy's inequality 
AC- BD € AB- DC + AD- BC, 

with equality only for cyclic quadrilaterals. 


Problem 24. Let ABCD be a quadrilateral and AB = a, BC = b, CD = 
C, DA= d, AC = di, and BD = d». 
Prove that 


dla? d +b’? — 2abed cos(B — D)| = d?[a?t? + c?d? — 2abcdcos(A — C]. 
(A second generalization of Ptolemy's theorem) 


Solution. Let z4, zB, zc, zp be the coordinates of the points A, B, C, D 
in the complex plane with origin at D and point C on the positive real axis 
(see Figure 5.13 but with different notation). 

Multiplying the identities 


(zB — 2p)[(za — 28)(24 — zn) — (zc — za)(e — z)] 


= (zc — za) : [(zB — zA)(«B — 2c) — (zp — zAY(zp — zc)] 
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and 


(zB — 2p)l(z4 — 28)(24 — zn) — (20 — 2B) (20 — 2D)! 
= (zc — Za): [(2B — zA)(z8 — 2c) — (zp — zA)(2n — 20)| 


yields 


dila? - d? +0? - c? — (za — zB)(zA — zp) 
—(zc — zB)(*c — zp)(zA — 2B) 
= ja? -P +e- d — (za — za) (zp — zc 


—(zp — za)(zp — zc)(zB = 2a) 


— 


zc — zB)(2c — zp) 
ZA — 2p)| 


— 


(zp — Za) (ZD — zc) 
ZB — zc]. 


— cl 


It suffices to prove that 


2Re(z4 — zp)(zA — zp)(zc — ZB) (Zc — zp) = 2abcd cos(B — D) 


and 
2Re(zp — zA)(zn — zo)(zB — zA)(zp — Zc) = 2abcd cos(A — C). 
We have 
ZB — za =alcos(7 + A+ D) +isin(r + A+ D)], 
zg — zo = b[cos(x — C) + isin(r — C)], 
Zp — z4 = d[cos(x — D) + isin(x — D)], 
zp — 2c = c[cos« + isinz], 
ZA — zg =alcos(A+ D) + isin(A + D)], 
ZA — zp = d(cos D + isin D), 
zc — 2p = b(cos B + isin B), 
zc — Zp = C(cos0 + isin 0); 
hence 


2Re(z4 — zB)(za — zp)(ze — ZB) (Zc — zp) 
= 2abcd cos( A + D+ D + C) = 2abcd cos(2x — B+ D) = 2abcd cos(B — D) 


and 


2Re(zpn — zA)(zn — zo)(zp — zA)(zp — zc) 
= 2abed cos(n + A+ D-*—C tm —D-m) 
= 2abcd cos(4a + A — C) = 2abcd cos( A — C), 


as desired. 
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Remark. If ABCD is a cyclic quadrilateral, then B+ D = A+C = m. 
It follows that 


cos(B — A) = cos(2B — 7) = — cos 2B 
and 
cos(A — C) = cos(2A — x) = — cos24A. 


The relation becomes 
d5|(ad + bc)? — 2abed(1 — cos 2B)] = d?[(ab + cd)? — 2abcd(1 — cos 2A)]. 
This is equivalent to 
d3(ad + bc)? — 4abcdd2 sin? B = d? (ab + cd)? — 2abcdd? sin? A. (1) 


The law of sines applied to the triangles ABC and ABD with circumradii 
R gives di = 2Rsin B and d2 = 2Rsin A, hence dı sin A = d5sin B. The 
relation (1) is equivalent to 


d2 (ad + bc)? = d? (ab + cd)”, 


and consequently, 


do ab+cd 
di ad + bc ( ) 


Relation (2) is known as Ptolemy’s second theorem. 


Problem 25. In a plane, three equilateral triangles OAB, OCD, and OEF 
are given. Prove that the midpoints of the segments BC, DE, and FA are the 
vertices of an equilateral triangle. 


Solution. Consider the complex plane with origin at O and assume that 
triangles OAB, OCD, OEF are positively oriented. Denote by the corre- 
sponding lowercase letter the coordinate of a point denoted by an uppercase 
letter. 

Let £ = cos 60° + i sin 60°. Then 


b=ae, d= ce, f = ee 


and 


b+c aet+c d+e ce+e f+a ece+a 
= = n = = = = x 
2 a 2 pt =9 2 


Triangle M NP is equilateral if and only if 


m wn +w*p=0, 
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where 
w = cos120? + isin 120° = 2°. 


Because 


m 4- &?n 4- ep 2 m 4 en ep — 5 (ae € c c+ ec? — ee? — ca) = 0, 


we are done. 


We invite the reader to solve the following problems using complex 
numbers. 


Problem 26. Let ABC be a triangle such that AC? + AB? = 5BC?. Prove 
that the medians from the vertices B and C are perpendicular. 


Problem 27. On the sides BC, CA, AB of triangle ABC, the points 
A’, B', C' are chosen such that 


AB BIC CA 
AC B'A C'B 
Consider the points A", B", C" on the segments B'C', C'A', A'B' such that 


A" C” C" B' B"A 
A" B' C" A! B"C'" 
Prove that triangles ABC and A" B"C" are similar. 


Problem 28. Prove that the following inequality is true in every triangle: 


R_ mg 
kp MS 
2r — hs 


Equality holds only for equilateral triangles. 


Problem 29. Let ABCD be a quadrilateral inscribed in the circle C(O; R). 
Prove that 


AB? + BC? + CD? + DA? = 8R? 
if and only if AC L BD or one of the diagonals is a diameter of C(O; R). 
Problem 30. On the sides of the convex quadrilateral ABCD, equilateral 


triangles ABM, BCN, CDP and DAQ are drawn external to the figure. 
Prove that quadrilaterals ABCD and MN PQ have the same centroid. 


Problem 31. Let ABCD be a quadrilateral and consider the rotations 
Ri, Re, Ra, Ra with centers A, B, C, D through angle a in the same 
direction. 
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Points M, N, P, Q are the images of points A, B, C, D under the 
rotations Rə, R3, Ra, Ri, respectively. 

Prove that the midpoints of the diagonals of the quadrilaterals ABCD and 
MN PQ are the vertices of a parallelogram. 


Problem 32. Prove that in every cyclic quadrilateral ABCD, the following 
hold: 


(a) AD + BC cos(A + B) = AB cos A+ CD cos D. 
(b) BC sin(A + B) = AB sin A-CD sin D. 


Problem 33. Let Og, I, G be the nine-point center, the incenter, and the 
centroid, respectively, of a triangle ABC. Prove that lines OoG and AI are 


perpendicular if and only if À = i 


Problem 34. Two circles wı and wz are given in the plane, with centers O1 
and Oz, respectively. Let Mj and M} be two points on wı and w2, respectively, 
such that the lines O1 M1 and O3 M5 intersect. Let Mı and M» be points on wi 


and w», respectively, such that when measured clockwise, the angles MOM 


peel 


and M5O3M» are equal. 


(a) Determine the locus of the midpoint of |M: Mə]. 

(b) Let P be the point of intersection of lines OM, and O3M» The circum- 
circle of triangle Mı PMg intersects the circumcircle of triangle O1PO» at 
P and another point Q. Prove that Q is fixed, independent of the locations 
of Mı and Mo. 


(2000 Vietnamese Mathematical Olympiad) 


Problem 35. Isosceles triangles A3A,O2 and A,A2O3 are constructed 
externally along the sides of a triangle A1 A243 with O2A3 = O2A, and 
O3A, = Os A». Let O, be a point on the opposite side of line Az A3 from A1, 
with OL A3 Å> = 14103 À; and O1 A3 Å; = 1 4102Às, and let T be the foot of 
the perpendicular from O1 to A: Aa. Prove that A1O4 L O203 and that 


O203 Ag A3" 


A104 9 OiT 


(2000 Iranian Mathematical Olympiad) 


Problem 36. A triangle A1 A2A3 and a point Po are given in the plane. 
We define As = As_—3 for all s > 4. We construct a sequence of points 
Po, Pi, Po, ... such that P41 is the image of Py under the rotation with 
center Ay44 through the angle 120? clockwise (k = 0, 1, 2, ...). Prove that 
if Pi9ag = Po, then the triangle A; A2 Aa is equilateral. 


(27th IMO) 
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Problem 37. Two circles in a plane intersect. Let A be one of the points of 
intersection. Starting simultaneously from A, two points move with constant 
speed, each point traveling along its own circle in the same direction. After 
one revolution, the two points return simultaneously to A. Prove that there 
exists a fixed point P in the plane such that at every time, the distances from 
P to the moving points are equal. 


(21st IMO) 


Problem 38. Inside the square ABCD, the equilateral triangles ABK, 
BCL, CDM, DAN are inscribed. Prove that the midpoints of the segments 
KL, LM, MN, NK and the midpoints of the segments AK, BK, BL, CL, 
CM, DM, DN, AN are the vertices of a regular dodecagon. 


(19th IMO) 


Problem 39. Let ABC be an equilateral triangle and let M be a point in 
the interior of angle BAC. Points D and E are the images of points B and 
C under the rotations with center M and angle 120?, counterclockwise and 
clockwise, respectively. Prove that the fourth vertex of the parallelogram with 
sides M D and ME is the reflection of point A across point M. 


Problem 40. Prove that the following inequality holds for every point M 
inside parallelogram ABC D: 


MA-MC+MB-MD> AB. BC. 


Problem 41. Let ABC be a triangle, H its orthocenter, O its circumcenter, 
and R its circumradius. Let D be the reflection of A across BC, let E be that 
of B across CA, and F that of C across AB. Prove that D, E, and F are 
collinear if and only if OH — 2R. 


(39th IMO—Shortlist) 


Problem 42. Let ABC be a triangle such that ACB =2ABC. Let D be the 
point on the side BC such that CD = 2BD. The segment AD is extended to 
E so that AD = DE. Prove that 


ECB + 180° = 2EBC. 
(39th IMO—Shortlist) 


Problem 43. Let P be point situated in the interior of a circle. Two variable 
perpendicular lines through P intersect the circle at A and B. Find the locus 
of the midpoint of the segment AB. 


(Mathematical Reflections, 2010) 


5.5 Solving Trigonometric Problems 231 


Problem 44. Let ABC be a triangle and consider the points M € (BC), 
N € (CA), P € (AB) such that 

AP BM CN 

PB MC NA 


Prove that if MNP is an equilateral triangle, then ABC is an equilateral 
triangle as well. 


(Romanian Mathematical Olympiad—District Round, 2006) 


Problem 45. Consider the triangle ABC and the points D € (BC), E € 
(CA), F € (AB), such that 

BD CE AF 

DC EA FE 
Prove that if the circumcenter of triangles DEF and ABC coincide, then the 
triangle ABC is equilateral. 


(Romanian Mathematical Olympiad—Final Round, 2008) 


Problem 46. Exterior to a nonequilateral triangle ABC, consider the similar 
triangles (in this order) ABM, BCN, and CAP such that the triangle MNP 
is equilateral. Find the angles of the triangles ABM, BCN, and CAP. 


(Romanian Mathematical Olympiad—Final Round, 2010) 
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Problem 1. Prove that 


T T 57 TT Or 1 
cos + cos + COS + COS + COS =, 
11 11 11 11 11 2 
$ g T uen EA, a 
Solution. Setting z — cos i Fisin ii implies that 
11 
3 5 7 9, 2 —2 — —]-—z O 1 
A Aa a Aa e be Po] PEST an 


Taking the real parts of both sides of the equality gives the desired result. 
Problem 2. Compute the product P = cos 20° - cos 40° - cos 80°. 


Solution 1. Setting z = cos 20° + isin 20° implies z? = —1, Z = cos 20° — 
24] zt+1 z8 +1 
. Then 


isin 20°, and cos 20? = : T cos 40° = z7 008 80° = 974 
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p tD +E +) (2-1 + Iet 1)? + 1) 
827 8z"(z? — 1) 


Solution 2. This is a classical problem with a classical solution. Let S = 
cos 20° cos 40? cos 80°. Then 


S sin 20? = sin 20° cos 20° cos 40° cos 80° 


1 
2 sin 40? cos 40? cos 80? 


1 
T sin 80? cos 80? 


Il 


1 1 
8 cos 160? — = sin 20°. 


1 

So S = 8 
Note that this classical solution is contrived, with no motivation. The 
solution using complex numbers, however, is a straightforward computation. 


Problem 3. Let x, y, z be real numbers such that 
sinx + sin y + sin z = 0 and cosx + cos y + cosz = 0. 
Prove that 
sin 2x + sin 2y + sin 2z = 0 and cos2z + cos 2y + cos 2z = 0. 
Solution. Setting z; = cosx +isin gz, z2 = cosy +isiny, z3 = cos z +isin z, 
we have z1 + z2 + z3 = 0 and |z]| = |z2| = |z3| = 1. 


We have 


z? zk + ds = (24 + z2 + z3)? — 2(21z + Zo23 + 2321) 


1 1 1 eh Sede, oe 
= 22,2023 = + Fi t p = 2z1zaza(9i + Z2 + Z3) 
= —2212023(21 + z2 z3) = 0. 


Thus (cos2x + cos2y + cos2z) + i(sin2x + sin 2y + sin2z) = 0, and the 
conclusion is obvious. 


Problem 4. Prove that 


cos? 10° + cos? 50° + cos? 70° = x 
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Solution. Setting z = cos 10? + isin 10°, we have z? =i and 
2 10 14 
Td +1 +1 
cos 10° = = cos 50° = = 555? COS 70° = Ž 277 


'The identity is equivalent to 


2241 e gl 4+1 x, zi441 ? 3 
2z 225 | 227 2 


That is, 


228 4 224 4 p16 4 12 124.11 — f, 


Using relation z!8 = —1, we obtain 


or equivalently, 


'That is, 


which is obvious. 
Problem 5. Solve the equation 


COS xz + cos 2x — cos 3x = 1. 


Solution. Setting z = cosx + isin x yields 


z2-41 9 z^--1 z9--1 
cos £ = cos 2x = ——— 
2z ! 222 ' 223 


The equation may be rewritten as 


2+1 XI 29841 


2 272 2:3 —], ie, z*-bz2-E 254 z—39—1—22? — 0. 
z z z 


This is equivalent to 
(3$ —2° — z4 + 23) + (23 — 27 241) & 0, 


or 


Finally, we obtain 
(2 +1)(z-1}(z+1)=0. 


234 5 Olympiad-Caliber Problems 


Thus, z = 1 or z = —1 or z? = —1, and consequently, x € {2kr|k € Z} or 


2k 
xE {rn +2kr|keEZ} orze [RES € z}. Therefore, 


k+1 
3 


2 
ze {krike zyul lez). 


Problem 6. Compute the sums 


S= a -cos kz and T = ya -sinka. 
k=1 k=1 


Solution. We have 


n n 
14+S$+iT= 5 q" (cos kx + isin kx) = 5 q" (cos x + isin z)" 
k=0 k=0 
| 1-q"*l(cosx + isinz)^*! 
1—qcosz — iq sin x 
1 — q"*![cos(n + 1)z +isin(n + 1)z] 
1—qcosz —iqsinx 


[1 — g”** cos(n + 1)z — iq"! sin(n + 1)a][1 — qcosz + iqsin a]. 
q? —2qcosz + 1 i 


hence 
12$— q**? cosnz — q"*! cos(n + 1)y — qcosz + 1 
z q? — 2q cosx + 1 
and 
T= q"? sinnz — q"*! sin(n + 1)x + gsinz 


q? — 20cosx + 1 


Remark. If q — 1, then we obtain the well-known formulas 


na (n 4- 1)x , nz , (ndl) 

n sin -5 cos ——75—— n sin -5 sin — 
X coskx = —7 and X sinks = —7 
k=1 sin D] k=1 sın > 
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Indeed, we have 


Y coska = CORDES: cos(n + 1)z — (1 — cos x) 
k=1 


2(1 — cos x) 
2 1 
E 2sin sin e B 2sm* 7 
= T 
Asin? = 
sin” 5 
: (2n + 1)x sn in PZ cos (n+ 1)x 
in in 
E 2 p c eg 2 
2sin = sin = 
and 
I sinnz — sin(n + 1)z + sin z 
5 sin kz = 
2(1 — cos x) 
k=1 
2 1 
E 2sin7 cos 5 2sin 5 cos ( — E 
T 
Asin? — 
sin” 5 
x (2n + 1)x . ng , (n+1)a 
c c : 
- os — cos 5 gine sme 
2sin Ž i sin = 
2 2 
Problem 7. The points A1, Ao, ..., Aio are equally distributed on a circle 


of radius R (in that order). Prove that Ay A4 — A, Ao = R. 


Solution. Let z = cos + isin aa Without loss of generality, we may 


3m T 
assume that R = 1. We need to show that 2 sin 30 2sin Sc 1. 
In general, if z = cosa + isina, then sina = E and we have to prove 
6 2 
z-—1]1 z*—1 . ; 
that —— - = 1. This reduces to z9 — z* + z? — 1 = iz. Because 
iz iz 
z% = i, the previous relation is equivalent to 25 — 26+ 24^ — 2?-- 1 = 0. But this 
is true, because (25 — 26 + 2* — 2? c 1) (2? +1) 2 229 +1 = 0 and z? +1 z 0. 


Problem 8. Show that 


cos g cos + COS = 
7 Toc = 
(5th IMO) 


Solution. Let z = cos — H isin. Then 27 + 1= 0. Because z Z —1 and 


z! +1 = (z4+1)(2—25 +24 — z3 +2? — z + 1) = 0, it follows that the second 
factor in the above product is zero. The condition is equivalent to 
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1 
2_241)= . 
z(z^— z-F1) TET 
The given sum is 
2 3 
cos 7 cos = + cos = = Re? — 2? + 2). 


1 1 
Therefore, we have to prove that Re (s :) =p This follows from the 
—Z 


following well-known lemma. 


1 1 
Lemma. /fz = cost + isint and z 41, then Rez E 
-z 
Proof. 
— 1 7 1 
l—z 1 -(cost+isint)  (1— cost) — isint 
1 1 


mU, "TN t t t t 
2sin* 5 2isin 5 cos 5 asin 5 (sin 5 icos 5) 


t t 
Bü Ete Sal Eu 
» 2s t RE - t 
sin 5 sin; 


Problem 9. Prove that the average of the numbers ksink? (k = 2,4, 
6,...,180) is cot 1°. 


(1996 USA Mathematical Olympiad) 
Solution. Set z = cost + i sint. From the identity 


z 22? E nz" 2 (2 t-te 4 (27 HHHH 


= t gne 2) + (2H. — 22) ge (zn 2] 


we derive the formulas 


Y kcos kt = i 2 RU ) (1) 
k=1 2sin 5 Asin? 5 

V ksin kt = a am e (2) 
k=1 Asin? 2 2sin 5 
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Using relation (2), one obtains 


2sin 2°44 sin 4°+---+178 sin 178°=2(sin 2°+2sin2 - 2° + ---+89sin 89 - 2°) 
sin90 -2° 90cos179°\ 90cos179? 
Asin? 1° 2sin 1° sin 1° 


= 90 cot 1°. 


Finally, 


1 
99 2 sin2° + Asin 4? +---+178sin 178? + 180 sin 180°) = cot 1°. 


Problem 10. Let n be a positive integer. Find real numbers ag and agi, k,l = 
I,n, k >l, such that 


sin? nx 


-23 eg 5 aj; cos 2(k — l)x 
eee 1<l<k<n 
for all real numbers x A mm, m € Z. 
(Romanian Mathematical Regional Contest “Grigore Moisil," 1995) 


Solution. Using the identities 


T. 
. sin nz cos(n + 1) 
S — = 
1 p» cos 27x m 
j=l 
and 
TL 
. . sinnz sin(n + 1)x 
S) = V 'sin2jz = - ( ) ; 
A sin x 
j=l 
we obtain 


; 2 
ga " 32 = (=) 


sin x 


On the other hand, 


S? + $2 = (cos 2x + cos4z +--+ + cos2nz)? 
2 


+(sin 2x + sin 4x +- -+ + sin2nz) 


=n +2 5 (cos 2ka cos 2lx + sin 2kz sin 2lx) 
1<l<k<n 
=n+2 5 cos 2(k — l)x; 


1<l<k<n 


hence 


. 2 
SINNT 

= 2 32 k— . 

( aa ) n+ J cos 2(k — D)x 


1<l<k<n 
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Set ay = n and ay; = 2, 1 <l < k € n, and the problem is solved. 


Here are some more problems. 
Problem 11. Sum the following two n-term series for 0 = 30°: 


cosÓ | cos(20) 
cosÜ | cos?0 


cos(30) . e cos((n — 1)8) 


and 


(i) 14 


(ii) cos 0 cos 0 + cos? 0 cos(20) + cos? 0 cos(30) +--+ + cos" 0 cos(n6). 


bA 


cos? 0 cosn-1 0 


(Crux Mathematicorum, 2003) 


Problem 12. Prove that 
2 — 1 
1 + cos?” (=) + cos?” (=) + + cos?” (==) 
n m TL 
-s (24 (?)). 
TL 


Problem 13. For every integer p > 0, there are real numbers ag, a1,..., ap 
with ap £ 0 such that 


for all integers n > 2. 


cos 2pa = ag + a1 sin? a +++: + ap - (sin? a)”, for alla € R. 


Problem 14. Let 
44 
5 cos n8 
_ n=l 
^. 44 ` 
5 sin nf 
n=1 


What is the greatest integer that does not exceed 100x? 


x 


(1997, AIME Problem 11) 


Problem 15. Prove that 


5 (i) cos|(n — k)z + ky] = (2e 22) cosn= 4 


k=0 


for all positive integers n and all real numbers x and y. 


(Mathematical Reflections, 2009) 
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Problem 16. Let k be a fixed positive integer and let 


o -(^ 3 $ j-0,L...,k- 1 
qeu E aC eedsobedist 


Prove that 
2 
(se + SM cos a +... + SFD cos 2) 


2m 4m z 2(k — 1)r\? mn 
(1) ge ae Olai (k-1)ag 42M 7 Ig n us 
«(st sin | cS; sin E Tti sin n ) (2c057.) f 


(Mathematical Reflections, 2010) 


Problem 17. 


(a) Let z1, z2,z3,z4 be distinct complex numbers of zero sum, having equal 
absolute values. Prove that the points of complex coordinates z1, 22, 23, z4 
are the vertices of a rectangle. 

(b) Let x, y, z, t be real numbers such that sin z + sin y + sin z + sint = 0 and 
cosx + cos y + cos z + cost = 0. Prove that for every integer m, 


sin(2n + 1)x + sin(2n + 1)y + sin(2n + 1)z + sin(2n + 1)t = 0. 


(Romanian Mathematical Olympiad—District Round, 2011) 
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Problem 1. Let n > 3 and k > 2 be positive integers and consider the 
complex numbers 
2-m |... 2m 
z = cos — 4c sin — 
n n 


and 


Q-1-zT4z5-—2z5e.-(-1)9 15. 


(a) If k is even, prove that 0" = 1 if and only if n is even and S divides k — 1 
ork+1. 
(b) If k is odd, prove that 0" = 1 if and only if n divides k — 1 ork +1. 


Solution. Since z Z —1, we have 


14 (—1)*t1z* 


0 = 
1l+z 
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5 Olympiad-Caliber Problems 


If k is even, then 
2k 2k _ krf. km . kr 
ay e ai cos < isin < am (i5 icos — 
be RUNE ee cos = (cos = + isin =) 
TL TU TL TL TU 
. km 
L4 T c a isin $ E), 
COS — LU n 
n 
and 
sin — 
n 
[| = 7 
cos — 
n 
We have 
k 
[0| = 1 if and only if | sin EE — |cos a) 
TU n 
That is, 


_ 9 kt 9 7 2kr 2T 
sin^ — = cos^ — or cos —— + cos — = 0. 
n n n T 


The last relation is equivalent to 


—1 2(k--1 
cos sen cos (is Je =0, i.e., EUER) € 224 1, 
TL TL TL 


2(k — 1) 


or ———— € 2Z +1. This is equivalent to the statement that n is even 
n 


and 5 divides k + 1 or k — 1. Hence, it suffices to prove that 0" = 1 is 
equivalent to |0| = 1. 

The direct implication is obvious. Conversely, if |0| — 1, then n — 2t, 
t € Z,, and t divides k + 1 or k — 1. Since k is even, the numbers 
k 4- 1, k — 1 are odd; hence t = 21+ 1 and n = 4l +2, leZ. 


Then 
k—1 k—1 
0 = +i (cos EEE + isin EDT) 
n n 


and 
0” = — cos(k — 1)r = 1, 


as desired. 
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(b) If k is odd, then 


2kr 2kr kr kr mini kr 
; —— +isin — His 
1 + cos m isin cos n (cos 3 isin m 


j= 1+2* > 7 
ae 1 + cos a fan cos Z (cos = + isin Z) 
n n n n n 
kr 
( k-1 E = 
= T \ COS T -Fismn T]. 
cos — n n 
We have 
k 
[0| = 1 if and only if con ET = [cos Z : 
n n 
That is, 


2 km 9 7 2kr 2n 
cos“ — = cos” — so cos —— = cos —. 
n n n 


It follows that 


k+1 k—1 
jas SED dut Hm. 0, 
n n 


i.e., n divides k +1 or k — 1. 


It suffices to prove that 0" — 1 is equivalent to |0| — 1. Since the direct 
implication is obvious, let us prove the converse. If |0| = 1, then k +1 = 
nt, t € Z. Then k= nt : 1 and 


6 = (—1) c EAD LN UN e = l 


n 


It follows that 


0” = (1) *! (cos(k — 1)r + isin(k — 1)r) = (-1)** (-1)*^! = 1, 


as desired. 
Problem 2. Consider the cube root of unity 
2m bisi 2m 
€ = cos — + isin —. 
3 3 


Compute 
(1--&)(14- 5) (1 + e1987). 


Solution. Notice that €? = 1, €? +e+1=0 and 1987 = 662-3-- 1. Then 
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(I--g)(1-- 62) « - (1 + € 987) 


— Tha 4 gy (1 4 e8h+2y(1 + e8h+3y](q + £1987) 
k=0 
-JJO «30 «0 Da 9 = a opa ee ene 
k=0 " a T e) EN 1)]66 = 2902 X £) 
= 2662 (e?) = jl riva = 2861 (1 + 4/3). 


Problem 3. Lete Z 1 be a cube root of unity. Compute 


(l—e+e)(1 —e? c e€*)--.(1— &* +6"). 


Solution. Notice that 1 + € + €? = 0 and £? = 1. Hence1— £ + e? = —2e 
and 1-4ce-— e? = —2¢?, 
Then 


1, if n = 0(mod3), 
1— e” +e?” = < —2e, if n = 1(mod3), 
—2&?, if n = 2(mod3), 
and the product of any three consecutive factors of the given product equals 


1 - (—2e) - (-22?) = 27. 


Therefore, 


(l—e+e*)(1 e* +64)--- (1— e” +e”) 
CT if n = 0(mod3), 
$]*1«, if n = 1(mod3), 
22$1*2, — if n = 2(mod3). 


Problem 4. Prove that the complex number 


2i 
|. 2—i 


zZ 


has modulus equal to 1, but z is not an nth root of unity for any positive 
integer n. 


Solution. Obviously, |z| = 1. Assume for the sake of a contradiction that 
there is an integer n > 1 such that z2” = 1. 
Then (2 + i)" = (2 — i)", and writing 2 + i = (2 — i) + 2i, it follows that 
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(2 =i)” = (2 + i)” 
= (2— i)” + a (2—i)^712i p. f 2 (2 — i)(2i)^-1 + (2i)^. 


'This is equivalent to 


(2))^ = (-2- i) | a (2i - 17?2i 4 [oo al 
= (-2 + i)(a + bi), 


with a, b € Z. 
Taking the modulus of both sides of the equality gives 2” = 5(a? + b?), a 
contradiction. 


Problem 5. Let U, be the set of nth roots of unity. Prove that the following 
statements are equivalent: 


(a) there is a € Un such that 1 +a € Us; 
(b) there is B € Un such that 1 — B € Un. 


(Romanian Mathematical Olympiad—Second Round, 1990) 


Solution. Assume that there exists a € Un such that 1+a € Un. Setting 
j X 1 
we have 8” = (= = (tay = 1, and hence 8 € Un. 


1 
dac 


On the other hand, 1— 8 — 
1— 8 € Un, as desired. 


4 and (1 — 8)" = —— = l; hence 


1-8) 


jas 
Conversely, if 8, 1 —8 € Un, set a= £, Since a” = 


1 
(l+a)"= Bn = 1, we have a € Un and 1 +a € Un, as desired. 
Remark. The statements (a) and (b) are equivalent to 6|n. Indeed, if a, 1+ 
a € Un, then |a| = |1 - o| = 1. It follows that 1 = |1 +a|? = (1+a)(1+@) = 


lt+a+@+4 la)? =1+at+a@+1=2+a4-, ie, o =—2 +i; hence 
a 
i V3 2m |... 2m 
aa = rt = COS TSM —. 
POTES pou cg 


Since (1 + a)” = 1, it follows that 6 divides n. 


1 
Conversely, if n is a multiple of 6, then both a = 7 Hi and 1 +a = 


1 3 
3 + a belong to Uj. 
Problem 6. Let n > 3 be a positive integer and let € Z 1 be an nth root of 


unity. 
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2 
(1) Show that |1 — e| > mE 
n-— 
(2) If k is a positive integer such that n does not divide k, then 
1 


n—1l 


. km 
sin —| > 
n 


(Romanian Mathematical Olympiad—Final Round, 1988) 


Solution. 
(1) We have e" — 1 = (e — 1)(£"^! --- c € - 1); hence taking into account 
that € Æ 1, we obtain €"! +. --+e+1 = 0. The last relation is equivalent 
to (g^-1 — 1) +---+(€-1) = —n, i.e., (e — 1)[eE^? + Qe” -F +--+ (n 
2)e + (n — 1)] = —n. Passing to the absolute value, we find that 
n = [e-1||e? 7 ?- E26" 3+. --(—1)| < Je—-1|(]e" ^ |--2]e [^7 9E ---(n—1)). 
Therefore, 


-1 
nS[- sl 24-(-1)- n - D. 


2 
i.e., we obtain the inequality |1 — e| > mp Moreover, equality is not 
n-— 
possible, since the geometric images of 1,¢,...,¢”~+ are not collinear. 


2k 2k 
(2) Consider £ = cos 277 Lisin -— and obtain 
TL TL 


Hence 


2ka A? 2k 2k k 
|l — e|? = (i-es 2E) sin? 47 23. 2698 437. = Asin? Z, 
n n n n 


Applying the inequality in (1), we see that the desired inequality follows. 
Problem 7. Let U, be the set of nth roots of unity. Prove that 


0 if n = 0 (mod4), 

1 2,  ifnz1(mod2), 
Isdem caeco di 

eu, € —4, ifn = 2 (mod4), 

2, ifn =3 (mod4). 


Solution. Consider the polynomial 


f(z) =X"-1= || «-9. 


EEUn 


5.6 More on the nth Roots of Unity 


Denoting by P, the product in our problem, we have 


II (€+4)(e— à) 


Pr = II («2)-H A II € 


EEUn 
ee eoa ee 
IFO) Cay e 


If n = 0(mod 4), then i” = 1 and P, = 0. 
If n = 1(mod 2), then (—1)"^! = 1 and 


Pa = (~? = 1)" —1) = -@" — 1) = -((-1)" — 1) = 


If n = 3(mod 4), then (—1)"^! = 1 and 


Pa = (-" —1)@ — 1) = (È — 1)(—8 — 1) = -@ — 1) = 
and we are done. 


Problem 8. Let 


and let 


Prove the following: 


(a) Im(z?*) = Re(z2**1) = 0 for all k € N. 
(b) (22 - 19 + (2z - 1n = o. 


Solution. We have w?”t+! = 1 and 
Ltw+w%t---+w" =0. 


Then 


1 1 
a tw tert tu Fu" (uut obw") s 


or 


245 
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whence 
1 «"—1 
z—- 
2 w"-c1 
Tels ees c 
(a) We have Z = 2 &- = —z. Thus 22" = 22k and 22*+1 = —22k*1, The 


24 +1 
conclusion follows from these two equalities. 
(b) From the relation 


we obtain 2z + 1 = —w” (2z — 1). Taking into account that w?"*! = 1, we 
obtain (2z + 1)?^*! = —(2z — 1)?**, and we are done. 
Problem 9. Let n be an odd positive integer and €9,€1,..-,€n—1 the complex 


roots of unity of order n. Prove that 


n=l 
J [0+ <2) =a” +b" 
k=0 


for all complex numbers a and b. 
(Romanian Mathematical Olympiad—Second Round, 2000) 


Solution. If ab = 0, then the claim is obvious, so consider the case that 
a #0 and b £ 0. 


We start with a useful lemma. 


Lemma. If €9,€1,...,€n—1 are the complex roots of unity of order n, where 
n is an odd integer, then 


n-1 
[[ (4+ Bex) = A" + B” 
k=0 


for all complex numbers A and B. 


Proof. Using the identity 


for x = -4 yields 


(F+1)- i (4+4), 


and the conclusion follows. 
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Because n is odd, the function f : Un — Un is bijective. To prove this, 
it suffices to show that it is injective. Indeed, assume that f(x) = f(y). 
It follows that (z — y)(z--y) = 0. Ifa+y = 0, then z” = (—-y)^, i.e., 1 = —1, 
a contradiction. Hence x = y. 

From the lemma we have 


n—1 n=l 
CENT = CEN =a" +b". 
k=0 j=0 


Problem 10. Let n be an even positive integer such that 7 is odd and let 


EQ; E1; ..., En—1 be the complex roots of unity of order n. Prove that 
n—1l 
[] @ + bef) = (a? +03)? 
k=0 


for arbitrary complex numbers a and b. 
(Romanian Mathematical Olympiad—Second Round, 2000) 


Solution. If b = 0, the claim is obvious. If not, let n = 2(2s + 1). Consider 
a 
a complex number a such that a? = b and the polynomial 


f—-X"—-1-(X-—eo)(X-—e):- (X — 6&4). 


We have 
a 1\° 
#(2)-(G) (a — i£) +++ (a — t€n-1) 
and 
a -1\° 
al *)=(+) (a + d£o) +++ (œ + tén—1) 
hence 
a a 
TORE tea 
Therefore, 
n—1 n—1 2 n—1 
II «^22 [[ (2 «&) =b" | [ (a? +?) 
k=0 k=0 k=0 


=f (2) s (2) = ot 4 P= 0" (Omi 4 i] 
" 


S S 2 
E qiie a? 
= pu TAN 
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The following problems also involve nth roots of unity. 
Problem 11. For all positive integers k, define 
Uy = (z € C[z^ 2 1). 
Prove that for integers m and n with 0 « m « n, we have 
Uy UUSU --UUs C Un m41 U Us ma42 UU Us. 


(Romanian Mathematical Regional Contest “Grigore Moisil,” 1997) 


Problem 12. Let a, b, c, d, a be complex numbers such that |a| = |b| 4 0 
and |c| = |d| 4 0. Prove that all roots of the equation 


c(ba + aa)” — d(ax + ba)” =0, n > 1, 


are real numbers. 
Problem 13. Suppose that z 4 1 is a complex number such that z” = 1, n > 
1. Prove that 

2 (n + 1)(2n 4- 1) 


|z -= 1°. 
6 


(Crux Mathematicorum, 2003) 
Problem 14. Let M be a set of complex numbers such that if x, y € M, 
then Ž € M. Prove that if the set M has n elements, then M is the set of 
the "n roots of 1. 
Problem 15. A finite set A of complex numbers has the property that z € A 
implies z” € A for every positive integer n. 
(a) Prove that 2 z is an integer. 


(b) Prove that for every integer k, one can choose a set A that satisfies the 


above condition and M z = k. 
zcA 


(Romanian Mathematical Olympiad—Final Round, 2003) 


n—1 


2 2k 
Problem 16. Let n > 3 be an odd integer. Evaluate DA sec Z, 
n 
k=1 
(Mathematical Reflections) 


Problem 17. Letn be an odd positive integer and let z be a complex number 
such that z?2"-! — 1 = 0. Evaluate 


n—1 
Bie ud 


k=0 


(Mathematical Reflections) 
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Problem 18. The expression sin2?sin4?sin6?...sin90? is equal to 
pv/5/299. where p is an integer. Find p. 


Problem 19. The polynomial P(x) = (1-- zx 4- a? +... x17)? — x!" has 34 
complex roots of the form 


Zk = ry[cos(27aj) + isin(21ay)], k = 1,2,3,...,34, 


with 0 < ay € a» € aa € ... € aa4 < 1 and ry > 0. Given that ay + ag + 
a3 +a4+a5 = m/n, where m and n are relatively prime positive integers, 
find m 4- n. 


(2004 AIME I, Problem 13) 


Problem 20. The sets A = {z : z1* = 1) and B = {w : w® = 1} are both 
sets of complex roots of unity. The set C = (zw:a € A and w € B] is also 
a set of complex roots of unity. How many distinct elements are in C? 


(1990 AIME, Problem 10) 
f 2m |... 2m : 
Problem 21. Let n > 3 be an integer and z = cos — + isin —. Consider 
n n 


the sets 
A bud ce iggy 


and 
Be-TL51-b3 1-255124 EM 
Determine AN B. 


(Romanian Mathematical Olympiad—District Round, 2008) 


5.7 Problems Involving Polygons 


Problem 1. Let 21, zo, ..., Zn be distinct complex numbers such that |z1| = 
|z2| = --- = |zs]. Prove that 


2: 


1<i<j<n 


zi + 23 pn (n - 1)n—-2) 


zl 2 


Zi — Zj 


Solution. Consider the points A1, A», ..., An with coordinates 21, 22, . .. , Zn- 
The polygon A142 --- A, is inscribed in the circle with center at the origin 
and radius R = |i |. 

The coordinate of the midpoint A;; of the segment [A;Aj;] is equal to 
Ži + Zj 


for 1< i< j <n. Hence 


|zi + zl? = 40 A;; and |Z; = zj? = A; As. 
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Moreover, 4047; = 4R? — A; A$. 
The sum 
2 
Zi + Zj 


>D 


I1<i<j<n 


Zi — Zj 
equals 


4042; AR? — AA? 1 
Y ae X gw $ ig (2) 


a Aid; = c 
1l<i<j<n J 1<i<j<n I I<i<j<n 


The AM-HM (arithmetic mean-harmonic mean) inequality gives 


A yr AGE 


of A, AS 
Segen 1<i<j<n 


Since > A, As <n?- R?, it follows that 
1<i<j<n 


23 


as claimed. 


Problem 2. Let A1A45--- An be a polygon and let a1, a2, ..., Gn be the 
coordinates of the vertices A1, As, ..., An. If |a1] = |a2| =--- = |an| = R, 
prove that 


5 la; - aj? > n(n - 2)R?. 


1<i<j<n 
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Solution. We have 


M lata? = M (a +a;)\(G+q) 


l<i<j<n l<i<j<n 
= ; (ail? + las)? + aiaz + Taj) 
1Xicj€n 
= 2R? (2) +) amj = — n(n—1 )R? ee Yam 
izj 4—1l j—1 
TL n 
= n(n — 1)R? + (x «) ps J —nR? 
i=1 i=1 
7 2 
= n(n — 2)? + Xo a;| > n(n—2)R?, 
i=1 
as desired. 
Problem 3. Let 21, zo, ..., Zn be the coordinates of the vertices of a regular 
polygon with circumcenter at the origin of the complex plane. Prove that there 
are i, j, k € (1,2, ..., n} such that zi + zj = zy if and only if 6 divides n. 


Solution. Let € = cos 2* + isin 2*. Then Zp = z): € l,for all p = 1, n. 
We have zi + 2; = Zk "if and a ifil+e—* = eft, ie, 
CANE desde edges. CA cae 


2 cos cos + isin = cos +? sin 
TL TL T n n 


The last relation is equivalent to 


es L es 6(k — i) = 3(j — i); 


n 3 n 


hence 6 divides n. 
Conversely, if 6 divides n, let 


n n 
i=1, j=> +1, k=-+1, 
PR 6 
and we have Z; + z1 = zy, as desired. 


Problem 4. Let zi, zo, ..., Zn be the coordinates of the vertices of a regular 
polygon. Prove that 


2 2 2 
zi t23 Fee +F Zn = 2120 £223 + + Za. 


Solution. Without loss of generality, we may assume that the center of the 
polygon is the origin of the complex plane. 
Let zk = z1e*—!, where 


QT 2v 
€ = cos — + isin —, k — 1, 
n n 
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The right-hand side is equal to 


£122 + 2223 +++ + 2Zn2Z1 = , Zičk+1 


TL 
- 1 — g?” 
=% ge eig =0 


E 1—e? 
On the other hand 
n n ]- g^ 
zi +23 + t= DL = Het E =0, 
k=1 k=1 
and we are done. 
Problem 5. Let n > 4 and let a1, a2, ..., an be the coordinates of the 


vertices of a regular polygon. Prove that 
0102 + A203 +- + Ana, = Q103 + a204 +++: + Ande. 


Solution. Assume that the center of the polygon is the origin of the complex 
plane and aj = ayet, k= 1, ..., n, where 


Qn, 2m 
E€ = cos — d sin —. 
n n 


The left-hand side of the equality is 


3 


2 2k-1 2 ie 
a1đ2 + a203 + +++ + Ana, = ay a 


'The right-hand side of the equality is 


4i 1—&?^ 
a? X et aie > =0, 
[me 
k=l 


and we are done. 


Problem 6. Let zi, zo, ..., Zn be distinct complex numbers such that 


jal = j| — dm 


Consider the following statements: 


(a) 21, 22, ..., Zn are the coordinates of the vertices of a regular polygon. 
(b) zt + z2 bz -—n(-lytinze...zs. 
Decide with proof whether the implications (a) — (b) and (b) — (a) are 
true. 


5.7 Problems Involving Polygons 253 


Solution. We condider first the implication (a) — (b). 


2T. vum ox, ; : 
Let € = cos — +i sin —. Since 21, 22,..., Zn are coordinates of the vertices 


n n 
of a regular polygon, without loss of generality we may assume that 


zy = ne^ fork = 1,n. 
Then relation (b) becomes 
SEI qua pe ponpe OI ne ater rer re 


This is equivalent to 


We obtain 


1 = (-1)"*1(cos(n — 1)m + isin(n — 1)r), i.e., 1 = (—1)"*1(-1)""}, 


which is valid. Therefore, the implication (a) — (b) holds. 
We prove now that the implication (b) — (a) is also valid. 
Observe that 


In - (-1)**!zz5 ...z4| = nlzi zal [zn] = n; 


hence 
la? zy + + znl =n. 


Using the triangle inequality, we obtain 


n= tagt eR] S etl l+ le = +++; 
—___—___ 


n times 
hence the numbers z7, 22, ..., 2” have the same argument. Since |z7!| = 
lz2| = +--+ = |z2| = 1, it follows that z? = 22 =--- = z? = a, where a is 
a complex number with |a| = 1. The numbers 21, 22, ..., z4 are distinct. 


Therefore, they are the nth roots of a, and consequently the coordinates of 
the vertices of a regular polygon. 


Problem 7. Let A, B, C be three consecutive vertices of a regular n-gon and 
consider the point M on the circumcircle such that points B and M lie on 
opposite sides of the line AC. 


Prove that MA+ MC = 2M B cos t 
n 


(A generalization of the Van Schouten theorem; see the first remark below) 
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Solution. Consider the complex plane with origin at the center of the 
polygon and let 1 be the coordinate of Aj. 
If e = cos — +isin at then e*—! is the coordinate of Ap, then k = 1,n. 
n n 
Without loss of generality, assume that A = A4, B = A», and C = A3. 
Let zy = cost + isint,t € [0,27) be the coordinate of the point M. Since 
4 
points B and M are separated by the line AC, it follows that em « t. 
n 
Then 


t 
MA-|zy —1|—2 V cost — 1)? + sin? t = V2 — 2 cost = 2sin 5, 


t 
MB - |a - e| 23s (5 - E). 
2 n 


and 


t 2 
MC= lzm —€?| = 2sin (5- =). 
2 n 


The equality 
MA+ MC =2MBcos~ 
TU 


is equivalent to 


t t 2c t T T 
2si + 2si = 4sin | = — — 3— 
sin; CIE =) sin (5 z) COs — 


which follows from the sum-to-product formula on the left-hand side. 


Remarks. 


(1) If n = 3, then we obtain Van Schouten’s theorem: For every point M on 
the circumcircle of the equilateral triangle ABC such that M belongs to 
the arc AC, we have 

MA+MC= MB. 


Note that this result also follows from Ptolemy’s theorem. 

(2) If n = 4, then for every point M on the circumcircle of the square ABCD 
such that B and M lie on opposite sides of the line AC, we have the 
relation 


MA-4 MC =vV2MB. 


Problem 8. Let P be a point on the circumcircle of square ABCD. Find all 
integers n > 0 such that the sum 


S,(P) = PA” + PB” + PC" + PD” 


is constant with respect to the point P. 
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Solution. Consider the complex plane with origin at the center of the square 
such that A, B, C, D have coordinates 1,2, —1, —i, respectively. 
Let z = a+bi be the coordinate of point P, where a, b € R with a?+b? = 1. 
The sum S,(P) is equal to 


S,(E) = 2(2 — V2)? + 2(2 + V2)2. 


Since S4(P) is constant with respect to P, it follows that 5,,(A) = S,(E), or 
2*3 49" = 2(2— v2) ee + /2)3. 
It is obvious that 272 2(2 — V2)? for all n > 1. We also have 2” > 
2(2 + /2)? for all n > Ü The last inequality is equivalent to 


1 (24+ /2\" 
il ee for n > 9. 


4 4 


'The left-hand side of the inequality decreases with n, so it suffices to observe 
that 
9 
1 E + V2 


4 
Therefore the inequality S,(A) = S,(E) can hold only for n < 8. Now it is 
not difficult to verify that S,,(P) is constant only for n € (2,4, 6}. 


Problem 9. A function f : R? — R is called Olympic if it has the following 
property: given n > 3 distinct points A1, A», ..., An € R?, if f(A1) = 
f(A2) = --- = f(An), then the points A1, A2, ..., An are the vertices of a 
convex polygon. Let P € C[X] be a nonconstant polynomial. Prove that the 
function f : R? > R defined by f(x, y) =|P(a + iy)| is Olympic if and only 
if all the roots of P are equal. 


(Romanian Mathematical Olympiad—Final Round, 2000) 


Solution. First suppose that all the roots of P are equal, and write P(x) — 
a(z — zo)" for some a, zo € C and n € N. If A1, Ao, ..., An are distinct 
points in R? such that f(A1) = f(A3) =--: = f(An), then Ai, ..., An 
are situated on a circle with center (Re(zo), tiie) and radius */|f(A,)/al, 
implying that the points are the vertices of a convex polygon. 

Conversely, suppose that not all the roots of P are equal, and write P(x) = 
(z — z)(z — z2)Q(z), where z; and z2 are distinct roots of P(x) such that 
|z1 — z2| is minimal. Let | be the line containing Zı = (Re(z1), Im(z1)) and 
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Z2 = (Re(z2), Im(z2)), and let z3 = $(z1--22), so that Z3 = (Re(z3), Im(za)) 
is the midpoint of [Z1 Z2]. Also, let sı, s2 denote the rays Z3Zı and ZaZo, 
and let d = f(Za3) > 0. We must have r > 0, because otherwise, z3 would 
be a root of P such that |z1 — z3| < |z1 — z2|, which is impossible. Because 
f(Zs) =0, 

lim. f(Z) = +00, 


23-00 
Z€si 


and f is continuous, there exists a point Z4 € s; on the side of Z1 opposite Za 
such that f(Z4) = r. Similarly, there exists Z5 € s2 on the side of Z opposite 
Za such that f(Zs) =r. Thus, f(Za) = f (Za) = f (Zs) and Za, Z4, Z5 are 
not vertices of a convex polygon. Hence f is not Olympic. 


Problem 10. In a conver hexagon ABCDEF, Â + Ó + Ê = 360° and 
AB-CD- EF = BC- DE- FA. 
Prove that AB. FC- EC = BF- DE. CA. 
(1999 Polish Mathematical Olympiad) 


Solution. Position the hexagon in the complex plane and let a = zp — Z4, 

b —zo-—zpg,..., f = zA—zp. The product identity implies that |ace| = |bdf |, 

and the angle equality implies that — .——c. —— is real and positive. Hence, 
C e 

ace = —bdf. Also, a+b+c+d+e+ f = 0. Multiplying this by ad and adding 

ace + bdf = 0 gives a?d + abd + acd + ad? + ade + adf + ace + bdf = 0, which 

factors as a(d + e)(c + d) + d(a 4- b)(f +a) = 0. Thus 


la(d + e)(c + d)| = |d(a + b)(f + a)l, 
which is what we wanted. 


Problem 11. Let n > 2 be an integer and f : R? — R a function such that 
for every regular n-gon A442: An, 


f(A1) + f(A2) +: + f(An) = 0. 
Prove that f is identically zero. 
(Romanian Mathematical Olympiad—Final Round, 1996) 
Solution. We identify R? with the complex plane and let ¢ = peel + 
n 
2 
isin 2T Then the condition is that for every z € C and positive real number t, 
n 


Not z +t) = 


j=1 
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In particular, for each of k — 1, ..., n, we have 


n 


3 fe- 0) =0. 


j=1 


Summing over k yields 


n 


YS fe- a -egs 


m=1k=1 


For m = n, the inner sum is nf(z); for other m, the inner sum again runs 
over a regular polygon, hence is 0. Thus f(z) — 0 for all z € C. 


Here are some proposed problems. 


Problem 12. Prove that there exists a conver 1990-gon with the following 
two properties: 


(a) all angles are equal; 
(b) the lengths of the sides are the numbers 1?,22,3?, ..., 19897,1990? in 
some order. 


(31st IMO) 


Problem 13. Let A and E be opposite vertices of a regular octagon. Let an 
be the number of paths of length n of the form (Po, Pi, ..., Pn), where P; are 
vertices of the octagon and the paths are constructed using the following rule: 
Po = A, P, = E, P;, and P;,1 are adjacent vertices for i = 0, ..., n— 1, 
and P; Z E fori 20, ..., n— 1. 


Prove that a24,.1 = 0 and azn = (g?-+ ="). for all n = 1,2,3, ..., 


d 
J 
where x = 2 + V2 and y = 2— V2. 

(21st IMO) 


Problem 14. Let A, B, C be three consecutive vertices of a regular polygon 
and let us consider a point M on the major arc AC of the circumcircle. 
Prove that 
MA: MC = MP? — AB’. 


Problem 15. Let A1 A2- -- An be a regular polygon inscribed in a circle C of 
radius 1. Find the maximum value of IE PA;, where P is an arbitrary 
point on circle C. 


(Romanian Mathematical Regional Contest “Grigore Moisil," 1992) 
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A» be a regular polygon with circumradius equal 


Problem 16. Let AA- 
to 1 and consider a point P on the circumcircle. Prove that 


5 PAR. ' PAL aaa = 2n. 


An be a regular n-gon inscribed in a circle with 


Problem 17. Let A145... A, 
center O and radius R. Prove that for each point M in the plane of the n-gon 
the following inequality holds: 

n < (OM? + R?)2. 


(Mathematical Reflections, 2009) 
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Problem 1. Compute the sum 


k= 
3n—1 3n—1 
y 6n ) NV 1 3 6n c [Ry 2k-+1 
m lo: +1 iV/3 T 2k+1 
T ary T 6n 
cos — +72s1n =) 


= ait fay yen = lm [2 ( 2 


1 
= ——Im[29" (cos 2 + i sin 2zn)] = 0. 
gimp ) 
Problem 2. Calculate the sum Sn = X, (5) cos ka, where a € [0, x]. 
k=0 


Solution. Consider the complex number z = cosa + isina and the sum 


TX is sin ko. We have 
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TL 


Sn + iT, =y. B (cos ka + isin ka) = @ (cosa + i sin a)” 


k=0 k=0 
DD (1) 
The polar form of the complex number 1 + z is 


1+cosa+isina = 2 cos? 5 + 2isin 5 cos 7 


29 < ( Z + isin 2) 
—2c087 [cos 7; t isinz J, 


since a € [0, 7]. From (1), it follows that 


Sn + iT, = (2cos $) (cos * + isin), 


i.e., 


O4: (2 cos 2j cos E and Tn = (2 cos 2) sin id 


Problem 3. Prove the identity 


((5)- (2)* (1) --)«((-() (1) see) 


Solution. Set 


and observe that 


(1 4- i)" 2 £n + yai. (1) 
Passing to the absolute value, it follows that 
len + ynil = |(1 +” = [1 + d" = 28. 
This is equivalent to z2 + y2 = 2". 


Remark. We can write the explicit formulas for zn and yn as follows. 
Observe that 


(+i) = (v2 (cos -- isin 7)) =27 (cos “* + isin £). 


From relation (1), we get 


ES nT 2n. NT 
Ln = 22 cos -7 and y, = 22 sin 
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Problem 4. [fm and p are positive integers and m > p, then 


0 p 2p 3p 
2 EN kr\” mkr 
= — 1429) (cos) cos —— 
p = p p 


Solution. We begin with the following simple but useful remark: If f € R[X] 
2 2 
is a polynomial, f = ao + a1 X +---+a,X™, and £ = cos £Z +isin 7 isa 


primitive pth root of unity, then for all real numbers n, the following relation 
holds: 


ag + az? + apt? +++. = (fe) + flex) +--+ + f(e tr). (1) 


To prove (1), we use the relation 


p ek -2k 1) p e(p- Dk _ P, if p|k, 
i s T. otherwise, 


on the right-hand side. 
Consider the case that p is odd. Using relation (1) for the polynomial 


f-ü-xpm- @ + (P)x++ (S jars we obtain 


OLH (s) pipes (1-2) L-ren) (14 -eP7 1g) 
(2) 


Substituting x = 1 in relation (2) we obtain 


Sp = mea) H= er ELE ese m (3) 


2k 2k 
From &* = cos 2. + isin —, it follows that for all k = 0, 1, ..., p— 1, 
p p 


k TT 
( cg eg c =) (cos DT T isin x) i 
p p 


Using the relation ¢?~* = eF, we obtain 
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Substituting into (3), we obtain 


p-1i E 2 


1 om 1 om. —k\m 
Sc» (pen Dy Utes > ter) 
P Lco P |= k=1 
pi 
1 = ka \™ k k 
=- 2" 42N (cos (cos ™ di i isin z) 
p p p p 


nd ( =) m ( mkr .. mr) 
+2 cos — cos isin 
= p p p 


. . me . D 
Consider now the case that p is an even positive integer. Because £2 


we have 


= —]1, 


p-1 5-1 p-1 
Sp=-Soatery™== fo™4+ So teky™+ M aces 
k=0 k=1 k=241 
1 $-1 k m 
T 
=- |2™ + 2 (cos =) c c isin x) + 

p kel p 

5-1 k m k 

+ 2” (cos = (cos MET isin ) 
hal p p 
2 = m mk 
MET 
= — 1235 (es) cos 
k=1 


Problem 5. The following identity holds: 


n n n ee krN^  (n—2m)kr 
oF F te = — cos — | cos ——— ——. 
m m-4p m + 2p pom D D 
Solution. Let £o, £1, ..., Ep—1 be the pth roots of unity. Then 


Vaatas (p) erter 00 


k=0 k=0 
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Using the result in Proposition 3, Sect. 2.2.2, it follows that 


k—m tuos k—m __ P, if p|(k — m), 
Bg heat = E otherwise. (2) 


Taking into account that 


mri 4 gy) 


( 2mkm  .. = ( =) E ( nkr |... r) 
= | cos isin 2 cos — cos — --isin —— 
p p p p p 


E c =) (cos (mer Fisin es a) 
p p p 


and using (1) and (2), we obtain the desired identity. 


Remark. The following interesting trigonometric relation holds: 


(1) a}, b? a 3dnbnen = 2)"; 
(2) a2 + b2 + c — anbn — bnen — Cnan = 1. 
(3) Two of the integers an, bn, Cn are equal, and the third differs by one. 


TL 


Solution. 


(1) Let € be a cube root of unity different from 1. We have 
(1--1)* = antbaten, (1--£)^ = antbnetene”, (1--e?)^ = antbne?+ené. 
Therefore, 


a3 +b3 + —3anbnCn=(an+bn+cn)(an+bnE + cne”) (an + bne? + ené) 
= IPL eye! = Pee)” = 2". 


5.8 Complex Numbers and Combinatorics 263 
(2) Using the identity 
T? +y? +2? — 3ryz = (x +y + z)(£? +y? 4+ 2? — cy — yz — 22) 
and the above relation, it follows that 
a?, + b? + c — Anbn — bnen — C408 = 1. 
(3) Multiplying the above relation by 2 we obtain 


(an — bn)? + (b, — cn)? + (e, — Gn)? = 2. (1) 


From (1), it follows that two of an, bn, c, are equal and the third differs 
by one. 


Remark. From Problem 5, it follows that 


1 2 1 
|n + cos — 4 (—1)" cos d = (7 + 2 cos T). 


neca 3 3 3 
Mesi (n — 2) i (2n — 4)r 
bn = 7 E + cos 3 + (—1)" cos 3 
1 —2 
a (2" + 2005 9) , 
Cn = | ios uu + (—1)"* cos = 


1 —4 
m (2" +200 9). 


It is not difficult to see that 


an = b, if and only if n = 1 (mod 3), 
Qn = Cn if and only if n = 2(mod 3), 
bn = Cy if and only if n = 0(mod 3). 
Problem 7. How many positive integers of n digits chosen from the set 
(2,3, 7,9) are divisible by 3? 
(Romanian Mathematical Regional Contest “Traian Lalescu,” 2003) 


Solution. Let £n, Yn, Zn be the numbers of all positive n-digit integers 
whose digits are taken from the set (2,3, 7, 9) that are congruent to 0, 1, and 
2 modulo 3, repsectively. We have to find zy. 


2 2 
Consider € = cos E +isin x It is clear that £n + Yn + Zn = 4" and 


En + Eyn d £z = X era eae Z (e? 4 e3 ee! e) ec] 
Jitjet+j3st+ja=n 
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It follows that x,—1+ey,+e7z, = 0. Applying Proposition 4 in Sect. 2.2.2, 
we obtain £n — 1 = Yn = Zn = k. Then 3k = £n + yn + Zn — 1 = 4" — 1, and 


1 
we obtain k — 34 — 1). Finally, zn =k+1= Fiol +2). 


Problem 8. Let n be a prime number and let a1, a2, ..., Gm be positive 

integers. Consider f(k), the number of all m-tuples (c1, ..., Cm) satisfying 

1 < cj < a; and Y, cj = k(mod n). Show that f(0) = f(1) 2--- = f(n— 1) 
i=1 

if and only if nla; for some j € (1, ..., m}. 


(Rookie Contest, 1999) 


2 2 
Solution. Let € = cos +7sin “7 Note that the following relations hold: 
n n 


]I[x 4x XM) = Y^ xett9 
mn 1l<c; <a; 
and 


m 


f(0) - f(1)e --- E f(n— 1)e"7! = » elite tem — [[(+e?+:-- +2”). 


l<cj<a; i=l 


Applying the result in Proposition 4, Sect.2.2.2, we have f(0) = f(1) = 

... = f(n — 1) if and only if f(0) + f(1)e +--+ + f(n — 1)e"^! = 0. This is 

equivalent to [] (e+e? +-+- +e%) 2 0, ie, e+e? + Ee% = 0 for some 
i=1 

j € (1, ..., m). It follows that £^; — 1 = 0, i.e., nla;. 

Problem 9. For a finite set A of real numbers denote by |A| the cardinal 

number of A and by m(A) the sum of the elements of A. 


Let p be a prime and A — (1,2, ..., 2p). Find the number of all subsets 
BCA such that |B| = p and p|m(B). 


(36th IMO) 


27 
Solution. The case p = 2 is trivial. Consider p > 3 and € = cos — +i sin 


p p 
Denote by z; the number of all subsets B C A with the properties |B| = p 
and m(B) = j (mod p). 
Then 


p-1 
X ze? — ) gmB = À ) ecit te. 
j=0 BCA,|B|=p 1<c1 < «c, 2p 


The last sum is the coefficient of X? in (X -- e)(X 4- &?) --- (X +e”). Taking 
into account the relation X? — 1 = (X — 1)(X —&)--- (X — e71), we obtain 
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(X + &)CX + e?) -- (X +°”) = (X? + 1)7; hence the coefficient of X? is 2. 
Therefore, 


p—1 
y c6? = 2, 
j=0 


i.e., z9—2--2164-: 5 16?! = 0. From Proposition 4, Sect. 2.2.2, it follows 
that zo — 2 = rz; = ++: = zy 1 = k. We obtain pk = zo 425; 1-2— 


1 
[E ) — 2, and hence k = — (G ) — 2). Therefore, the desired number is 
p 


p p 


igs. P a -2). 
p p 


Problem 10. Prove that the number Y & H 1) 23k is not divisible by 5 
k=0 


for any integer n > 0. 


(16th IMO) 
Solution. Since 2? = —2 (mod 5), an equivalent problem is to prove that 
DN = e E i) (—2)* is not divisible by 5. Expanding (1+i/2)?”"+! and 

then separating the even and odd terms, we get 
(1-- i21 = Ra +iV2Sn, (1) 

where R, = > Ge j (-2)*. 
Passing to the absolute value from (1), it follows that 

peu = R? +282. (2) 

Since 3? = —1(mod 5), the relation (2) leads to 
R2 +292 = +3(mod 5). (3) 


Assume for the sake of a contradiction that S» = 0(mod 5) for some positive 
integer n. Then from (3), we obtain R2 = +3(mod 5), a contradiction, since 


every square is congruent to 0, 1, or 4 modulo 5. 


Here are some other problems concerning complex numbers and 
combinatorics. 
z 2 
Problem 11. Calculate the sum sn = Y (x) cos kt, where t € [0, 7]. 
k=0 


Problem 12. Prove the following identities: 
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e) (2) 4 =4 (e+e), 


(Romanian Mathematical Olympiad—Second Round, 1981) 


TOKONG 


1 (V5 +1)” nr | (V5—1)* zd l 


9n } 
5 


zni cos 5 | 2n-i cos 5 


Problem 13. Consider the integers An, Bn, Cn defined by 


The following identities hold: 


(1) A2 + B2 + C2 — An Bn — BnCn — CrAn = 3^; 
(2) A2 + A,B, + B2 = 37-1. 


Problem 14. Let p > 3 be a prime and let m, n be positive integers divisible 
by p such that n is odd. For each m-tuple (c1, ..., Cm), ci € (1,2, ..., n], 


T 
with the property that p| X. ci, let us consider the product cy ---Cm. Prove 
i=l " 25 
that the swm of all these products is divisible by (2) : 
p 


Problem 15. Let k be a positive integer and a = Ak — 1. Prove that for every 
positive integer n, the integer 


=("j\-(35 od P cu a TENE Gre n-1 
s - (1) (2)«* (1) (Je + is divisible by 2^7. 


(Romanian Mathematical Olympiad—Second Round, 1984) 


Problem 16. Let m and n be integers greater than 1. Prove that 


1 
UE. 990 + 2ko +... + kin) -0. 
Marker cem 


(Mathematical Reflections, 2009) 
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Problem 17. Given an integer n > 2, let an, bn, Cn be integers such that 


Show that cn =1 (mod 3) if and only if n = 2 (mod 3). 


(Romanian IMO Team Selection Test, 2013) 
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Problem 1. Two unit squares Kı, Kə with centers M, N are situated in the 
plane so that MN = 4. Two sides of Kı are parallel to the line MN, and one 
of the diagonals of Kg lies on MN. Find the locus of the midpoint of XY as 
X, Y vary over the interior of Kı, K2, respectively. 


(1997 Bulgarian Mathematical Olympiad) 


Solution. Introduce complex numbers with M = —2, N = 2. Then the 
locus is the set of points of the form —(w + xi) + (y + zi), where |w|, |z| < 
1/2 and |x 4 y, |z — y| < V2/2. The result is an octagon with vertices 
(1 + V2)/2 + i/2,1/2 + (1 + V2)i/2, and so on. 


Problem 2. Curves A, B, C, and D are defined in the plane as follows: 


A= {le D-i) 


x2 + y? 


y 
B= 22 ———— =3 
te y):2xy + UE: Jf 
C= a, y) :2? — 3ay? + 3y 21), 
D = ((z, y) :327y - 32 — y? =0}. 
Prove that ANB 2 Cn D. 
(1987 Putnam Mathematical Competition) 


Solution. Let z = x + yi. The equations defining A and B are the real and 
imaginary parts of the equation z? = z-! + 3i, and similarly the equations 
defining C and D are the real and imaginary parts of 2? — 3iz = 1. Hence for 
all real z and y, we have (x, y) € AN B if and only if z? = z^! + 3i. This is 
equivalent to 2? — 3iz = 1, i.e., (x, y) eC n D. 


Thus An B 2 Cn D. 


Problem 3. Determine with proof whether it is possible to consider 1975 
points on the unit circle such that the distance between every pair of points 
is a rational number (the distances being taken along the chord). 


(17th IMO) 
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Solution. There are infinitely many points with rational coordinates on the 
unit circle. This is a well-known result arising from Pythagorean triangles 
and the corresponding equation 


m? n? = p. 
Each such point A(z4, ya) can be represented by a complex number 


Za $A-- iyA —cosaA T isinoa, 


where ay is the argument of the complex number z4 and cosa, sina, are 
rational numbers. 
Taking on the unit circle complex numbers of the form 


z4 = cos2a.4 +isin2aq, 


we have for two such points 


[22, — 23| = y (cos 2a4 — cos 2ag)? + (sin 2a4 — sin 2a g)? 


= /2[1 — cos2(ag — a4)] = y2 - 2sin?(ag — aa) = 2|sin(ag — aa)| 


= 2|sinag cosa, — sina, cosap| € Q. 
Answer: Yes, it is possible. 


Problem 4. A tourist takes a trip through a city in stages. Each stage 
consists of three segments of length 100 m separated by right turns of 60°. 
Between the last segment of one stage and the first segment of the next stage, 
the tourist makes a left turn of 60°. At what distance will the tourist be from 
his initial position after 1997 stages? 


(1997 Rio Plata Mathematical Olympiad) 
Solution. In one stage, the tourist traverses the complex number 
x = 100 + 100€ + 1002? = 100 — 100V3i, 
Toss T 
where € = cos = + isin —. 
'Thus in 1997 stages, the tourist traverses the complex number 


1 — ¢1997 
1996 . y - — 3 
=E 


z-—mcm-Jze-dze cbe tHE 
Hence, the tourist ends up |z| = |xe?| = |x| = 200 m away from his initial 
position. 


Problem 5. Let A, B, C, be fixed points in the plane. A man starts from a 
certain point Py and walks directly to A. At A, he turns by 60? to the left and 
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walks to P, such that Py) A = AP,. After he performs the same action 1986 
times successively around points A, B, C, A, B, C, ..., he returns to the 
starting point. Prove that ABC is an equilateral triangle and that the vertices 
A, B, C, are arranged counterclockwise. 


(27th IMO) 


Solution. For convenience, let A1, A», 43, A4, As,... be A, B, C, A, B,..., 
respectively, and let Pp be the origin. After the kth step, the position Pj will 


4 4 
be Pk = Ak + (Px-1— Ax)e for k = 1,2, ..., where € = cos © tisina =. We 
easily obtain 
Py = (1 — €)(Ag + &Ax-i + e7Ap_o tees + g*-1A). 


The condition P = Pigge is equivalent to A1986 + €A19a5 +- + £1984 Ao + 
e1985 4, = 0, which as we see from keeping in mind that A; = Ay = A7 = 
ES A» = Ag = Ag = 4 A3 = Ag = Ag = - - - , reduces to 


662(A3 + £A» + €? A1) = (Lt &? +--+: + E1) (A3 + 8A5 r£? A1) =0, 
and the assertion follows from Proposition 2 in Sect. 3.4. 


Problem 6. Let a, n be integers and let p be prime such that p > |a| + 1. 
Prove that the polynomial f(x) = z" + ax + p cannot be represented as a 
product of two nonconstant polynomials with integer coefficients. 


(1999 Romanian Mathematical Olympiad) 


Solution. Let z be a complex root of the polynomial. We shall prove that 
|z| > 1. Suppose |z| € 1. Then z” + az = —p, and we deduce that 


p = |z”  az| = |z]z" 7 +a] < [277 + la| < 1+ lal; 


which contradicts the hypothesis. 

Now, suppose f = gh is a decomposition of f into nonconstant polynomials 
with integer coefficients. Then p = f(0) = g(0)h(0), and either |g(0)| = 1 or 
|h(0)| = 1. Assume without loss generality that |g(0)| = 1. If z1, za, ..., Zk 
are the roots of g, then they are also roots of f. Therefore, 


1 = |g(0)| = |z122 -- 2%] = |zidlz2] --- ze] > 1, 


a contradiction. 


Problem 7. Prove that if a, b, c are complex numbers such that 


(a +b)(a +c) =b, 
(b+ c)(b +a) =c, 
(c+ a)(c +b) =a, 
then a, b, c are real numbers. 


(2001 Romanian IMO Team Selection Test) 
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Solution 1. Let P(x) = z? — sz? + qx — p be the polynomial with roots 
a, b, c. We have s =a+b+c, q = ab+bc+ca, p = abc. The given equalities 
are equivalent to 


sa + bc = b, 
sb 4- ca — c, (1) 
sc 4- ab — a. 


Adding these equalities, we obtain q — s— s?. Multiplying the equalities in (1) 
by a, b, c, respectively, and adding them, we obtain s(a? +b? +c?) + 3p = q, 
or after a short computation, 

3p = —3s? + 3 +58. (2) 
If we write the given equations in the form 


(s— c)(s— b) 26, (s—a)(s—c) =c, (s—b)(s—a) =a, 


we obtain ((s — a)(s — b)(s —c))? = abc, and by performing standard compu- 
tations and using (2), we finally get 


s(4s — 3)(s -- 1)? = 0. 


If s = 0, then P(x) = 2°, so a = b = c = 0. If s = —1, then P(x) = 2° +2? — 


2 4 6 
2x — 1, which has the roots 2 cos a 2 cos = 2 cos = (this is not obvious, 


but we can see that P changes sign on the intervals (—2, —1), (—1, 0), 
(1, 2) of the real line; hence its roots are real). Finally, if s = 3/4, then 


1 
32,3 


ud 
P(x)-zx Tag? vk 


which has roots a — b — c — 1/4. 


Solution 2. Subtract the second equation from the first. We obtain (a + 
b)(a— b) = b— c. Analogously, (b4- c)(b— c) = c— a and (c-- a)(c— a) ^ a— b. 
We can see that if two of the numbers are equal, then all three are equal, and 
the conclusion is obvious. Suppose that the numbers are distinct. Then after 
multiplying the equalities above, we obtain (a+b)(b+c)(c+a) = 1, and next, 
b(b4-c) = c(c+a) = a(a+b) = 1. Now, if one of the numbers is real, it follows 
immediately that all three are real. Suppose none of the numbers are real. 
Then arga, argb, argc € (0, 27). Two of the numbers arga, argb, argc 
are contained in either (0, 7) or [7, 27). Suppose these are arga, argb, and 
that arga < argb. Then arga < arg(a +b) € argb and arga < arga(a+b) € 
arg(a + b) € argb. This is a contradiction, since a(a + b) = 1. 


Problem 8. Find the smallest integer n such that an n x n square can be 
partitioned into 40 x 40 and 49 x 49 squares, with both types of squares present 
in the partition. 


(2000 Russian Mathematical Olympiad) 
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Solution. We can partition a 2000 x 2000 square into 40 x 40 and 49 x 49 
squares: partition one 1960 x 1960 comer of the square into 49 x 49 squares 
and then partition the remaining portion into 40 x 40 squares. 

We now show that n must be at least 2000. Suppose that an n x n square 
has been partitioned into 40 x40 and 49 x49 squares, using at least one of 


2m. , 2m TU rossi eh ; 
each type. Let ¢ = cos — +i sin — and € = cos — +i sin —. Orient the nxn 
square so that two sides are horizontal, and number the rows and columns 
of unit squares from the top left: 0, 1, 2,..., n— 1. Fr0 <j, k<n-1, 
write (/€* in square (j, k). If an m x m square has its top left-hand comer 
at (x, y), then the sum of the numbers written in it is 


atm—-lytm-1 
lis tay ot) (f=) 
25 2, 0$ ee (C= zai) 


jos 


'The first fraction in parentheses is 0 if m — 40, and the second fraction is 0 
if m — 49. Thus, the sum of the numbers written inside each square in the 
partition is 0, so the sum of all the numbers must be 0. However, applying 
the above formula with (m, x, y) — (n, 0, 0), we find that the sum of all 
the numbers equals 0 only if either ¢” — 1 or £" — 1 equals 0. Thus, n must 
be either a multiple of 40 or a multiple of 49. 

Let a and b be the number of 40 x 40 and 49 x49 squares, respectively. 
The area of the square equals 40? - a + 49? -b = n?. If 40|n, then 40?|b, 
and hence b > 407. Thus, n? > 49?. 40? = 19607; because n is a multiple 
of 40, n > 50-40 = 2000. If instead 49|n, then 49?|a, a > 49?, and again 
n? > 1960?. Because n is a multiple of 49, n > 41-49 = 2009 > 2000. In either 
case, n > 2000, and 2000 is the minimum possible value of n. 


Problem 9. The pair (z1, 22) of nonzero complex numbers has the following 
property: there is a real number a € [—2,2] such that z2? — azız2 + 23 = 0. 
Prove that all pairs (z?, 23), n — 2,3, ..., have the same property. 


(Romanian Mathematical Olympiad—Second Round, 2001) 
Solution 1. Set t — 2, t € C*. The relation 22—421234-22 = 0 is equivalent 
22 


E iy 4 — a? 


to t?—at+1 = 0. We have A = a?—4 < 0, whence t = e 3 


and |t| = 
2 2 n 

a 4—a z 
2 + XA 1. If t 2 cosa + isina, then a = t” = cosna + isinna, 
Z2 


and we can write 22" — anz?2z3 + 22" = 0, where an = 2cosno € [—2, 2]. 


Solution 2. Because a € [-2,2], we can write a = 2cosa. The relation 
2? — az1za + 22 = 0 is equivalent to 
zl 


desi 2coso, (1) 
22 Z1 
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and by a simple inductive argument, it follows from (1) that 


TL n 
z Z 
1 2 = 2cosna, n= 1,2, «c 


Problem 10. Find 
. Imz? 


min z 
zEC\R [Im?z 


and the values of z for which the minimum is reached. 
= a + bi, b # 0. Then 


Solution. Let a, b be real numbers such that z 
Im(z)? = 5a*b — 10a?b? + b° and 


Im?z 


Setting x = (2) yields 


I 5 
a = $e? — 102 +1 = 5(z — 1)? — 4. 
Im?z 
The minimum value is —4, and it is obtained for x = 1, i.e., for z = a(1 + 
i), a Z 0. 
Problem 11. Let zi, z2, z3 be complex numbers, not all real, such that |z1| = 
[za] = |z3| =1 and 2(z1 + Z2 + z3) — 9z122z3 € R. 


Prove that 


o1 


max(arg 21, arg z2, arg 23) > 


Solution. Let zk = cost, + isint,, k € (1,2, 3}. 
The condition 2 (z1 + z2 + z3) — 32122 € R implies 


(1) 


(sin t4 + sin tə + sin t3) — 3sin(tı + tə + t3). 


T T 
Assume by way of contradiction that max(tı, te, t3) < ri hence t1, t2, t3 < —. 


tı +to+t 
Let t= — = uA € (o. =). The sine function is concave on |o. =), SO 


1. _ ty tte+t 
zint + sin t2 + sin t3) < sin ateti (2) 


From the relations (1) and (2), we obtain 
. ty +t2 + t3 
n : 


sin(tı + tə + t3) < " 
2 3 
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Then 
sin 3t < 2sint. 
It follows that 
Asin? t — sint > 0, 


1 1 T 
i.e., sin?t > —. Hence sint > 3? and then t > rt which contradicts that 


te (0.7). 


Therefore, max(tı, t2, t3) > e as desired. 


Here are some more problems. 


Problem 12. Solve in complex numbers the system of equations 


xly| + yla| = 227, 
ylz| + z|y| = 22°, 
zæ] + z|z| = 2y?. 


Problem 13. Solve in complex numbers the following: 


u(x — y)(x — z) = 3, 


, 


(y — 2) 
(z—9)73. 
(Romanian Mathematical Olympiad—Second Round, 2002) 


Problem 14. Let X, Y, Z, T be four points in the plane. The segments [XY] 
and |ZT] are said to be connected if there is some point O in the plane such 
that the triangles OXY and OZT are right isosceles triangles in O. 

Let ABCDEF be a convex hexagon such that the pairs of segments | AB], 
[CE], and [BD], [EF] are connected. Show that the points A, C, D and F 
are the vertices of a parallelogram and that the segments [BC] and [E A] are 
connected. 


(Romanian Mathematical Olympiad—Final Round, 2002) 


Problem 15. Let ABCDE be a cyclic pentagon inscribed in a circle with 
center O that has angles B = 120°, C = 120°, D = 130°, E = 100°. Show that 
the diagonals BD and CE meet at a point belonging to the diameter AO. 


(Romanian IMO, Team Selection Test, 2002) 
Problem 16. A function f is defined on the complex numbers by 
f(e) = (a + bi)z, 


where a and b are positive numbers. This function has the property that the 
image of each point in the complex plane is equidistant from that point and 
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the origin. Given that |a + bi| = 8 and that b? = m/n, where m and n are 
relatively prime positive integers, find m +n. 


(1999 AIME, Problem 9) 


Problem 17. Let F(z) — e UR for all complex numbers z # i, and let 
z—i 
Zn = F(Zn-1) 
TN : 1 : . 
for all positive integers n. Given that z = —— + i and z2002 = a + i, where 


137 
a and b are real numbers, find a + b. 


(2002 AIME I, Problem 12) 


Problem 18. Given a positive integer n, it can be shown that every complex 
number of the form r4-si, where r and s are integers, can be uniquely expressed 
in the base —n--i using the integers 1,2,...,n? as digits. That is, the equation 


r+ 5i = ag (—n ti)" -- as 4(7n +1)" 71 4+...4 


is valid for a unique choice of nonnegative integer m and digits ag, a1, ..., am 
chosen from the set {0,1,2,...,n7}, with am #0. We write 


r+ si = (Qj dg 4... 0100) nai 


to denote the base-(—n +i) expansion of r+ si. There are only finitely many 
integers k + Oi that have four-digit expansions 


k= (a3a2a180) 3i; a3 Æ 0. 
Find the sum of all such k. 


(1989 AIME, Problem 14) 


Problem 19. There is a complex number z with imaginary part 164 and a 
positive integer n such that 


Find n. 
(2009 AIME, Problem 2) 


Problem 20. Let u,v,w be complex numbers of modulus 1. Prove that one 
can choose signs + and — such that 


jtutvtu| <1. 


(Romanian Mathematical Olympiad—District Round, 2007) 
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Problem 21. Consider a complex number z, z #0, and the real sequence 


an = n> 1. 


1 
z” +—], 
gn 


(a) Show that if a4 > 2, then 


an + An+2 


5 , for all n € N*. 


An+1 < 


(b) Prove that if there exists k € N* such that ap € 2, then a, < 2. 
(Romanian Mathematical Olympiad—District Round, 2010) 


Problem 22. Consider the set M = {z € C | |z| 2 1, Rez € Q}. Prove that 
the complex plane contains an infinity of equilateral triangles with vertices 
in M. 


(Romanian Mathematical Olympiad—Final Round, 2012) 
Problem 23. Let (@n)n>1 be a sequence of nonnegative integers such that 
an < n, for all n > 1, and > cos Ta = 0, for alln > 2. Find a closed 
formula for the general term or the sequence. 


(Romanian Mathematical Olympiad—District Round, 2012) 


Problem 24. Let a and b be two rational numbers such that the absolute 
value of the complex number z = a+ bi is equal to 1. Prove that the absolute 
value of the complex number zn =1+2+27+...+2"71 is a rational number 
for all odd integers n. 


(Romanian Mathematical Olympiad—District Round, 2012) 


Chapter 6 


Answers, Hints, and Solutions 
to Proposed Problems 


In what follows, answers and solutions are presented to problems posed in 
previous chapters. We have preserved the title of the subsection containing the 
problem and the number of the proposed problem. Taking into account the 
complexity of some problems in the chapter on Olympiad-caliber problems, 
we have included the statements of these problems before the solutions. 


6.1 Answers, Hints, and Solutions to Routine Problems 


6.1.1 Problems (p. 19) from Section 1.1: Algebraic 
Representation of Complex Numbers 


Lda) z1 +22 + z3 = (0,4); (b)ziza + zaza + 2321 = (—4, 5); 
(c) 212923 = (—9,7); (d)z? +22 + 23 = (—8,—10); 


Z1 | 229 23 311 65 2; + 32 152 72 
ha a a 130° 83)? 027122 (2 221 


T. Andreescu and D. Andrica, Complex Numbers from A to ... Z, 277 
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(1,0) for n = 4k; 
n (1,1) for n = 4k + 1; 
4. X` zk = 4 (0,1) for n = 4k + 2; 
k=0 (0,0) for n = 4k + 3. 


5.(a) z= (1,1); (b)z = (2,1), z2 = (-2, - 1). 
6. 2? = —b?,2ab); 23 = (a3 — 3ab?,3a?b — b3); 
— Gap? + bi, + bt, 4a3b — 4ab?) 


a + va? +b? —a + va? +b? 
Z2 = 2 ,—sgn b — S vs 


8. For all nonnegative integers k, we have 


z^^ —((-4)5,0) zt = ((—4)*, -(-4)"); z'*'?- (0, —2(—4)*); 
4Z1**3 — (—2(—4)*, -2(—4)5); for k > 0. 


1 
$(s— p y= p ()r--2 y-& ()r-0 y-0. 
11 5v7. 61 4. 
10.(a) 84-5145; (b)4—43iü; (c)2; (> inc (e)13 de i 
11.(a) —4; (b) Fay =1, Eag a1 = 1 +i, Eag a2 =i, E4k+3 = 0; (c)1; (d) — 3i. 
V2. y2 V2 a 
12.(a) zl] — p ra Z2 = Sr 
2 V2 2 2 
(b) A= 2 a 2 » 42 — 2 + 2 ; 
Vi-V3 VV3-1. 
(c) 21,2 = £ 2 5 i|. 


13. z€ R or z = z + iy with z? +y? — 1. 
14.(a) E, = Ei; 
(b) Ey = E». 
15. Use substitute the formula that defines the modulus. 
16. From the identity 


3 
1 1 1 
(+2) =8+543(2+2), 
zZ z zZ 


we obtain 
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where 


Since 
a? — 3a — 2 = (a — 2)(a? + 2a + 1) = (a — 2)(a +1)’, 
we have a < 2, as desired. 
17. The equation |z? + z?| = 1 is equivalent to |z? + z?|? = 1. That is, 

1 

(2? +. 27)(z? + 2?) = 1. We obtain (2? + z2)? = 1, or (27+ 7)? = 1. The 
z 

last equation is equivalent to (2*--1)? = 24, or (z^—2z?+1)(zf+2?+1) = 0. 

1 v3 v3 1 


The solutions are 5! 5 and 5 5* 


is se | Ji n). 


19. z € (0,1, 1,i, —i]. 


1 1 1 

20. Observe that |= — gius is equivalent to |2— z| < |z|, and consequently, 
zZ 

(2 — z)(2 — Z) < z - Z. It follows that 4 < 2(z + Z) = 4Re(z), as needed. 


21. a? Hee — ab — bc — ca. 


—6-4-V21 
22.(a) z= uai; (b) ra Hi (c) z=2+i; 
—2- v3 1 
(d) 21,2. — a + 3 (e) z? = —1, z? = —5— 6i; (f) z? = 
13 9, 
—— — id. 
2 2 
23. m € (1,5) 


24. z = —2y + 2 + iy,y € R. 

25. z = x + iy with z? +y? — 1. 

26. From |z, +22| = V3 it follows that |z1 - z2|? = 3, i.e., (z1 +z2)(Z1 F z2) = 
3. We obtain |2112 + (2122 +Z122) + |z3|l? = 3. That is, ZıZ2 +Z1Z2 = 1. On 
the other hand, we have |z1— 22|? = |z1|?—(z1224-2122)-|z3|? = 2-1 = 1, 
and hence |z1 — z2| = 1. 


27. Letting e = -i je and noticing that e? = 1, we obtain n = 3k, k € Z. 
28. Note that z = 0 is a solution. For z 4 0, passing to the absolute value, we 
obtain |z|"~1 = |z|, i.e., |z| = 1. The equation is equivalent to z” = iZ: z, 
which reduces to z” = i. The total number of solutions is n + 1. 
29. Let 
a-—|z-zs, B-—l|z—z y= |z- zəl. 
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Since the inequality 
ab + By yo € o? B? y? 
holds and 
a? + B* y? = 3? + [z2P + |221?) — |21 + 22 + 23 


3(|z1|? + |z2P + |22|? = 9R?, 
it follows that 
off + By + yo € 9R?. 
30. Observe that 


if and only if 


'This is equivalent to 


We obtain 
(u — 2)(w— 2) < (uz — 1)(uz — 1), 
i.e., 
Iul? + zl? — lul? [af? — 1 < 0. 
Finally, 


(lu? — 2)(IzP — 1) > 0. 
Since |u| € 1, it follows that |w| € 1 if and only if |z| € 1, as desired. 
31. z2 4+ 23 + 22 = (z1 + za + 23)? — 2(2122 + 2023 + 2321) 


1 1 1 Eh Fete s 
= —2212223 H ł = 2z12223(71 + Z2 + Z3) — 0. 
Z1 Z2 23 
p? 
32. The relation |z,| = r implies Z = — ee k € {1,2,...,n}. Then 
r2 r2 
ESTEE DE 5 
n= Zn AL 
r2 
21 22 Zn 
gin ŽL t22 t3 Zn+2ı 
- 2122 cm Zn£l _— E; 
p2n 4 
2122 cee Zn 


hence E € R. 


6.1 Answers, Hints, and Solutions to Routine Problems 281 


33. Observe that 


21:21 22° 22 23° 23 r 


and 
2122 + 23 € Rif and only if z1z2 + 23 = Z1- Z2 + Z3. 
Then 
r? _ 2122 + 23 _ 2123 +22 | 2223 Tz 
212223. Zi22 FR T?23 | ziZ3 +7220 | z923- T?24 
(z1 — 1)(z2 — za) 21—1 z2— 1 z3— 1 Z1 — £2 1 


(z2 — z3)(z1 =r?) zr? z9—r? z3=r? zy — 20 
Hence 212223 = r?, and consequently, r? = r?. Therefore, r = 1 and 
212223 = 1, as desired. 


34. Note that x? = 73 = —1. 


(a) —1; (b)l; (c) Consider n € {6k, 6k + 1, 6k + 2, 6k + 3}. 
35.(a) xf +16 = z* +24 = (x? + 4i) (a? — Ai) 


= [a? + (V2 + i) Pll? — (V21 + i))?] 
= (x + V2(-1 + i) (a + V2(1 — i))(x — V2(1 + i))(z + V2(1 + i 
1 


wa 


(b) z? — 27 = z? — 33 = (x — 3)(x — 3€)(x 3e?), where e = —5 + ^i. 


) 
2 
c) z? +8 = z? +23 = (x + 2)(z +1 +iv3)(£ -1— i3). 

(d) at +a? -1- (z? — £)(z? — €?) = (a? — &?)(a? — e?) 


|S 


= (x — £e)(x + e)(x — E€)(x + E), where € = z 4+ — 


18 26 
36.(a) x? — 14r +50 =0; (b)a?— —z--— =0; (ce) 27 +424+8=0. 


5 5 
37. We have 


2|z1 +2z2|:|z2+ za] = 2|22(z1 +22 +z3)+ 2123| < 2|z»|-|z1 +z2+23|+2ļz1l|lz3l, 


and likewise, 


2|z2 ae zal d [za s zl < 2|z3||z1 Z2 23| 2|z2||z1 |; 


2|za BE zl + EZ E zəl < 2|zi||zi Z2 23| 2|2Z2||z3|. 


Summing up these inequalities with 


lz + zal + [22 + zal? + 23 + a = |i? + z2? + |z3|? + [z1 + 22 + 23]? 


yields 
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(\z1 + zo] + [22 + za] + [z3 + 211)? < (lza] [22] + |za] + |z1 + 22 + 2al)?. 


The conclusion is now obvious. 
38. Note that |z;| = |(z — zi)(y — yi) — zy| € |x — vi||y — yil + |2||y|. Hence 
by the Cauchy-Schwarz inequality, 


Y lal € Yo le- zilly — vel + nelly 
< JY le- ssl Y. ly- uil? + nelly. 


Now we have 
XO je- zu? = M al + zi? + 2Re(zz;)) 
= n|z|? +n = 2Re (7) 


= n|z|? +n — 2nRe(zz) 


= n(1 cm |^, 


the last equality following from Re(zz) = xz = |v|?. Thus 


VX lens Y lu-u? +nlellyl = n(T- IVA BP + fallu) < n. 


where the last inequality is also proven by Cauchy-Schwarz, and we 
are done. 


6.1.2 Problems (p. 29) from Section 1.2: Geometric 
Interpretation of the Algebraic Operations 


1.(a) The circle of center (2,0) and radius 3. 


The disk of center (0, —1) and radius 1. 


1 1 
M= (en € R?|z > -iof ew € R?|z < — 5732" -4° -3< o}. 


M-í(zyeR?|-1«y«o0). 
M = {(az,y) ER? |-1<y<1}. 
M = ((z, y) € R?|z? + y? — 3z +2 = 0)4. 


he union of the lines with equations z = "5 and y — 0. 
2. M = ((z,y) € R2|y = 10 — z?, y > 4}. 


3. z3 = V/3(1— i) and z4 = V3(1-F i). 
4. M = ((z, y) € R?|i? c y? +r 0, Z0, 1} 


U((0, y) € R?|y # 0} U ((—1, y) € R?|y 7 0). 


H 
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5. The union of the circles with equations 


r? +y’ — 2y- 1 = 0 and 2? +y? 42y—1- 0. 


6.1.3 Polar Representation of Complex Numbers 


L(a) r= 3V3 t= 775 OE ES is EE md 
1 1 
(d) r = v5, t* = arctan 37 (e) r = 2V5, t* = arctan (-) 42m. 
16 12 
2.(àz—-l y-vV3 (b) z=, yc--ui ()s--2y-0 
(d) x = —3,y=0 (e)r=0,y=1 (f)u20,y — —4. 


a [2r—argz,if arg z 40, 
Dope: T if arg z = 0; 


T 7 --arg z, if argz € [0, 7), 
arg(—z) bns n z,if argz € [m, 2). 


4. (a) The circle of radius 2 with center at the origin. 
(b) The circle with center (0, — 1) and radius 2 and its exterior. 
(c) The disk with center (0, 1) and radius 3. 
(d) The interior of the angle determined by the rays y = 0,2 < 0 and 


y=x,x <0. 

(e) The fourth quadrant and the ray (OY’. 

(f) The first quadrant and the ray (OX. 

(g) The interior of the angle determined by the rays y — VB x, x <0 and 
y= V3a, z «O0. 

(h) The intersection of the disk with center (—1, —1) and radius 3 with 
the interior of the angle determined by the rays y = 0,2 > 0 and 
y= Wer, c 0. 


5. (a) z1 = 12 (a Z +ising); (b)z2 = $(cos 27 + isin 22); 
(c) zs = cos #2 + isin $2; (d)z4 = 18 (cos 3€ + isin 34); 
(e) 25 = v13 (sor — arctan 2) + isin (27 — arctan 3 ys 
(f) ze = 4 (cos 27 + isin 37). 

6. (a) z; = cos(2m — a) + isin(2r — a),a € [0, 27); 

(b) z2 = 2| cos 2| - [cos (£ — 2) + isin (3 — 2)] if a € [0, 7); 


z2 = 2|cos $| - [cos (35 — $) + isin (37 — $)] if a € (m, 27); 
(c) z3 = V2 [cos (a + 7€) + isin (a + )] if a € [0, 1]; 

zs = V2 cos (a — 4) + isin (a — %)] if a € (2,27); 
(d) z4 = 2sin $ [cos (3 — 2) + isin (3 — 8)] if a € [0, x); 


2 2 
z4 = 2sin $ [cos (32 — $) + isin (32 — $)] if a € [m, 27). 


284 6 Answers, Hints, and Solutions to Proposed Problems 


2V2 (cos Œ --isin 7E);  (b)4(cos0 +i sin 0); 


1 
48/2 (cos 5% +isin 53);  (d)30 (cos +i sin £). 


= 14/2, argz = 42, Arge = 11* + Qka, argz = T, arg(—z) = 5. 
g g 8 12 


127 12 7 127 
9. (a) |z| = 23 + sty, argz = 57; (b)|z| = de argz = m; 
(c) |z| = 2"+1| cos 957 |, arg z € (0, 7}. 
10. If z = r(cost + isint) and n = —m, where m is a positive integer, then 
5 E 1 1 1 cos 0 + sin 


z = 7. LI = T = . mE 
Z2" r™(cosmt+isinmt) r™ cosmt+isin mt 


= L lcos(o — m)t 4- isin(0 — m)t] 2 r " (cos(—mt) + isin(—mt)) 


= r" (cos nt + isin nt). 


11. (a) 2" sin” $ [cos naa) +isin Eu if a € [0,7); 


2" sin” $ [cos nöro) +isin ag] if a € |r, 27]; 
(b) z^ + à: = 2 cos ™. 
12. Applying the quadratic formula to z? — (2 cos 3°)z + 1 = 0, we have 
2 cos 3? + V4 cos? 3° — 4 
z- E 


= cos 3? +isin3°. 
Using de Moivre theorem, we have 
2799? — cos 6000? + i sin 6000°, 


6000 — 16(360) 4- 240, 
so 
22000 — cos 240? + isin 240°. 
1 
2000 = o 
We want z + -z000 = 2c08240 =-l. 


z 
Finally, the least integer greater than —1 is 0. 
13. We know by de Moivre's theorem that 


(cost + isint)" = cosnt + isinnt 


for all real numbers t and all integers n. We would like, therefore, somehow 
to convert our given expression into a form from which we can apply de 
Moivre's theorem. 

Recall the trigonometric identities 


T N . T 
cos 5 — u = sin u and sin 5 —u=cosu, 
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which hold for all real u. If our original equation holds for all t, it must 
certainly hold for t — er Thus, the question is equivalent to asking 
for how many positive integers n < 1000 we have such that 


(sie (5 cv) icon (Fu) cann (5 =u) Finn (5 =u) 
sin 2 uU r cos 2 u =sinn 2 u ?cosm 2 uU 


holds for all real u. From the de Moivre’s theorem we have 


sT : T n ute UP os 
(sin (5 u) + icos (4 u)) = (cosu + isin u)” = cosnu + isinnu. 


We know that two complex numbers are equal if and only if both their 
real parts and imaginary parts are equal. Thus, we need to find all n such 
that 


A T , T 
cosnu = sinn ao and sinnu = cosn gu 


hold for all real u. Now, sin x = cos y if and only if either z +y = 5 +2kr 


orz—y- g + 2kr for some integer k. So from the equality of the real 


parts, we need either 


T T 
nun(5 u)-7 + 2km, 


nu + n(z u) - thm, 


in which case n will depend on u, and so the equation will not hold for all 

real values of u. Checking n = 1+ 4k in the equation for the imaginary 

parts, we see that it works there as well, so exactly those values of n 

congruent to 1 modulo 4 work. There are 250 of them in the given range. 
14. Let R(x) = cosx + isinz. We have 


a- vi - Gn(-5)) nC). 


and thus by de Moivre's theorem, we get 


Ln, = 2" cos (-—) = 2" cos n6, 


Yn = 2" sin (-—) = —2" sinn, 


where 0 — T, 


Substituting these into the given expressions, we obtain 


(a) Z5Un 1 — €n-1Us = 22" 1 sin(n8 — (n — 1)0) = 2?^-! sing = 4/3 47-1, 
(b) z,z41 + YnYn—1 = 2?"^1 cos(n0 — (n — 1)0) = 2?^71 cos = 4", 
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.4 The nth Roots of Unity 


ze = V2 (cos EHT T + isin t Su), k € {0,1}; 


T42kr ..  £--2km 
— 2 2 . 
Zp = cos 25 ign k € {0,1}; 
T -rE2km d. itx 
Zk = cos 4—5 isin 4 ,k € {0,1}; 


Zh = 2 E a ir + isin € c k € {0,1}; 


3 RET 


= ed Lil ae ptak 
Zk COs asin 


,k € {0,1,2}; 
3 (cos -— + isin nizke) k € {0, 1, 2}; 
Id s iie T +isin oo) ke {0,1,2}; 


Zk 


5T 49k .. 97. E2km 
Zk = cos 43 + isin 3———,k € {0,1,2}; 


zo = 3t+i, z1 = (8+i)e, z2 = (3 +i)e?, where 1, &, €? are the cube roots 
of 1. 


zk = V2 (cos EEk igin £ E, k € {0,1,2,3}; 


4 
zx = 2 (cos STONE + isin LL) ,k € {0,1,2,3}; 
zy = cos 2424" +isin Paces ,k € {0, 1, 2,3}; 


ge $2 (cos THT b i sin = pu) „k € (0,1,2,3); 

zo = 2 + i, z1 = —2 — i, z2 = —1 + 2i, z3 = 1 — 2i. 

= cos 25* + isin 257. k € (0,1,...,n — 1},n € (5,6,7,8,12). 
Consider €j = &/,&, = £}, where e = cos = + isin ?*. Then £j: Ek = 
etk, Let r be the remainder modulo n of j 4 k. We have j +k 


pntr,r € (0,1,...,n-1] and Eje =P ntr (e”)P.e" =E" = Ep € Un. 


i --1-1 erTi 
We can write £} = 5=5 € Us. 


[^s 


zy = 5 (cos 25 + isin 28") |k € {0,1,2}; 
zk = 2 (cos m Fisin RINT] ,k € {0,1,2,3}; 


3z 42k o MET2k 
zk = 4 (cos 2+ T +isin E t). {0,1,2}; 


Zk = 3 (cos zrak + isin TS k € {0,1,2}. 


The equation is equivalent to (z4 — i)(z3 — 2i) = 0. 

We can write the equation as (z? + 1)(z? +i — 1) = 0. 

The equation is equivalent to zê = —1 + i. 

We can write the equation equivalently as (z? — 2)(z? + i) = 0. 


8. It is clear that every solution is different from zero. Multiplying by z, we 
see that the equation is equivalent to 2? — 524 + 102? — 10:22 + 5z — 1 = 
—1,z Æ 0. We obtain the binomial equation (z — 1)? = —1,z # 0. The 


solutions are zę = 1 + cos 


GRU" 4 isin CRU k = 0.1.3, 4. 
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9. It suffices to prove that 


z^ ply pz = EE 
z—1 z—1 z—1' 
D " "m _ UB C =e 1) T zn*l I zgn-1l = d gn-l 
z—1 z—1 z—-1 ' 
ie eed) iip LAN iue 
z—1 z—1 z—1 
Hence 
grtl _ x 
iow g Ln m 
ne +... H222 422" aie pane z—1 
z—1 z—1 
l-z 
o” z1 _n^n+1 
Eg, z—-1l 
10. The given condition is equivalent to 
e P c 
z 2z 


2-1 
that is, —————— 
at is, zz 1j 


= 0, because z Æ 1. 
For n = 0 (mod 5), our product is equal to (1+1)(1+1+1)=6 


Otherwise, 


1 1 
(: ) (: zn ) A, +z gn Es gan z2n(zn = 1) 


zn 
5n . 
EM EES. =0, 
z2n(zn — 1) 


so the answer to the problem is 


6,ifnz0 (mod 5), 
1, otherwise. 
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11. Solution 1. We have 21997 = 1 = 1(cos0 + iin). 
By de Moivre's theorem, we find that (k € (0,1,...,1996]) 


u 2kn pet 2kn 
zZ = cos 1997 isin 1997)" 


2 
Now let v be the root corresponding to 0 — a and let w be the root 
2 
corresponding to 0 = a The magnitude of v + w is therefore 


2mm l 2NT : sus 2mm dg 2nt 3 
0081 1997) "°°° 1 1997 511997) ' "1 1997 
— 2mm 2nm 12s 2mmY . 2nm 
T cos | T997 | “°° \ 1997 smn | T997 1997 J^ 


We need 


2mm 2nm TN 2mmN . 2NT 3 V3 
s| —— ——— — — —. 
cos 1 1997 } ^51 1997 J^ ?'1 \ 1997 / 8" 1 1997] ^ 2 


The cosine difference identity simplifies the above to 


( 2mm | 2nm ) J/3 
cos > : 


1997 1997 2 


Thus 


a 1997 1997 
maisi - 

6 2m 12 
Therefore, m and n cannot be more than 166 away from each other. This 
means that for a given value of m, there are 332 values for n that satisfy 
the inequality; 166 of them greater than m, and 166 of them less than m. 
Since m and n must be distinct, n has 1996 possible values. Therefore, 


1996 = 199 The answer is then 499 + 83 = 582. 


Solution 2. The solutions of the equation 21997 = 1 are the 1997th roots 
of unity and are equal to 


2kr 2kn 
+ isi = ..., 1996. 
cos E isin E for k = 0,1,...,1996 


They are also located at the vertices of a regular 1997-gon that is centered 
at the origin in the complex plane. 


| = 166. 


the probability is 
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Without loss of generality, let v — 1. Then 


We want |v + w|? > 2-- 43. From what we just obtained, this is 


equivalent to 
2k 3 
cos LUE > v3 
1997/ — 2 


This occurs when 


IV 
IV 


E which is satisfied by 
k — 166,165,..., —165, —166 


(we do not include 0, because that corresponds to v). So out of the 1996 
possible k, 332 work. Thus, m/n — 332/1996 — 83/499. So our answer is 
83 + 499 = 582. 

12. Solution 1. We have the following equations: 


z 
1— — =l, 
2z—i 
ET 
2z —i 
pct 
2z— i 
z ; 
— — = -1. 
az —à4 


Let us work each equation separately. The first one gives 5 i - = 0, or 
z—i 


zj 
z = 0. The second one gives 2 = m or 4z — 2i = z or z = £. The 
z—i 
z—i . : i+] 
=t or z— i = 2zi + 1, or z = - ; 

—2i +1 


. The fourth one gives (1 + i)(2z — i) = z, or z+ 2àz — à +1 = 0, 


i41 
which gives the solution A: ; 


third one gives 
3i— 1 


: which is 
2z— i 
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Thus our answers are 


corn) ( 5 +1) ( x x «uU | x)-G)- 


4 
Solution 2. Gre = 1 has roots zı + i, zo +i, z3 +i, z4 +i. 
1 
From z4 = 162* -- ... + 1, we get the product of roots am 
— 944 

kw = 1 has roots zı — i, 22 — 4, za — i, z4 — à. 

4 4 65 13 
From z*+...+16 = 16z^ 4-...4- 81, we get the product of roots ds s 


Hence 


4 4 


IIc?-»5- e+ IJe i)= (=) (3) -E 


r=1 r—1 


Solution 3. The roots of the given equation are the same as the roots of 
the polynomial 

P(z) = (z — i)* — (2z — i). 
If a is the leading coefficient of P(z), in this case a — 1 — 2* — —15, then 
the desired expression is simply Py, EGU, Since P(i) = —i* = —1 and 
P(-i) = (—2i)* — (-3i)* = 16 — 8l = _65, we get 


P(i)P(-i) 65 13 
E = = mE . 
a? 225 45 


13. Let t = 1/z. After multiplying the equation by t!?, we have 


1 (13- t)" 2 0 > (13— t)" = —1. 


2k 4-1 
a), where 
k is an integer between 0 and 9, and cis = cos0 + isin0. We have 


O . f (2k + 1)r >De of (2k+1)r 
t=13 cs ( 10 => t = 13 — cis 10 à 


Using de Moivre's theorem, we obtain 13 — t = cis 


Since cis + cis(—0) = 2cos0, we have 


i 2k +1 
ti = 170 — 26 cos (Sn) 


10 


after expanding. Here k ranges from 0 to 4, because two angles that sum 
to 27 are involved in the product. 
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14. 


'The expression to find is 
3. (2k. l)m 
tt = —2 — 
S| tt = 850 — 26 2 T 


But 


so the sum is 850. 

Since the coefficients of the polynomial are real, it follows that the nonreal 
roots must come in complex-conjugate pairs. Let the first two roots be 
m,n. Since m +n is not real, m,n are not conjugate, so the other pair 
of roots must be the conjugates of m,n. Let m’ be the conjugate of m, 
and n’ be the conjugate of n. Then 


i, m 4- n — 3 — Ai. 


By Viete’s formulas, we have that 


b=mm'+nn'+mn'+nm'+mntm'n! = (m+n)(m'+n')+mntm'n' = 51. 


.1.5 Some Geometric Transformations 


of the Complex Plane 


. Suppose that f,g are isometries. Then for all complex numbers a,b, we 


have |f (g(a)) — f (g(b))| = |g(a) — g(b)| = |a—b|, so fog is also an isometry. 


. Suppose that f is an isometry and let C be any point on the line AB. 


Let f(C) = M. Then MA = f(C)f(A) = AC, and similarly, MB = BC. 
Thus |MA — MB| = AB. Hence A, M, B are collinear. Now, from MA = 
AC and MB = BC, we conclude that M = C. Hence f(M) = M, and 
the conclusion follows. 


. This follows immediately from the fact that every isometry f is of the 


form f(z) 2 az +b or f(z) 2 aZ +b, with |a| = 1. 


. The function f is the product of the rotation z — iz, the translation 


z — z--A-— i, and a reflection in the real axis. It is clear that f is an 
isometry. 


. The function f is the product of the rotation z + —iz with the translation 


zZ— z-H-Fl-42i. 
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6.2 Solutions to the Olympiad-Caliber Problems 


6.2.1 Problems Involving Moduli and Conjugates 


Problem 21. Consider the set 
A={zeEC:|z| <1}, 
a real number a with |a| > 1, and the function 


f:4> A, f(z) Pus 
z+a 


Prove that f is bijective. 


Solution. First, we prove that the function f is well defined, i.e., that 
|f(z)| < 1 for all z with |z| < 1. 

Indeed, we have | f(z)| < 1 if and only if |148] < 1, i.e., |L+az|? < |z+a)’. 
The last relation is equivalent to (1 + az)(1 + az) < (z + a)(z 4- a). That is, 
1+ Ja?|z[? < Jal? + |z|?, or equivalently, (|a|? — 1)(|z|? — 1) < 0. The last 
inequality is obvious, since |z| < 1 and |a| > 1. 

To prove that f is bijective, it suffices to observe that for every y € A, 
there is a unique z € A such that 


1+ az 
f= "n 
We obtain 
ay—1 
z= = —f(-y), 
a— y 


and hence |z| = |f(—y)| < 1, as desired. 


Problem 22. Let z be a complex number such that |z| = 1 and both Re(z) 
and Im(z) are rational numbers. Prove that |z?" —1| is rational for all integers 
n 21. 


Solution. Let z = cosy + isinq with cos o, sino € Q. Then 
22” — | =cos2ny + isin 2ny — 1 = 1 — 2sin? ny + 2isinnycosny — 1 


= —2sinny(sin ny — icosny) 
and 
|z?^ — 1| = 2|sin ny]. 


It suffices to prove that sinny € Q. We prove by induction on n that both 
sin nq and cos ny are rational numbers. The claim is obvious for n = 1. 
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Assume that sin nq, cosny € Q. Then 
sin(n + 1) = sin nọ cos y + cos ny cos o € Q 


and 


cos(n + 1)p = cosng cos y — sin ng sin o € Q, 
as desired. 
Problem 23. Consider the function 


o l+ti 


F:R>C, f(t) - 1—. 


Prove that f is injective and determine its range. 

Solution. To prove that the function f is injective, let f(a) = f(b). Then 
l+ai 1l+bi 
l-ai 1-—bi 

This is equivalent to 1 4- ab 4- (a — b)i = 1+ab+ (b — a)i, i.e., a = b, as needed. 


'The image of the function f is the set of numbers z € C such that there is 
t cR with 


lc 
== th= A 
mS e 
From z = 132, we obtain t = (xs if z Z 1. Then t € R if and only if t — t. 
The last relation is equivalent to 
z—1 z—1 


ilc-z)  —i(1+2’ 


i.e., 
—(z — D)(z 1) 2 (z - 1)(z - 1). 
It follows that 2zz — 2, i.e., |z| — 1; hence the image of the function f is 


the set (z € R||z| = 1 and z Z —1}, the unit circle without the point with 
coordinate z — —1. 


Problem 24. Let z1, z2 € C* such that |z, + z2| = |z1| = |z3]. Compute A 
Solution 1. Let A =t € C. Then 


[z1 + z1t| = |a| = [zat] or [1 + 2| = [t| = 1. 
It follows that tt = 1 and 


1=|14+¢? =(14+¢(1+8 =1+t+#41, 


whence t? 4- t 4-1 — 0. 
Therefore, t is a nonreal cube root of unity. 
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Solution 2. Let A, B, C be the geometric images of the complex numbers 
21, 22, 21 + 22, respectively. In the parallelogram OACB we have OA = OB = 
OC; hence AOB = 120°. Then 

22 


£2 Z cos 120? + isin 120° or ~ = cos 120° + isin 120°, 
Z1 Z2 


and therefore, 


2 cos 2m | Si E 
== — +isin—. 
ZY 3 3 
Problem 25. Prove that for all complex numbers z1, zo, ..., Zn, the fol- 


lowing inequality holds: 


(lzi] + |22| + +++ + [en] + ]z1 + 22 +++ zl? 
> 2(lzi|? +--+ + |en? + ler + ze +++ + Zn”). 


Solution. We prove first the inequality 


[zr] < [zi] + [22] + +++ + doa | Lei] 4 H [zu] + [z1 + 224 + Zn 
for all k € {1,2,...,n}. Indeed, 
jzk] = |(21 F Za +: + Zk-1 + Zk + Zk+1 +: + Zn) 


—(21 +22 +: + ERE Rib + 2n)| 


S |z +22 o + znl + lea] + + [2a + lzel t feal, 


as claimed. 
Set Sk = |zi| +--- + |zn—1] + |zk+1| +: + |n] for all k. Then 


|zk| € Sk + |z1 + 22 +--+ 2n|, for all k. (1) 


Moreover, 
[zi + zo d + 2n| < [zil + zl + + len. (2) 


Multiplying the inequalities (1) by |z,| and the inequalities (2) by |z1 + z2 + 
E Zn|, we obtain by summation 


|za|? + [za]? + +++ + len]? + ler 22 o zu? 


n n 
< 2|zi +22 +: + n| V zal + Y LL dz. 
k=1 k=1 


Adding the expression 


lei + [z2]? +++ + len |? + [a + 20 +-+ zn 
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to both sides of the inequality yields 


2(lzi? + [z2]? +--+ + len|? + [z1 + 22 b znl’) 
< (lal + +++ + [en] + [z1 zn +++ zd Y^, 
as desired. 
Problem 26. Let zi, 25, ..., zon be complex numbers such that |z1| = |z2| = 


+++ = |Z2n| and arg zı < arg z2 < -:- < arg zən € T. Prove that 
|z1 + Z2n| X [22+ 2an—1| S *** S [2n + Zn+1l:- 


Solution 1. Let Mi, M5,..., Mən be the points with coordinates 
21,22,...,22,, and let A4,45,..., An be the midpoints of the segments 
M1 Man, M2Mon-1,---,;MnMn41. 

The points M;,i = 1,2n, lie on the upper semicircle centered at 
the origin with radius 1. Moreover, the lengths of the chords Mı Mən, 
M»M»4—1,..., M, Mg44 are in decreasing order; hence OA1,045,..., OA, 
are increasing. Thus 


Z2 + Z2n—1 


2 


Z1 + Zan 


2 


Zn + Zn-4-1 
2 


< 


2 


and the conclusion follows (Fig. 6.1). 


Figure 6.1. 
Solution 2. Consider z, = r(cost, + isint,),k = 1,2,...,2n and observe 
that for every 7 = 1,2,...,n, we have 


|z; + Zon—j41\" = Ir[(cos t; + cos tan— 741) + i (sint; + sin ten—j+1)]I? 


= r? (cos tj + cos tan-j41) + (sin t + sin ton—j+1)"| 
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= r?[2 + 2(cos tj COSt2n—j+1 + sint; sin ton—7+41)] 


2 tan—j+i — tj 
E a 


, and the inequalities 


= 2r7[1 + cos(ten—j41 — t;)] = 4r? cos 
EIER 
Therefore, |zj + 22n-541| = 2r cos == 


[21 + Zon| € |22 + zon i| < +++ € |Zn + Zn41| 


are equivalent to tən — tı > t94 1 — t2 > +--+: È> 6441 — tn. Because 0 € tı < 
tg < --- < ton < T, the last inequalities are obviously satisfied. 


Problem 27. Find all positive real numbers x and y satisfying the system of 
equations 


(1996 Vietnamese Mathematical Olympiad) 


Solution. It is natural to make the substitution yx = u,J/y = v. The 
system becomes 


(rta) 
duoi en 


But u? + v? is the square of the absolute value of the complex number z = 
u + iv. This suggests that we add the second equation multiplied by i to the 
first one. We obtain 


. u — iv E te) 
u + w + = : 
u 


B Va 


The quotient (u — iv)/(u? + v?) is equal to Z/|z|? = z/(zz) = 1/z, so the 
above equation becomes 
1 2 , 22 
zl = I . 
z 3 vI 


Hence z satisfies the quadratic equation 
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ZH 
z (4). 1120 


with solutions 


(+ x) vi (MF av), 


where the signs + and — correspond. 
This shows that the initial system has the solutions 


where the signs + and — correspond. 


Problem 28. Let z1, zo, z3 be complex numbers. Prove that z1 + z2 + z3 = 0 
if and only if |zi| = |z2 + 23|, |z2| = |z3 + zi]; and |z3| = |zi + 22]. 


Solution. The direct implication is obvious. 
Conversely, let |z1| = |z2 + 23|,|Z2| = |z1 + zal |23| = |z1 + z2]. It follows 
that 


la + [22]? + lzs|? = |z2 | zal? t [za | al H [zi H zal^. 


'This is equivalent to 


Z121 + Z222 + 2323 = 22922 + Z223 + 2223 + 2323 


t 2321 t 2123 2121 2121 2122 222] 2222, i.e., 


ZıZi + 2222 + 2323 + Z1Z2 + 2921 + 2123 + Z1Z3 + 2223 + 2329 = 0. 
We write the last relation as 
(z1 + 22 + z3)(Z1 + Z2 + Z3) = 0, 
and we obtain 
ES + Z + zal? = 0, i.e., zı + Z2 + z3 = 0, 
as desired. 


Problem 29. Let z1, zo, ..., Zn be distinct complex numbers with the same 
modulus such that 


Z324...Zn—1Zn + 2124 -.-Zn-dAZn t occ + £122... Zà 2 = 0. 


Prove that 
2122 + 2923 +--+ + Zn—1Zn = Q. 


Solution. Let a = |z| = |z2| =--- = |z,|. Then 
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a? 


Zk = —, k= 1,n, 
Zk 

and 

n—1 n—1i 

2129 + 2223 + © Zn 1Zn = 5 ZkZk+1 = » P 
= kc] ŽkŽk+1 
at 
— — — — — (2324*** Zu + 2AZAs Zn db + £23: Zn-2) = 0; 
2122 m Zn 
hence 
2122 + 2223 +°++ + 2Zn-12n = 0, 

as desired. 


Problem 30. Let a and z be complex numbers such that |z + a| = 1. Prove 
that 
1 — 2\a|? 
TEN M lal. 
v2 
Solution. Let 


z = ri(cost, + isin t1) 


and 
a = rə(cos t2 + isin t2). 
We have 
= |z + a| = vm cos tı Tr cos t2)? + (rı sin tı +192 sin t3)? 
= y? + f2 + 2rır2 cos(ty = 13), 
so 
que PNEU, 
cos(t; — t3) = dU 
2riT29 
'Then 


|2? + a?| = |r? (cos 2t + isin 2t4) + rå (cos 2t2 + isin 2t2)| 


= "E cos 2t, + r2 cos 2tz)? + (r? sin2t4 + r2 sin 2t2)? 


= ri rd + 2r}r} cos 2(t — 65) 


= rt rd + 202r3(2 cos (tá — t2) — 1) 


deg» 2 
= | rf + rá + 2r?r3 - (: iS i) — J 
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= 2r + 2rd +1 — 2r? — 20. 
The inequality 
1 — 2la|? 
|z? Ae a?| > | |a] | 
V2 


is equivalent to 


Art + 4rg — 4r? — 4r2 +2 > 1— 4r? + 4r$. 
We 


and we are done. 

Problem 31. Find the geometric images of the complex numbers z for which 
z” -Re(z) = Z” - Im(z), 

where n is an integer. 


Solution. It is easy to see that z = 0 is a root of the equation. Consider 
z—a-ibz0,a,bcR. 

Observe that if a — 0, then b — 0, and if b — 0, then a — 0. Therefore, we 
may assume that a,b Æ 0. 

Taking the modulus of both members of the equation 


az" — bz" (1) 


yields |a| = |b|, or a = +b. 
Case l. Ifa=b, (1) becomes 
(a + ia)" = (a — ia)". 


'This is equivalent to 


which has solutions only for n = 4k, k € Z. In that case, the solutions are 
z=a(l+i), a0. 
Case 2. If a= —b, (1) may be rewritten as 


(a — ia)" = —(a+ ia)". 
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1-—i n 
(ixi) Sugeest etn 


which has solutions only for n = 4k + 2, k € Z. We obtain 


That is, 


z—a(l—-i) a#0. 


To conclude, 


a) if n is odd, then z — 0; 

b) ifn = 4k, k € Z, then z = (a(14- i)|a € R}, i.e., a line through the origin; 
) i£ n = 4k 4-2, k € Z, then z = (a(1 — i)|a € R}, i.e., a line through the 

origin. 


( 
( 


Problem 32. Let a, b be real numbers with a+ b = 1 and let z1, z2 be 
complex numbers with |z1| = |z2| = 1. 
Prove that 


lazy + bzq| > aa 


Solution. Let zı = cost; + isintı and zg = costs + i sin t2. The inequality 


|azi + bzəļ| > aa 


is equivalent to 


y (acostı + bcost2)? + (asint, + bsin ta)? 


> -y/(costı + costa)? + (sin tı + sin t2)?. 


N| = 


That is, 


2 /a? + b2 + 2ab cos(tı — tz) > V2 + 2cos(t4 — t3), i.e., 
4a? +4(1 — a)? + 8a(1 — a) cos(t1 — t2) > 2 + 2cos(ti — t2). 
We obtain 
8a? — 8a + 2 > (8a? — 8a + 2) cos(tı — t2), i.e., 1 > cos(tı — t2), 


which is obvious. 
Equality holds if and only if tı = ta, i.e., z; = z2 ora — b — ż. 


Problem 33. Let k, n be positive integers and let z1, zo, ..., Zn be nonzero 
complex numbers with the same modulus such that 


EE FL 2% =0, 


6.2 Solutions to the Olympiad-Caliber Problems 


Prove that 
: I ! t t = 0. 
Os ae zk 
Solution. Let r = |z;| = |z2| =--- = |zn| > 0. Then 
Lg posae m UE 
2E ee gin patr. pk r2k 
1 
— Fk (4t E25 ded zE) =0, 
as desired. 


Problem 34. Find all pairs (a,b) of real numbers such that 
(a+ bi)? — b + ai. 


Solution. Let 
a+ bi = r(cos0 + isin 0). 
Then by taking the magnitude of both sides of the equation, we obtain 


that is, r 20 orr — 1. 
If r = 0, then a = b = 0, and so 


(a, b) = (0,0). 
Now if r — 1, then by de Moivre's law, 
(a + bi)? = (cos0 + isin 0)? = cos(50) + isin(50). 
By trigonometric identities we also have 
b + ai = cos(90? — 0) + isin(90? — 0). 


It follows that 
50 = 90° —0 (mod 360). 


In other words, 
50 = 90° — 0 + 360°k, 


where k is an integer. 
Hence 


0 = 15° + 70k°, 
where k € Z. So k = 15,75, 135, 195, 255, 315. 
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a yas ,V2 .V2| [,v6tv2 , v6Fv2 
, ae cus 2 , 2 , =) 4 r 4 d 
Combining the r = 0 and r = 1 cases, we get seven solutions: 


(a,b) = (0,0), (5 x (< E y2 v8 F 3 


4 


where the signs + and — correspond. 


2 


Problem 35. For every value of a € R, find min|z* — az + al, where z € C 


and |z| € 1. 


Solution. This was Problem 2, grade 10, at the 2009 Romanian National 
Olympiad, asked for just a € [2 + V2, 4]. 


a? — 4a 


a 2 
? — az +a = 0 has roots 33 = = £ , and it is 


'The equation z 


natural to consider various cases with respect to the values taken by a, since 
|2? — az + a| = |(z — 21)(2 — za); 


and if we denote by M, A1, As the points of coordinates z, z1, z2, the expres- 
sion becomes M A4 - M A». 


(1) a € 1. Then at least one of the roots 2, z2 is of magnitude at most 1; 
therefore, 


min |z? — az + al = 0, 


which is realized for the root. 
(2) a > 4. Then the roots are real and greater than 1. Setting T(1,0) and 
B(0,1)= {z € C| |z| € 1}, we have 


MA; > d(4;, B(0,1)) = TA;, 
and thus 


|z? — az + a| = MA, MA 2 TA, -TA =1, 


a minimum realized for z = 1. 
(3) 1 € a € 4. Then a? — 4a < 0, thus the roots are complex conjugates. 


The following result will be useful. Consider the points Aı (a, 8), A2(a, —), 
and M (x, y). Then 


(MA, - MA2} = ((x — a)? + (y — B?)((x — a)? + (y + 8)?) 
= ((x — a)? +y? + 8’)? — AB*y?, 


having least value when zx is closest to a. 


6.2 Solutions to the Olympiad-Caliber Problems 303 


Let us now compute |z? — az + a| for |z| = 1. Thus z = cos6 + isin0. 
We have 


|z? — az + aj? = |(cos? 0 — sin? 6 — acos0 + a) + i(2 cos0 sin 0 — a sin 0)|? 


= (cos 0(2 cos0 — a) + a — 1)? + (sin 0(2 cos 0 — a)? 
= (2cos0 — a)? + 2(a — 1) cos 0(2 cos0 — a) + (a — 1)? 


iA qo 
= (2a! -2a + 1) - 4a (22) + 4a (cos - 57 ) 


For a € [3,4], the minimum of the expression above is obtained for cos @ = 1, 
thus again for z — 1 and is 


? — az t a| — 1. 


min |z 
For a € [1,3], the minimum of the expression above is obtained for cos 0 = 


1 
nis and is 


12 
min |? — az + a| = (20? — 2a + 1) - 4a (73 ) =1- 


The value a = 2+ V2 € [3,4] is of interest. The circle y of center (a/2, 0) 
and radius 4a — a?/2, of diameter A; Az, is tangent at T(1,0) to the disk 
B(0,1). For a > 2+ V2, this allows for a special argumentation for the 
minimum of the expression |z? — az+ al being 1, obtained for z = 1, and that 
was the approach of the official solution. 


Problem 36. Let a,b,c be three complex numbers such that 
a|bc| + b|ca| + clab| = 0. 


Prove that | 
|(a — b)(b — c)(c — a)| > 3V3|abe]. 


(Romanian Mathematical Olympiad—Final Round, 2008) 


Solution. If one of the numbers is 0, then the conclusion is obvious. Other- 


, the hypothesis 


wise, on dividing by |abc| and setting a is ,B br y id 

a c 

becomes a + 8 + y = 0 and |a| = ||B] = |y| = 1. It is a well-known fact that 

in this case, the differences between the arguments of the numbers a, 3,7 are 
2m 


3 

The law of cosines now gives |a — b|? = |a|? + |b|?  |a||b| > 3|a||b| and two 
additional similar relations. Multiplication of the three inequalities yields the 
desired result. 


304 6 Answers, Hints, and Solutions to Proposed Problems 
Problem 37. Let a and b be two complex numbers. Prove the inequality 


l1 + ab] + |a + b| > Va? = 1||D? = 1]. 


(Romanian Mathematical Olympiad— District Round, 2008) 
Solution 1. By the triangle inequality, 
|1 + ab| 4- |a +b| > |1 -- ab 4- a 4- 6| 


and 
|1 + ab] + |a - b| > |1 +ab-— a — tJ. 


Multiply these two inequalities to get 
(|1 + ab] + |a - b|)? > (|1 + ab)? — (a + 0)?|, 
which is equivalent to |1 + ab| + |a + 6| > yla? — 1| - |b? — 1]. 
Solution 2. We have 
|1 + 2ab + a??? | + |o? + 2ab + 6? | > |a?b? +1 — a? — &?| = ja? — 1| - |b? — 1|, 
which is equivalent to 
(|1 + ab] + |a + b|)? > |(1 + ab? — (a +b)? |. 


Problem 38. Consider complex numbers a, b, and c such thata+b+c=0 
and |a| = |b| = |c| = 1. Prove that for every complex number z, |z| € 1, we 
have 

3€|z—a|4-|z— | -|z — e| <4. 


(Romanian Mathematical Olympiad—Final Round, 2012) 


Solution. Consider points A,B,C, and M having complex coordinates 
a,b,c, and z, respectively. The triangle ABC is equilateral and inscribed 
in the unit circle centered at the origin of the complex plane O. 
To prove the left-hand inequality, we have successively 
z (5a) -3| =3. 


2 [2—a| = yr [a||z—a| 2 [az—aa| > ras = 1) zn 


For the right-hand inequality, consider a chord containing M and denote by 
P, Q its points of intersection with the unit circle. Let p and q be the complex 
coordinates of P and Q. Let a € [0, 1] be such that m = ap+ (1—o)q. We get 


M s-a| 2 Mop (1-a)q—al <a Ip a| - (1n 09) V |q- al, 
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So 


Y ls- al < max [Y p-a, $ la- al). 
We can suppose without loss of generality that 
max (7 p-a, la - al) - M Ip a| 


and that P is on the arc from A to C. By Ptolemy's relation, PA+PC = PB, 
that is, 


Ip — a| + |p — e| = [p — bl. 


X l-al € [p—al 2p - 9| < 4, 


which concludes the proof. 


Then 


Remark. Equality holds in the left-hand inequality when z = 0, and in the 
right-hand one when z € (—a, —b, —c}. 


6.2.2 Algebraic Equations and Polynomials 


Problem 11. Let a, b, c be complex numbers with a # 0. Prove that if the 
roots of the equation az? + bz +c =0 have equal moduli, then ab|c| = |a|bc. 


Solution. Let r = |z1| = [z2]. 
The relation ab|c| = |a|bc is equivalent to 


ab|e| |a|be 


aala| —aa|a| 


This relation can be written as 


That is, 
— (x1 + £2) - |z122| = — (T1 + 22) - 122, i.e., 
(zı + z3)r? = la [222 + zi|zap?. 


It follows that 


(x1 + z2)r? = (z1 + 23)r?, 


which is certainly true. 
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Problem 12. Let z1, z be the roots of the equation z? + z + 1 = 0, and let 

23, z4 be the roots of the equation z? — z -- 1 = 0. Find all integers n such 

that z? + 23 = 23 + 27. 

Solution. Observe that z? = 23 = 1 and 23 = z3 = —1. If n = 6k + r, with 

k € Z andr € {0,1, 2,3, 4,5}, then 2? + 22 = z[ + 25 and z} + zł = 23 + 24. 
The equality z? + 23 = 23 + z% is equivalent to zj + 25 = 23 + z4 and 

holds only for r € {0, 2,4}. Indeed, 

(i) ifr = 0, then 2? + 29 = 2 2 22 + 29; 

(ii) if r = 2, then z2 + z2 = (z1 + z2)? — 22122 = (—1)? — 2. 1 = —1 and 


23 + 2} = (23 + 24)? — 22324, = 01— 2.1— —1; 
(iii) if r = 4, then 2f + 23 = zi + 22 = —1 and 24 + 24 = —(23 + 24) = 
—(41)=-1. 


The other cases are as follows: 


(iv) r= 1: then zi + 22 = —1 Æ z3 + 24 = 1; 
(v) r= 3: then z7} +23 = 1+1 = 2 #23 +23 = -l1 --2; 
(vi) r = 5: then z? + 28 = 2? + 22 = —1 Æ 23 + 23 = —(23 + 22) 1. 


Therefore, the desired numbers are the even numbers. 


Problem 13. Consider the equation with real coefficients 


and denote by £1, £2,..., £e the roots of the equation. 
Prove that 


6 
[[@ +1)=(2a—c)*. 


k=1 


Solution. Let 


f(x) = x9 + ax? + br* + ex? + bz? + ax +1 


6 6 
= [[(@ - 2x) = liz -»), for all x € C. 


k=1 k=l 
We have 


= (i8 + ai® + bi^ + ci? + bi? + ai 4- 1) - (i8 — ai? + bif — ci? + bi? — ai + 1) 
= (2ai — ci)(—2ai + ci) = (2a — c)?, 
as desired. 


Problem 14. Let a and b be complex numbers and let P(z) = az? + bz + i. 
Prove that there exists zo € C with |zo| = 1 such that |P(zo)| > 1+ |a]. 
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Solution. For a complex number z with |z| = 1, observe that 


P(z) + P(—z) = az? + bz +i + az? — bz +i = 2(az? + i). 
It suffices to choose zo such that az2 = |ali. Let 
a= |a|(cost+isint), t€ [0,2z). 


The equation az? = |a|i is equivalent to 


2 T 2. (T 
2 = cos (7 t) isi (2 f. 


= T t Se T t 
Zo = cos i 35]! isin 4 Ss 
and we are done. 


Therefore, we have 


Set 


P(zo) + P(—20) = 2(|z|i + i) = 2i(1 + |a]). 
Passing to absolute values, it follows that 
|P(zo)| + |P(—z0)| = 2(1 + Jal). 


That is, |P(zo)| > 1+ |a| or |P(—zo)| > 1+ |a]. 
Note that |zo| = | — zo| = 1, as needed. 


Problem 15. Find all polynomials f with real coefficients satisfying, for ev- 
ery real number x, the relation f(x) f (2x7) = f (22? + x). 


(21st IMO—Shortlist) 


Solution. Let z be a complex root of the polynomial f. From the given 
relation, it follows that 22? + z is also a root of f. Observe that if |z| > 1, 
then 


[223 + z| = |z||22? + 1|  |a|(2] 2|? — 1) > |e. 


Hence, if f has a root zı with |z;| > 1, then f has a root zo = 227 + zı with 
|z2| > |z1|. We can continue this procedure and obtain an infinite number of 
roots of f, namely z1, z2,... with |z1| < |z2| < ---, a contradiction. Therefore, 
all roots of f satisfy |z| < 1. 

We will show that f is not divisible by x. Assume, for the sake of a con- 
tradiction, the contrary and choose the greatest k > 1 with the property that 
x" divides f. It follows that f(x) = z*(a + zg(x)) with a Æ 0; hence 


f(222) = xr” (ay + 2^ 152 0(22?)) = z?" (ay + zgi(x)) 
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and 


f (22? + x) = z^ (2a? + 1)* (a + (22° + 1)ag(x)) = x^ (a + ago (x), 
where g, 91,92 are polynomials and a, Æ 0 is a real number. The relation 
f(z)f(22?) = f(22? + x) is equivalent to x*(a + zg(x))a?* (a1 + xgi(z)) = 
x*(a + rga(r)), which is not possible for a 4 0 and k > 0. Let m be the 
degree of polynomial f. The polynomials f(2z?) and f (2x? +x) have degrees 
2m and 3m, respectively. 

If f(x) = bu x" +--+-+bo, then f (2x?) = 2b, z?" +--+ and f(2x m 
2mp. qz?" +--+. From the given relation, we obtain bm - 2” - bm mni 
hence bm = 1. Again using the given relation, it follows that Po T = a ), 
i.e., be = bo; hence bo = 1. 

The product of the roots of the polynomial f is +1. Taking into account 
that for every root z of f we have |z| € 1, it follows that the roots of f have 
modulus 1. 

Consider z a root of f. Then |z| = 1 and 1 = |228 + z| = |z||22? + 1| = 
[222 + 1| > |222] 2 1 = 2|z|? — 1 = 1. Equality is possible if and only if the 
complex numbers 27? and —1 have the same argument; that is, z = +i. 

Because f has real coefficients and its roots are +i, it follows that f is of 
the form (x? + 1)" for some positive integer n. Using the identity 


(x? + 1)(4z* +1) = (22? +z) +1, 


we obtain that the desired polynomials are f(x) = (a? + 1)", where n is an 
arbitrary positive integer. 


Problem 16. Find all complex numbers z such that 
(g-27)(1+2+27) = > 


(Mathematical Reflections, 2013) 


Solution. From the well-known identity 


(£ +y) =a" +y" + Tzy(z +y)(z? + xy ty)’, 


we deduce 
(1-2) 21— 2! —72(1—z)1—2z+27). 
Hence our equation is equivalent to (1 — z)/ = —27, that is, 
7 
1 
(-2+1) 2 
Z 
It follows that 
1 k . 2kr 


2 
SERA Gig ein aeq o ud. 
Zk 7 7 
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This reduces to 


1 2k 2k k 
—]- cos id isin = = 2sin? MI 2isin = cos Be 


which is equivalent to 


kn . . km 

i 1 7 cos 7 + isin 7 
T 2i si K cos kr isin) 2i sin kr 
?81n sın pl NE 
7 er: 7 


1 k 
=} (iei $E), k=0,1,...,6. 


Problem 17. Determine all pairs (z,n) such that 
z+2z2° +... +z” = nal, 
where z € C and |z| € Z4. 
(Mathematical Reflections, 2008) 


Solution. For n = 1, we obtain z = |z|, and (z,1) is a solution iff z € Z*. 
For |z| = 1, we obtain 


n=|z +2? +... +2] < jel +l? +... +l” =n, 


with equality iff all z^ are collinear, i.e., iff z € R, and (1,n) is the only 
possible solution with |z| = 1, but it is valid for every positive integer n. 
These solutions may be considered “trivial.” 

Let us now look for nontrivial solutions. For n = 2, the equation becomes 
z 4 2? = 2|z|, which after expressing 


z = |z|(cos0 + isin0) 
and separating into real and imaginary parts yields 
cos 0 + |z| cos(20) = 2 and sin + |z| sin(20) = 0. 


The latter results in either 


sinü = 0 or cos? = ———, 
2|z] 


the second option yielding 


1 — 2|[z]? 


cos(20) = 2 cos? 0 — 1 = APE 
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Insertion into the former yields |z| = —2, which is obviously absurd. 
So sin 0 = 0, resulting in |z| = 2+1 = 3 when cosó = —1, and |z| = 2—-1— 1 
when cos@ = 1, for the trivial solution (1,2) and the additional solution 
(—3,2). 
If |z| > 1, consider n|z|(z — 1) = z"*! — z, which after expressing 
z = |z|(cos0 + isin0) 
and separating real and imaginary parts yields 
|z|” cos((n + 1)@) = (n|z| +1) cos0 — n, 
|z|” sin((n + 1)0) = (n|z| + 1) sin 0. 


Squaring both equations and adding them, we obtain 


|z|” = V(nlz| + 1)? +n? — 2n(n|z| + 1) cos8 € n|z| +n4+1, 


with equality iff cos@ = —1. The derivatives of |z|” and n|z| +n +1 with 
n 


respect to n are respectively |z|" In |z| > En > [z["^! and |z| + 1, where 


we have used that |z| > 2 and In2 > A since 4 > e. Note that for n > 3 
and |z| > 2, |z|^^! > 2|z| > |z| +1, and since for n = 3, |z| = 3, we 
obtain |z|” = 27 > 13 = n|z| +n + 1, and for n = 4, |z| = 2, we obtain 
|z|? = 16 > 13 = n|z| +n + 1, we cannot have solutions for n > 4 when 
|z| = 2, nor for n > 3 when |z| > 3. Since the cases n = 1, 2 for every |z|, and 
|z| = 1 for every n, have already been discussed, we need to find only whether 
solutions exist for |z| = 2 and n = 3. In this case, the equations become 


8cos(40) = 7 cos 0 — 3 and 8sin(40) = 7 sin 9, 


1 
for 64 = 494-9 — 42 cos0, or cos 0 = EZ But this is absurd, since substitution 


in the previous equations yields cos(40) — at but direct calculation yields 


AT 
20) = 2cos” 9 — 1 = —— 
cos(20) cos“ 0 19' 


and similarly, 


2.47? — 49? 1 

49? 2” 
and the potential solution found was actually artificially introduced in the 
squaring-and-adding process. Hence no solution exists for n = 3 and |z| = 3, 
and the only possible solutions are (—3, 2), and the trivial solutions (1, n) for 
all positive integers n and (z, 1) for all positive integers z. 


cos(40) — 
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Problem 18. Let a,b, c, d be nonzero complex numbers such that ad — bc z: 0 
and let n be a positive integer. Consider the equation 


(az + b)" + (ez +d)” — 0. 


(a) Prove that for |a| = |c|, the roots of the equation are situated on a line. 
(b) Prove that for |a| Z |c|, the roots of the equation are situated on a circle. 
(c) Find the radius of the circle when |a| 4 |c]. 


(Mathematical Reflections, 2010) 


Solution. If there is a root x such that cx +d = 0, then we have ax +b = 0. 
It follows that ad — bc — 0, a relation that is contrary to the hypothesis. 
Therefore, we can assume that cx + d Z 0. We can write the equation in the 


equivalent form 
ax +b\" 
(= + 3) (1) 


uid The roots 


This is, in fact, the binomial equation z^ = —1, where z = 
ca + 


of this equation are 


(Qk+1)r .. (2k+1)r 
Zk = COS + isin 
n n 


, where k —0,1,...,n— I. 


It is clear that the roots of our equation and the roots of the binomial equation 


+b 
z” = —] are related by zk = one , k =0,1,...,n—1. Because |z| = 1, 
czk +d 
it follows that 
+b 
ed | =1 fork =0,1,...,n—1. 
CUL +d 


The last relation is equivalent to 


b 
t+ | dd 
a 
= 2 
d ^ ja (2) 
Ek d = 
c 
If |a| = |c|, then 
d 
zk +— = Tk + — , 
a c 


i.e., the roots x, are situated on the perpendicular bisector of the segment 
determined by the points of complex coordinates - and = 

If |a| Z |c], then from (2), it follows that x, belongs to the circle of Apol- 
lonius corresponding to the constant B. 
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In order to find the radius of this circle, we will use the following result, 
which can be obtained from Stewart's theorem: Let o, 8, and K > 0 be fixed 
real numbers, and let A and B be fixed points in the plane. If 


cS qe 
a B 


then the locus of points M in the plane with the property 
a: MA? - B. MB? =K, (3) 


is a circle of radius 


m K ap 2 
ra fA Vy AB? 


In our case, we have just to take K = 0, a = |a|, and 8 = —|c| and the fixed 
b d 
points A (-2) and B (-5). We get 
a C 
R- |b| - jad — be| l 
lel- |lal — [bl] 


Problem 19. Let n be a positive integer. Prove that a complex number of 
absolute value 1 is a solution to z” +z +1 — 0 if and only if n 2 3m +2 for 
some positive integer m. 


(Romanian Mathematical Olympiad—Final Round, 2007) 


Solution 1. If n = 3m + 2 for some positive integer m, then the complex 
number cos(27/3) + isin(27/3) is clearly a solution of absolute value 1. Con- 
versely, if z is a solution of absolute value 1, then so is Z = 1/z. Hence 
24241 = 0 = z"--z"^-141, which yields successively 2"-? = 1, z?4-z--1 = 0, 
z3 = 1 with z Z 1, so n = 3m + 2 for some positive integer m. 


Solution 2. Let P(z) = z" +z +1 = 0. If P(w) — 0, |w| = 1, then 
w = cos 0 + isin 0, 
and so using de Moivre's formula, we obtain w” = cosn0 + isinné. Then 
0 = (cos n0 + cos 0 + 1) + i(sin nO + sin 0), 


1 
whence sin? n0 = sin? 0 and cos? n0 = cos? 0 + 2cos0 + 1, so cos0 = -7 It 


follows that w? = 1 and w? +w + 1 = 0, and therefore w” = w?, so n = 2 
(mod 3). 
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Conversely, if n = 2 (mod 3), then for w a cube root of unity, w Z 1, we 
have P(w) = 0. In fact, then P(z) = 2" +z +1 = (2? + z + 1)Q(z) for some 
Q (with integer coefficients). 


Problem 20. Let a and b be two complex numbers. Prove that the following 
statements are equivalent: 


2 


(1) The absolute values of the roots of the equation x^ — az +b = 0 are equal 


to the absolute values of the roots of the equation 
z?—bz--a-0. 
(2) a? =b or b — a. 
(Romanian Mathematical Olympiad—District Round, 2011) 


Solution. Let 


|z1| = zs], [x2] = lvl (1) 
and observe that |a| = |xaz4| = |ziz2| = |b| to derive 
|i + v2| = [zs + xa]. (2) 


Relations (1) and (2) show that there exists a number k € C such that 
tq = kx, v4 = kxa or tg = kx, r4 = ka. 
In the first case, we have a = ka? = (1+ k)xı and b = kz? = (1+ k)2?, so 


a? = k(1+k)P aia? = b’. 


In the latter case, we have a = kz? = (1 + k)z; and b = ka? = (1+ k)z. 
It follows that 771 = z372, so zi = T3 or a = b = 0, and furthermore, 
x2 = T4, and hence a = b. 

Conversely, if b = à, then 71 + £2 = T3 + T4, rir9 = X324, implying 
(21,22) = (3,24). If a® = b’, then a = eb, e? = 1. The roots satisfy the 
relations x1 + £2 = €(%3 + £4), 1122 = €?r3z4. Both cases lead to 


{lz1], lol] = Cs) [valo 


as needed. 


6.2.3 From Algebraic Identities to Geometric 
Properties 


Problem 12. Let a, b, c, d be distinct complex numbers with |a| = |b| = 
\c| = |d| and a 4- b -- c- d — 0. 
Then the geometric images of a, b, c, d are the vertices of a rectangle. 
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Solution 1. Let A,B,C,D be the points with coordinates a,b,c,d, 
respectively. 

If a+b = 0, then c- d = 0. Hence a+b = c d, ie, ABCD is a 
parallelogram inscribed in the circle of radius R = |a|, and we are done. 

If a+b #0, then the points M and N with coordinates a + b and c + d, 
respectively, are symmetric with respect to the origin O of the complex plane. 
Since AB is a diagonal in the rhombus OAM B, it follows that AB is the 
perpendicular bisector of the segment OM. Likewise, C. D is the perpendicular 
bisector of the segment ON. Therefore, A, B, C, D are the intersection points 
of the circle of radius R with the perpendicular bisector of the segments OM 
and ON, so A, B, C, D are the vertices of a rectangle. 


Solution 2. First, let us note that it follows from a + b + c + d = 0 that 
a 4 d — —(b-4 c), i.e., |a 4- d| = |b + c|. Hence |a + d|? = |b + c[?, and using 
properties of the real product, we find that (a + d) - (a +d) = (b+ c) - (b+ c). 
That is, |a|? + |d|? + 2a - d = |b|? + |c|? + 2b - c. Taking into account that 
la| = |b| = |c| = |d|, one obtains a - d = b.c. 

On the other hand, AD? = |d— a|? = (d—a)- (d— a) = |d|? + |a? — 2a- d = 
2(R? —a-d). Analogously, we have BO? = 2(R? — b. c). Since a-d =b- c, it 
follows that AD = BC, so ABCD is a rectangle. 


Problem 13. The complex numbers z;, i = 1,2,3,4,5, have the same 
nonzero modulus, and 
5 
a= p» p? =0. 
i=1 i=1 


Prove that zi, zo, ...,z5 are the coordinates of the vertices of a regular 
pentagon. 


5 


(Romanian Mathematical Olympiad—Final Round, 2003) 


Solution. Consider the polynomial 


P(X) = X? + aX* + bX? + eX? c dX +e 
with roots zy, k = 1,5. Then 


a--Y]2-0mdb-Y]aa2-5(*,2) -i,4 -0 


Denoting by r the common modulus and taking conjugates, we also get 


SAS us r? 
0 = 41> Dav OG ee X 21222324, 
ZY 2122232425 


from which d = 0 and 


"e r4 ra 
0= , 2122 = y = , 212223. 
2122 2122232425 
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Therefore, c = 0. It follows that P(X) = X? +e, so 21,22,...,25 are the fifth 
roots of e, and the conclusion is proved. 


Problem 14. Let ABC be a triangle. 
(a) Prove that if M is any point in its plane, then 


AM sin A € BM sin B 4-CM sinC. 


(b) Let Ay, Bı, Cy be points on the sides BC, AC, and AB, respectively, 
such that the angles of the triangle Ai B1C1 are in order a, B, y. Prove 
that 


XAA sina < 5 BC sina. 


cyc cyc 
(Romanian Mathematical Olympiad—Second Round, 2003) 
Solution. 


(a) Consider a complex plane with origin at M. Denote by a, b,c the coordi- 
nates of A, B, C, respectively. Since 


a(b — c) = b(a — c) + c(b — a), 
we have 
la||b — a| = |b(a — c) + c(b — a)| < |b||a — e| + |c||b — al. 


'Thus 
AM-BC<BM.AC+CM.- AB, 


Or 
2R- AM -sin A< 2R- BM: sin B -2R- CM -sinC, 


which gives 
AM -sin A< BM sin B--CM -sinC. 
(b) From (a), we have 
AA;-sina < AB,;-sin8+ AC, - sing, 


BB: -sin 8 € BA,-sina+ BC: - siny, 
CC -siny < CA -sina + CB, -sin f, 


which when summed give the desired conclusion. 


Problem 15. Let M and N be points inside triangle ABC such that 


MAB = NAC and MBA = NBC. 
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Prove that 


AM:AN | BM: BN ! CM-CN | 
AB.AC | BA-BC  CA.CB : 


(39th IMO—Shortlist) 


Solution. Let the coordinates of A, B, C, M, and N be a,b,c,m, and n, 
respectively. Since the lines AM, BM, and CM are concurrent, as well as the 
lines AN, BN, and CN, it follows from Ceva's theorem that 


sin BAM sinCBM sin ACM i 
sin MAC sin MBA l sin MCB i 
sin BAN sinCBN sinACN 
sin NAC sin NBA sin NCB 


(1) 


=1. (2) 


By By hypothesis, BAM = NAC and MBA = CBN. Hence BAN = MAC and 
NBA = CBM. Combined with (1) and (2), these equalities imply 


sin ACM - sin ACN = sin MCB - sin NCB. 
Thus, 
cos(NCM + 2ACM) — cos NCM = cos(NCM + 2NCB) — cos NCM, 


and hence ACM — NCB (Fig. 6.2). 
Since BAM = NAC,MBA = CBN and ACN = MCB, the following 
complex ratios are all positive real numbers: 


M 


Figure 6.2. 
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Hence each of these equals its absolute value, and so 


AM-AN | BM. BN | CM: CN 
AB. AC CA- CB 


' BA-BO ` 


(m —b)(n—b) (m-c)(n-c) 
(a—b)(c—b) © (b— c)(a— c) 


(m — a)(n — a) 


-~ (b— a)(c — a) | 


—. 


6.2.4 Solving Geometric Problems 


Problem 26. Let ABC be a triangle such that AC? + AB? = 5BC?. Prove 
that the medians from the vertices B and C are perpendicular. 


Solution. Let a,b,c be the coordinates of the points A, B, C, respectively. 
Using the real product of complex numbers, we have 


AC? + AB? = 5 BC? if and only if |c — a|? + |b — al? = 5|c — 8)”, i.e., 


(c— a): (c— a) + (b— a) - (b— a) = 5(e — b) - (c — b). 


The last relation is equivalent to 


c? — 2a: c4- a? +b? —2a b c a? = 5c? — 10b c + 5b’, ice., 


2a? — 4b? — 4c? — 2a- b — 2a: c+ 10b- c — 0. 


It follows that 


a? — 2b? — 2c? —a-b—a-c4- 5b. c—0, i.e., 


b 
a+c—2b)-(a+b— 2c) =0, so us S s c| =0. 
b b— 20) =0 < b B 0 


The last relation shows that the medians from B and C are perpendicular, 
as desired. 


Problem 27. On the sides BC, CA, AB of a triangle ABC the points 
A’, B', C" are chosen such that 

AB BIC CA 

AC B'A C'B 
Consider the points A", B", C" on the segments B'C', C'A', A'B' such 
that 


k. 


A"C" C" B' B" A' 
A" B' C" A! B"C" 
Prove that triangles ABC and A" B"C" are similar. 
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Solution. Denoting by the corresponding lowercase letter the coordinates of 
a point denoted by an uppercase letter, we obtain 


sibs ke pf — Ca Ke PON ia: 
~ l-k’ ~ l-k’ ~ l-k’ 
and 

ps d kb — (1 +k )a—k(b+ce) 

l-k -— (1— k}? ' 

bY = a'—kc — (1+k*)b—k(a+e) 

^ l-k (1— k)? d 

du b —ko' — (1-4- k')c — k(b-- a) 

| l-k — (1—k)? 
Then 


d'—-a" (1+k°)(c-a)-kla-c)_ ca 


b'—a"  (1--k2)(b—a)—k(a—b) b-a’ 
which proves that triangles ABC and A" B"C" are similar. 


Problem 28. Prove that the following inequality holds in every triangle: 
R 


Ma 
=. 
2r . he 


Equality holds only for equilateral triangles. 
Solution. Consider the complex plane with origin at the circumcircle of 
triangle ABC and let z1,22, z3 be the coordinates of points A, B, C. 
: "NP R ma. : 
The inequality — > — is equivalent to 
2r ho 
2K 


K 
2rm, € Rha, i.e., 2— Ma € R—. 
E a 


Hence amg < Rs. 


Using complex numbers, we have 


Z9 + 23 


2 => \(z2 = 23)(221 I'd 23) 


2aMe = 2|za — za| |z1 


= |zo(z1 = 22) + 21(Z2 = z3) + z3(z3 = zı) 


€ |za||z — z2| + |z1||z2 — za| + |za||za — 21] = R(a + B + y) = 2Rs. 


Hence ama < Rs, as desired. 
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Problem 29. Let ABCD be a quadrilateral inscribed in the circle C(O; R). 
Prove that 
AB? + BC? + CD? + DA? = 8R? 


if and only if AC L BD or one of the diagonals is a diameter of C. 


Solution. Consider the complex plane with origin at the circumcenter O, 
and let a, b, c, d be the coordinates of points A, B, C, D. 


The midpoints E and F of the diagonals AC and BD have the coordinates 


b 
S e ond eae 


Using the real product the complex numbers, we have 
AB? + BC? + CD? + DA? = 8R? 
if and only if 


(b—a)-(b—a)+(c—b)- (c—b) + (d—c)- (d—c) + (a—d)- (a— d) = 8R’, 


i.e., 
2a-b+2b-c+2c-d+2d-a=0. 


The last relation is equivalent to 
b-(a+c)+d-(a+c) =0, ie, (b+ d)-(a+c) =0. 


We obtain 
b+d a+c 
2 2 


=0, ie, OE 1 OF 


or E—-Oor F=0. 
That is, AC L BD, or one of the diagonals AC and BD is a diameter of 
the circle C. 


Problem 30. On the sides of the convex quadrilateral ABCD, equilateral 
triangles ABM, BCN, CDP, and DAQ are drawn external to the figure. 
Prove that quadrilaterals ABCD and MN PQ have the same centroid. 


Solution. Denote by the corresponding lowercase letter the coordinate of a 
point denoted by an uppercase letter, and let 


€ = cos 120? + isin 120°. 
Since triangles ABM, BCN, COP, and DAQ are equilateral we have 
m+be+ae*=0, n+cetbe?=0, ptde+ce? =0, g+ac+de? = 0. 
Summing these equalities yields 


(m+n+p+q)+(at+b+et+d)(e +7) =0, 


and since e+e? = —1, it follows that m --n-- p--q — a--b4- c4- d. Therefore, 
the quadrilaterals ABCD and MNPQ have the same centroid. 
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Problem 31. Let ABCD be a quadrilateral and consider the rotations 
Ri, Re, Ra, Ra with centers A, B, C, D through the angle a and of 
the same orientation. 

Points M, N, P, Q are the images of points A, B, C, D under the 
rotations Ra, R3, Ra, Ri, respectively. 

Prove that the midpoints of the diagonals of the quadrilaterals ABCD and 
MN PQ are the vertices of a parallelogram. 


Solution. Denote by the corresponding lowercase letter the coordinate of a 
point denoted by an uppercase letter. Using the rotation formula, we obtain 


m-—b-(a—b), m-—c-(b—c), p=d+(c—de, q-—a-(d-—a)e, 


where £ = cosa + i sina. 
Let E,F,G,H be the midpoints of the diagonals BD, AC, MP, NQ, re- 
spectively; then 


o td rn au | bt dd (ad c— b — d)e 
HE. Em 2 
and h = EEE (b+d-a cje 


2 
Since e + f = g +h, it follows that EGFH is a parallelogram, as desired. 


Problem 32. Prove that in every cyclic quadrilateral ABCD, the following 
hold: 


(a) AD + BC cos(A + B) = AB cos A + CD cos D; 
(b) BC sin(A + B) = AB sin A-CD sin D. 


Solution. Consider the points E, F, G, H such that 


OE LAB, OE-CD, OF LBC, OF- AD, 


OGLCD, OG=AB, OHLAD, OH=BC, 


where O is the circumcenter of ABCD. 

We prove that EFGH is a parallelogram. Since OF = CD, OF = AD, and 
EOF = 180° — ABC = ADC, it follows that triangles FOF and ADC are 
congruent; hence EF = GH. Likewise, FG = EH, and the claim is proved. 

Consider the complex plane with origin at O such that F is on the positive 
real axis. Denote by the corresponding lowercase letter the coordinate of a 
point denoted by an uppercase letter. We have 


lel = CD, |f|- AD, |g|2 AB, |h| = BC. 
Furthermore, 


FOG =180° =C =A, GOH-B, HOE-Q, 
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whence 
f=|f|= AD, g= |g|(cos A+ isin A) = AD(cos A + isin A), 


h = |h|[cos(A + B) + isin(A + B)] = BC[cos(A + B) + isin(A + B)], 
e = Je|[cos(.A + B + C) + isin(A + B + C)| = CD (cos D — i sin D). 
Since e + g = f +h, we obtain 


AD + BC cos(A + B) + iBC sin(A + B) 


= CD(cos D — isin D) + AB(cos A + isin A), 
and the conclusion follows. 


Problem 33. Let Oo, I, G be the 9-point center, the incenter, and the cen- 
troid, respectively, of a triangle ABC. Prove that lines OgG and AI are per- 
pendicular if and only if A= $. 


Solution. Consider the complex plane with origin at the circumcenter 
O of the triangle. Let a,b,c,w,g,zr be the coordinates of the points 
A, B, C, Og, G, I, respectively. 

Without loss of generality, we may assume that the circumradius of the 
triangle ABC is equal to 1, and hence |a| = |b| = |e] = 1. 

We have 


a+b+c a+b+c aļb — c| + bla — c| + cla — b| 
ae n ae dr | 


Using the properties of the real product of complex numbers, we have 


OsG L AI if and only if (w — g) - (a — zr) = 0, i.e., 


a+b+c (a-b)la— c] * (a — c)la — b| 
6 la — b| + |b — e| + |a — cl 


'This is equivalent to 


=0. 


(a 4-6 4- c): [(a — 0)|a — e| 4- (a—c)la— b|] = 0, i.e., 


Re((a +b + c)|(a — b)|a — c| + (a — &)|a — b|]) = 0. 
We find that 


Ret |a — c|(aa + ba + ca — ab — bb — cb) 
-Ha — b|(aa + ba + ca — ac — bc — cc)) = 0. (1) 


Observe that 


aa = bb = cc = 1 and Re(ba — ab) = Re(ca — ac) = 0; 
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hence the relation (1) is equivalent to 


Re{|a — c|(ca — cb) + |a — b|(ba — bc)) = 0, i.e., 


|a — c|(cū + ta — eb — cb) + |a — b| (ab + ab — bc — bc) = 0. 
It follows that 


|a — c|[(bb — be — eb + cc) — (aa — ca — ca + cc)] 


Hla — b|[(bb — bc — eb + cc) — (aa — ab — ab + bb)] = 0, i.e., 
la — ¢|(|b — c|? — |a — ef?) + Ja — &((Ib — cf? — Ja — bl?) = 0. 


'This is equivalent to 
AC - BC? — AC? + AB BO? — AB? — 0, 
The last relation can be written as 


BC? (AC + AB) = (AC + AB)(AC? — AC - AB + AB”), 


so 
AC. AB = AC? + AB? — BC”. 
We obtain 
1 n 
cos A = 2 ie, A= 2i 
as desired. 


Problem 34. Two circles wı and wz are given in the plane, with centers O1 
and Og, respectively. Let Mj and M} be two points on wı and w2, respectively, 
such that the lines O; Mj and O3 M5 intersect. Let Mı and M» be points on wu 


and w2, respectively, such that when measured clockwise, the angles M1O1M1 
and M5O»M» are equal. 


(a) Determine the locus of the midpoint of [My M3]. 

(b) Let P be the point of intersection of lines OM, and O3M». The circum- 
circle of triangle Mı PMg intersects the circumcircle of triangle O1 PO» at 
P and another point Q. Prove that Q is fixed, independent of the locations 
of Mı and Mə. 


(2000 Vietnamese Mathematical Olympiad) 
Solution. 


(a) Let a lowercase letter denote the complex number associated with the 
point labeled by the corresponding uppercase letter. Let M', M, and O 


denote the midpoints of segments [M1 M3], [M1 Mə], and [0102], respec- 
— m» —0O . 
tively. Also let z — TATA s 2 ie so that multiplication by z is 


7 
TW — 01 M — 02 
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m1 + m» 


a rotation about the origin through some angle. Then m — 5 


equals 


(o + 2(mi, — 01)) + 5 (02 + z(mb — 02)) = 0 + z(m' — 0), 


i.e., the locus of M is the circle centered at O with radius OM’. 
(b) We shall use directed angles modulo v. Observe that 


QM, Mz = QPM, = QPO, = Q0,0». 


Similarly, QM, Mı = QOO, implying that triangles QM, Mə and 
QO4O» are similar with the same orientation. Hence, 

q7% q-m 

q—02 q- m’ 


or equivalently, 


q—01 — (q— mi) — (a7 01) 01 — My = osmi 


q — 02 (q — m2) — (q — o2) 02 — M2 02 — m^ 


Because lines O1 Mj and O2M} meet, we have o1 — mi Æ 02 — m5, and we 
can solve this equation to find a unique value for q. 


Problem 35. Isosceles triangles A3 A105 and A,A2O3 are constructed ezt- 
ernally along the sides of a triangle A1 Az A3 with O2A3 = O2A, and O3A, = 
OaA»5. Let Qi be a point on the opposite side of line A243 from A1, with 
TASA; = 5 03A; and OL Az À = 5Ai02As, and let T be the foot of the 
perpendicular from O4 to A2 A3. Prove that AyO, L O203 and that 


A01 0T 
O20; -  AyAS. 


(2000 Iranian Mathematical Olympiad) 


Solution. Without loss of generality, assume that triangle A145 A3 is ori- 
ented counterclockwise (i.e., angle A; A2A3 is oriented clockwise). Let P be 
the reflection of O4 across T. 

We use the complex numbers with origin O1, where each point denoted 
by an uppercase letter is represented by the complex number with the corre- 
sponding lowercase letter. Let Çk = ax /p for k = 1,2, so that z > Gx(z — zo) 
is a similarity through angle POLA; with ratio O,A3/O,P about the point 
corresponding to zo. 

Because O4, and A, lie on opposite sides of line A543, angles 424304 
and 42434, have opposite orientations, i.e., the former is oriented 
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counterclockwise. Thus, angles PA3O; and A2O3A, are both oriented 


por uv iE DM SUD IRE ERERR 


counterclockwise. Because PA30; = 2A2A302 = A3034;, it follows that 
isosceles triangles PA30, and 420344 are similar and have the same orien- 
tation. Hence, 03 = a1 + ¢3(a2 — a4). 

Similarly, o = a; + ¢2(a3 — a4). Hence, 


03 — 02 = (C2 — ¢3)a1 + 6302 — C283 


= (2(a2 — as) + Gs (Gp) — Co(Cap) = C2(@2 — a3), 
or (recalling that 0; = 0 and t = 2p) 


03 — 02 ag — a3 1 a2 — aa 
C2 = = r 
a, — 01 p— oi 21—01 
Thus, the angle between [O1A41] and [0203] equals the angle between 
1 
[OT] and [A3 Ao], which is 7/2. Furthermore, O503/0141 = z4s42/0:T, 
or O141/0503 = 201T/A25Aa. This completes the proof. 


Problem 36. A triangle A,;A2A3 and a point Po are given in the plane. 
We define A, = As_—3 for all s > 4. We construct a sequence of points 
Po, Pi, Po, ... such that Py44 is the image of Py under the rotation with 
center Ay44 through the angle 120° clockwise (k = 0, 1, 2, ...). Prove that 
if Pigse = Po, then the triangle A; A2 Asa is equilateral. 


(27th IMO) 


Solution. Assume that the origin O of the coordinate system in the complex 
plane is the center of the circumscribed circle. Then the vertices A1, 45, A3 
are represented by complex numbers w1, w2, ws such that 


[w;| = |we| = |ws| = R. 


Let e = cos 27 + isin 27. Then e? +¢+1 = 0 and e? = 1. Suppose that Po 
is represented by the complex number zo. The point P is represented by the 
complex number 

Zj = Ze + (1 — €)w1. (1) 


The point P» is represented by 
22 = me? + (1 — eJwie + (1 — &)us, 


and Pj by 


z3 = zoe? + (1 — e)uie? + (1 — €) wee + (1 — e)ws 


= Zo + (1 — &)(wie? + w»e- ws). 
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An easy induction on n shows that after n cycles of three such rotations, we 
obtain that Psn is represented by 


Zgn = zo + n(1 — €)(wie? + wre + ws). 
In our case, for n = 662 we obtain 
21996 = zo + 662(1 — €)(wre? + woe + w3) = zo. 
Thus, we have the equality 
wie? + wee + ws = 0. (2) 
This can be written in the equivalent form 
wa = wi(1 +e) + (—e)we. (3) 


Taking into account that 1+ € = cos} + isin 4, the equality (3) can be 
translated, using the rotation formula, into the following: the point As is 
obtained under the rotation of point A, about the center A» through the 
angle 4. This proves that A; A53 is an equilateral triangle. 


Problem 37. Two circles in a plane intersect. Let A be one of the points of 
intersection. Starting simultaneously from A, two points move with constant 
speed, each point traveling along its own circle in the same direction. After 
one revolution, the two points return simultaneously to A. Prove that there 
exists a fized point P in the plane such that, at any time, the distances from 
P to the moving points are equal. 


(21st IMO) 


Solution. Let B(b,0),C(c,0) be the centers of the given circles and let 
A(0, a), X (0, —a) be their intersection points. The complex numbers associ- 
ated with these point are zg = b, zc = c,z4 = ia, and zx = — ia, respectively 
(Fig. 6.3). After rotating A through angle t about B, we obtain a point M, 
and after rotating A about C, we obtain the point N. Their corresponding 
complex numbers are given by the formulas 


zm = (ia — b)w + b = iaw + (1 — w)b 


and 
zy = iaw + (1 — w)c. 


The required result is equivalent to the following: the bisector lines lyn of 
the segments MN pass through a fixed point P(xo, yo). Let R be the midpoint 
of the segment MN. Then zR = $(2u + zn). A point Z of the plane is a 
point of lmn if and only if the lines RZ and MN are orthogonal. Using the 
real product of complex numbers, we obtain 


326 6 Answers, Hints, and Solutions to Proposed Problems 


Figure 6.3. 
ZM + ZN 
z — ———— ) kN- zm) = 
2 
This is equivalent to 
= m 21-— 2 
z: (zn = 2M) 75 (lew? — zu?) - 


By noting that z = x + iy, we obtain 


(len|? — |zu P?) - 


Nl = 


z(c — b)(1 — cost) — y(c — b) sin t = 
After an easy computation, we obtain 
|z |? = 20? + a? — 2b? cost — 2absint 
and 
lzw|? = 2c? + a? — 2c? cost — 2acsint. 


Thus, the orthogonality condition yields 
x(1 — cost) — ysint = (b + c) — (b + c) cost — asin t. 
This can be written in the form 
(x — b — c)(1— cost) = (y — a) sint. 


This equation shows that the point P(ro,yo) where zo = b--c,yo =a is a 
fixed point of the family of lines lmn. 

The point P belongs to the line through A parallel to BC, and it is the 
symmetric point of X with respect to the midpoint of the segment BC. This 
follows from the equality 

b+e 


Zpdzx-— z` 
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Problem 38. Inside the square ABCD, the equilateral triangles ABK, 
BCL, CDM, DAN are inscribed. Prove that the midpoints of the segments 
KL, LM, MN, NK and the midpoints of the segments AK, BK, BL, CL, 
CM, DM, DN, AN are the vertices of a regular dodecagon. 


(19th IMO) 


Solution. Let A(1 + i), B(—1 + i), C(-1 — i), D(1 — i) be the vertices of 
the square. Using the symmetry of the configuration of points with respect 
to the axes and center O of the square, we will do computations for the 
points lying in the first quadrant. Then L,M are represented by the com- 
plex numbers L(V/3 — 1), M((V3 — 1)i). The midpoint of the segment LM 


is P (£= + i=) Since K is represented by K(—i(V/3 — 1)), the mid- 


2 . 


point of AK is Q (i +124). In the same way, the midpoint of AN is 
R (254 +4), and the midpoint of BL is S (= + 4) (Fig. 6.4). It is 
sufficient to prove that SR = RP = PQ and SRP = RPQ = 5r, For a point 
X, we denote by zx the corresponding complex number. We have 

RS? = |zs — zg? = (—2 + V3}? = 7 — 4V3, 

s= v3-1 39-3 4 


2 


RP? = |zp — za? PS E 5 


*  QV3-3? + (2v3 - 2)? 
4 


2/3-3 3-2 
g 79g 


28—1 
B 3$ = 7 4v3. 


Using reflection in OA, we also have PQ? = RP? = 7 — 4v3 (Fig. 6.4). 
For angles, we have 


2-2/3 
g Y 


3-23 
SRP = 
COS 7— AV8 


(12—7V3)(7+4V3) — v3 


— 2(7 — AJ3)(7 + 4v3) 2 


——— papi 3 
This proves that SRP = | In the same way, cosRPQ = me and 
Rega. 


6 
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B(-1 +i) i A +i) 


C(-1- i) -i D(1- i) 
Figure 6.4. 


Problem 39. Let ABC be an equilateral triangle and let M be a point in 
the interior of angle BAC. Points D and E are the images of points B and 
C under the rotations with center M and angle 120?, counterclockwise and 
clockwise, respectively. Prove that the fourth vertex of the parallelogram with 
sides MD and M E is the reflection of point A across point M. 


Solution. Let 1,¢,¢7, be the coordinates of points A, B, C, M, respectively, 
where € = cos 120? + i sin 120? (Fig. 6.5). 


A 


V 


Figure 6.5. 


Consider point V such that MEVD is a parallelogram. If d,e,v are the 
coordinates of points D, E, V, respectively, then 


v=et+d-—m. 
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Using the rotation formula, we obtain 


d — m + (e — m)e and e = m + (&? — m)e?; 
hence 
v —m-tc?— me -- m-Fe* — me? -m 


— m-&^-te— m(e? +e) 2 m — 14 m 2 2m — 1. 


This relation shows that M is the midpoint of the segment [AV], and the 
conclusion follows. 


Problem 40. Prove that the following inequality holds for every point M 
inside parallelogram ABC D: 


MA-MC+MB-MD> AB. BC. 


Solution 1. Consider the complex plane with origin at the center of the par- 
allelogram ABCD. Let a,b, c, d, m be the coordinates of points A, B, C, D, M, 
respectively. It follows that c = —a and d= —b. 

It suffices to prove that 


|m — a| - |m + a| + |m — b||m + b| > |a — dla + bl, 
Or 
|m? — a?| + |m? — &?| > |a? — b°]. 


'This follows immediately from the triangle inequality. 


Solution 2. By a translation t3 of vector AB, the points in our configura- 
tion are transformed as follows: A > B, D > C, B > B',C—C', M  M'. 
Now the desired relation is just Ptolemy's inequality in the quadrilateral 
MBM'C. 


Problem 41. Let ABC be a triangle, H its orthocenter, O its circumcenter, 
and R its circumradius. Let D be the reflection of A across BC, let E be that 
of B across CA, and F that of C across AB. Prove that D, E, and F are 
collinear if and only if OH — 2R. 


(39th IMO—Shortlist) 


Solution. Let the coordinates of A, B,C, H, and O be a,b,c, h, and o, res- 
pectively. Consequently, aa = bb = cc = R? and h = a +b + c. Since D is 
symmetric to A with respect to line BC, the coordinates d and a satisfy 


— - (<>), or (b— c)d— (b — cja + (bc — bc) = 0. (1) 
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Since 
2p B 2(42 2 
b = Eve and bé—be= Ecc ) 
bc bc 
by inserting these expressions in (1), we obtain that 


—bc--ca4-ab | k— 2bc 


d= = ] 
a a 
5; R(-a+b+c)  R?(h— 2a) 
d= = ; 
bc bc 


where k = bc + c + ab. Similarly, we have 


k—2 2(h — — 2ab = 2(h — 
re ar s- Rh 20). js a anie 2c) 
b ca ab 
Since 
A= Mem = mu 
fyi) eae 


(b—a)(k—2ab) R?(a—b)(h—2c) 


ab " abc 
(c—a)(k—2ca) R (0-020) 


R?(c — a)(a — b) (ck — 2abc) (h — 2c) 
a? b? c? (bk — 2abc) —(h — 2b) 
R?(b — c)(c — a)(a — b) (hk — 4abc) 
a?b? c? 


and h = R?k/abc, it follows that D, E, and F are collinear if and only if 
A = 0. This is equivalent to hk — 4abc = 0, i.e., hh = AR?. From the last 
relation, we obtain OH — 2R. 


Problem 42. Let ABC be a triangle such that ACB = 2ABC. Let D be the 
point on the side BC such that CD — 2BD. The segment AD is extended to 
E so that AD — DE. Prove that 
ECB + 180° = 2EBC. 
(39th IMO—Shortlist) 
Solution. Let the coordinates of A, B, C, D, and E be a,b, b, c, d, and €, re- 


spectively. Then d = (26 + c)/3 and e = 2d — a. Since ACB = 2ABC, the 
ratio 
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is real and positive. It is equal to (AB? - AC)/ BC?. On the other hand, a 
direct computation shows that the ratio 


e-c [c-b : 
b—c \e-—b 


is equal to 
1. (b=) +2(c~ a) * ( A(b — a) — (c — a) 
ee 
A ,(b-ay(c-a) 4 AB?. AC 
“art @-o8 —27 pE ` 


which is a real number. Hence the arguments of (e — c)/(b — c) and 
(c — b)?/(e — b)?, namely ECB and 2EBC, differ by an integer multiple of 
180?. We easily infer that either ECB =2EBC or ECB = 2EBC — 180°, acc- 
ording to whether the ratio is positive or negative. To prove that the latter 
holds, we have to show that AB? - AC/ BC? is greater than 4/27. Choose a 
point F on the ray AC such that CF — CB (Fig. 6.6). 


A 


Figure 6.6. 


Since ACBF is isosceles and ACB = 2ABC, we have CFB = ABC. 
Thus AABF and AACB are similar and AB : AF = AC : AB. Since 
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AF = AC + BC, AB? = AC(AC + BC). Let AC = u? and AC + BC = v?. 
Then AB = uv and BC = v? — u?. From AB + AC > BC, we obtain 
u/v > 1/2. Thus 


AB?. AC DES 4 (u/v)4 (172)* 4 


BO Wu (1u 7 ü—1/9 ~ 27’ 


and the conclusion follows. 


Problem 43. Let P be a point situated in the interior of a circle. Two vari- 
able perpendicular lines through P intersect the circle at A and B. Find the 
locus of the midpoint of the segment AB. 


(Mathematical Reflections, 2010) 

Solution 1. We can assume, without loss of generality, that P — t € [0,1] 
and the circle C is given by C = {|z| = 1}. Let A= z = x + iy € C. Then 
B = w = si(z — P) - C € C with some s > 0. Hence 

1 = |w|? = (t — sy)? + s?(x — t. (1) 
The midpoint of the segment AB is given by M = (A+ B)/2. 
Now we verify that 

|M — P/2| = y2 —|P|?/2. 

In fact, by (1), 


(21M — P/2|)? = (z = sy + (sz t) - y 22? +y 1-0 —2- €. 


Hence the required locus is a circle with center P/2 and radius 4/2 — |P|?/2. 
In the general setting, if the circle C has center at Po and radius R, then the 


locus is a circle with center (Pp + P)/2 and radius \/2R? — |P — Po|?/2. 


Solution 2. Let ABCD be a quadrilateral and let M and N be the mid- 
points of sides AB and C D, respectively. Using the median theorem or direct 
computation with complex coordinates, it is easy to prove that the following 
relation holds: 


AC? + BD? + BC? + DA? = AB? + CD?  AMN?. 


Let M be the midpoint of the segment AB and let N be the midpoint of the 
segment OP, where O is the center of the given circle. Applying the relation 
above in the quadrilateral AB PO, we obtain 


AP? + R + BP? + R? = AB? + OP? - AM N?. 
It is clear that AP? + BP? = AB?; hence we get 


AMN? = 2R? — OP?, 
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that is, 
1 
NM= zV 2R? — OP?. 


Since the point N is fixed, it follows that the desired locus is the circle with 


1 
center N and radius zV 2R? — OP?. 


Problem 44. Let ABC be a triangle and consider the points M € (BC), 
N €(CA), P € (AB) such that 


AP BM CN 
PB MC NA 


Prove that if MNP is an equilateral triangle, then ABC is an equilateral 
triangle as well. 


(Romanian Mathematical Olympiad— District Round, 2006) 


AP BM CN 
Solution. Let A . We use complex numbers, and 


B 
we choose the point M the as origin. Furthermore, we can assume that the 


T 
complex numbers corresponding to the points N and P are 1 and £ = cos 3 + 


"S p 
isin —, respectively. 

Suppose that the complex numbers corresponding to the points A, B, C 
are a,b,c, respectively. We have then 


€ = (1— A)a + Ab, 0 = (1 — A)b + Ac, and 1 = (1— X)c + Aa. 


It follows that — £ 


= £. Therefore, AC = AB and A = a 


Problem 45. Consider the triangle ABC and the points D € (BC), E € 
(CA), F € (AB), such that 


BD CE AF 

DC EA FE 
Prove that if the circumcenter of triangles DEF and ABC coincide, then the 
triangle ABC is equilateral. 


(Romanian Mathematical Olympiad—Final Round, 2008) 


Solution. Consider complex coordinates, the origin being taken at the cir- 


cumcenter of the triangle ABC, and use lowercase letters to denote the co- 
ordinates of the points. Then, if DO" k, we have d = c 
The triangles DEF and ABC have the same circumcenter if and only if 
|d| = |e| = |f |, that is, dd = ee = f f. 
Since aū = bb = cc, this amounts to ab + ba = ac + ca = be + cb, which is 
equivalent to |a — b|? = |a — c|? = |b — c|?, whence the conclusion. 


, and so on. 
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Problem 46. On the exterior of a nonequilateral triangle ABC, consider 
the similar triangles (in this order) ABM, BCN, and CAP such that the 
triangle M NP is equilateral. Find the angles of the triangles ABM, BCN 
and CAP. 

(Romanian Mathematical Olympiad—Final Round, 2010) 


Solution. All angles are directly oriented. Denote by the corresponding low- 
ercase letter the coordinate of a point denoted by an uppercase letter. 
The given similarity can be rewritten as 


m-—b m-c p-a 


k: 


7 


a—b b-c cra 


hence 
m = ka + (1 — k)b, 


n = kb + (1 — k)c, 


p= kc+ (1— k)a. 
Since the triangle MNP is equilateral, we have 


m+en+e7p=0, 
Qn. , 2m "T A 
where £ = cos ET +isin Tu Substituting, we infer that 


0 = k(a -- be + ce?) + (1 — k)(b + ce + ae?) 


= k(a + be + ce?) 4 (a + be + ce?) 


1-k 
= (a+ be + ce?) (z+ I 


The triangle ABC is not equilateral, so a + be + ce? Z 0, and consequently 
1 
zip. 
The equality m = ka 4- (1 — k)b yields m — a = &(m — b), showing that triangle 


AM B is isosceles, with an angle E and two angles e 


6.2.5 Solving Trigonometric Problems 


Problem 11. Sum the following two n-term series for 0 — 30?: 


, cosÜ | cos(20) | cos(30) cos((n — 1)8) 
| | Feed , and 
on cosÜ cos? 0 cos? 0 cosn-1 0 e 
(ii) cos 0 cos 0 + cos? 0 cos(20) + cos? 0 cos(30) +--+ + cos" 0 cos(n6). 


(Crux Mathematicorum, 2003) 
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Solution. 


(i) Consider the complex number 


1 
z-— cos g £058 c isin 0). 


From the identity 


n—1l 
1— z^? 
zl — ad ; (1) 
l-z 
k=0 
we derive 
n j — —— (cos n6 + isin n0) 
5 j (cos k0 + isin k0) = COS i 
Zo COS 1- (cos 0 + isin 0) 
cos Ü 
jer cuando pid 
cos — CEA (cos nÓ + isin nð) sin no cos” 9 — cos nô 
= = i : 
—isin@ sin 6 cos”—1 0 sin 6 cos”! 0 
It follows that 
T coskð — sin nO 
cos*Ü sin 0 cos”! 4’ 


and we have just to substitute 0 = 30°. 
(ii) We proceed in an analogous way by considering the complex number 
z = cosÓ(cos0 + isin 0). Using identity (1), we obtain 


»» gh es u zZ zit 
ECUE 
k=1 
Hence 
5 cos" 0(cos k0 + isin k0) 
k=1 
.. cos (cos 0 + isin 0) — cos"! 6(cos(n + 1)0 + isin(n + 1)0) 
B sin? 0 — i cos 0 sin 0 
{£08 0(cos 0 + isin @) — cos"! 6(cos(n + 1)0 + isin(n + 1)0) 
sin 0(cos 0 + isin @) 


n+1 m 
EF eotand cos" tt (cos nO + isin : 


sin 0 


sin nO cos"! 0 


cos” t1 0 cos nd 
+ i | cotan 


sin 0 sin ð 
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It follows that 


n H 
sin nÓ cos?! Q 
1 cos? 0 cos kh = ————————. 
= sin 0 


Finally, we let 0 = 30° in the above sum. 


Problem 12. Prove that 


2 -1 
1 + cos?” (=) 4 cos?” (=) Aes cos?” (e 
n n n 


for all integers n > 2. 
Solution. Let 
2m . 2m 
w = cos — +7S1In — 
n n 


for some integer n. Consider the sum 


Sn = 4” 4 (1 we (1 gum (1 geen 
For all k = 1,...,n — 1, we have 
Ll+w* = 1 + cos + isin = 2 cos c + isin ) 
and 
(Liu)? = 97" cos? ZT (cos 2kn + isin 2kr) = 4" cos?” — 
Hence 
n-1 
Sn = Ary Soa dou jan 
k=1 
2 
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On the other hand, using the binomial expansion, we have 


2n 2n 2n We 2n = 
=n a +n ds X 3 X "uL 
e (T) [S bi 
I3. k=0 


2n—1 ; 
2n 2n 1 — w” 2n 
mane) tE (G) Te men). (2) 
J= 
in 


The relations (1) and (2) give the desired identity. 


Problem 13. For every integer p > 0, there are real numbers ag, a1,..., ap 
with ap #0 such that 


cos 2pa = ao + a1 sin? a +- Td: (sin? a)?, for alla € R. 
Solution. For p = 0, take ag = 1. If p > 1, let z = cos œ + isin a and observe 
that 

z? = cos 2pa + i sin 2pa, 
z 7? = cos 2pa — isin 2pa, 
and 


z?P + 2—*P 


1 
5 = zl(cosa + isin a)?? + (cosa — isin o)?P]. 


cos 2pa = 


Using the binomial expansion, we obtain 
2 2 2 ' 
cos 2pa = ( di cos?” a — ( 7 cos??? asin? a+: -+ (—1)? A sin”? a. 


Hence cos2pa is a polynomial of degree p in sin?o, so there are 
89,01,..., Gp € R such that 


cos 2pa = ag + a,sin?a+-+++ ag sin?P oy for alla € R, 
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Problem 14. Let 

44 

5 cos n8 
n=1 

44 : 
5 sin n$ 
mL 


What is the greatest integer that does not exceed 100x ? 


£ = 


(1997, AIME Problem 11) 


Solution 1. We have 
44 
»5 cos n? 
— n=l 
44 
5 sinn? 
n=1 


. cos(45 — 1) + cos(45 — 2) 


O cos 1 + cos 2 +... + cos 44 


" p VERE DENN TEE 


...- cos(45 — 44) 
sin 1 +sin2+...+sin 44 


Using the identity 


a—b 


‘ x . a 
sina + sinb = 2 sin 


sinx + cosx = sin x + sin(90 — x) 
= 2 sin 45 cos(45 — x) = V2cos(45 — z), 


the expression of x reduces to 


1 (cos 1 + cos2 4- ... -+ cos 44) + (sin 1 + sin 2 + ... + sin 44) 
T 
/2 sin1 4 sin2+...+sin44 


O 1 pui E081 + cos2 +... + cos44 
V2 ' sinl+sin2+...+sin44 / 
(=) a+ ) 
C= |-—= x), 
/2 
1 /2—1 
LE—uD 5 
v2 V2 
1 
v= —— =14 v2. 
/2—1 


[100z] = |100(1 + V2)| = 241. 


Therefore, 
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Solution 2. For a slight variant of the above solution, note that 
44 44 44 
5 cosn + »3 sinn = p» sin n 4- sin(90 — n) 
n=1 n=l n=1 
_ 44 44 
— 2 X cos(45 —-n)- uu» cos n, 
n=1 n=1 


44 44 
X sinn = (v2 — 1) X- cosn. 
n=l n=1 


1 
This is the ratio we are looking for. The number x reduces to VUE = 
V2 +1, and 
[100(V/2 + 1)| = 241. 


44 
Solution 3. Consider the sum 5 cisn?, where cis t = cos t+i sint. The frac- 


n=1 
tion is given by the real part divided by the imaginary part. By de Moivre’s 
theorem with geometric series, the sum can be written 


44 ; 
cis45° — 1 
—1 + 1 Ga Se 
n=0 


cisl? — 1 
V2 iv2 (2 DE! z) (cis(—1°) — 1) 
med a ae 2 2 
2 2. 
1 : =-1+ L2 
cisl° — 1 (cos 1? — 1)? + sin* 1? 
2 2 2 2 
e (ci 15 3] 2 uitia m sin 1°+ Nos 1) 
2 2 2 2 
1 
= 2(1 — cos 1°) 
2 2 
_ sinl’ v2 +iļl— v2 
l| o v2 dy- 2 2 
2 4 4! 2(1 — cos 1°) 
Using the tangent half-angle formula, this becomes 


(3 Ier) - n) +i ( cos(1/2°) - Y2 foot(1/2°) + n) | 
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Dividing the two parts and multiplying each part by 4, we see that the 
fraction is 
—2 + V2[cot(1/2*) — 1] 
2cot(1/29) — V2[cot(1/2°) -- 1] 
Although computing an exact value for cot(1/2?) in terms of radicals would 
be difficult, it is clear that the value, whatever it is, is really large! 
So treat it as though it were oo. The fraction is approximated by 
v2 — /20- v2) 


x5 5 —14 v2 > |100(1 + V2)| = 241. 


Problem 15. Prove that 


se Li) E 2 r-yNV. ety 
X cos[(n £o + hy] = (2008 2 ) c05n—, 


k=0 


for all positive integers n and all real numbers x and y. 
(Mathematical Reflections, 2009) 
Solution. The real number 5 a cos[(n — k)z + ky] is the real part of the 


k 
k=0 
complex number 


- n i —k)x - n 1x \Nn— D 
i Y (emm Y (eomm 
k=0 k=0 


where e'* = cost + isint. 
From the binomial theorem, we have Z = (e'* + e”) 
rewritten as 


n 
Z= (e C +e a). = (20085) eri 


Thus, the real part of Z is also 


z—y\" x+y 
2 
(200s 5 ) cosn——, 


^ which can be 


and the result follows. 


Problem 16. Let k be a fixed positive integer and let 


Socal” di "n MN TEN 
C Gr) Gia) , j=0,1,..., 
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341 
Prove that 


2 
(se + SC? cos x +... + SÉ? cos — 


. 27 . An 1... 2(k — 1)r 7 qm 2n 
(D gin 4. (2) gin =" CEI) ago ERE us 
+ (st sin = cS; sin E saccos sin E ) (2cos ) 


(Mathematical Reflections, 2010) 
Solution. Let Z} = NU {0} and 


Dj = {j + mk |m € Z4 and j + mk € nj. 


k—1 
Then $7) = V7 C) and |] D; = {0,1,2,...,n}. Let 
p . 
j=0 


p 
k-1 
a= M SY cos D 
j=0 
k-1 
b= SO sin y ; 
j=0 
k-1 j 
2 2 ; 2 2g M 
ud E (cos E + isin EE) ; 


Then <* = 1 and 


urey a n THD SP om 
j=0 


= Ce- D)e = bets (ree + isin 
dep. xb p k 


k 


Edu c RN ul 
= PO VERE DT = ee cos Z isin . 


k 
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Hence 
|a+ib| = | (20s o (cos = + isin T) = | (20s o (cos 7 ism) 
TNI | 6/7 oe TN E T\ |" 
= | (2cos 7) (z H isin 7) = | (20s =) 

Therefore, 

2 p? (2 x 

af + 0f = POR : 
Problem 17. 


(a) Let 2, zo, za, z4 be distinct complex numbers of zero sum, having equal ab- 
solute values. Prove that the points with complex coordinates 21, za, za, 24 
are the vertices of a rectangle. 

(b) Let x,y, z,t be real numbers such that sin x + sin y + sin z + sint = 0 and 
COS x + cos y + cos z + cost = 0. Prove that for every integer n, 


sin(2n + 1)x + sin(2n + 1)y + sin(2n + 1)z + sin(2n + 1)t = 0. 


(Romanian Mathematical Olympiad—District Round, 2011) 


Solution. 
(a) The equality 21 + z2 + z3 + z4 = 0 implies Zi + Z2 + Z3 + Z4 = 0, and 
furthermore, 
1 1 1 1 
boc e (1) 
FAI 22 23 Z4 
for |z1| = [za] = [zl = [zal £ 0. 
Suppose 21 + z2 = —23 — z4 # 0. The relation (1) gives z122 = 2324, so 


{21, z2} = {—z3, —24). On the other hand, if z1 +22 = 0, then z3+z4 = 0. 
In both cases, the numbers 21, z2, 23,24 form two pairs of equal sum, 
whence the conclusion. 

(b) Let z1 = cosa + isinz, z2 = cosy + isiny, z3 = cos z + isinz, and z4 = 
cost +isint to get z1 + za + za + z4 = 0 and |z1| = |z2| = |z3| = |z4| = 1. 
As before, the numbers 21, z2, 23, z4 form two pairs of opposite numbers, 


so the same goes for numbers 22"*1, 22041, T 22"*1. Therefore, 


2n+1 , „2n+1 , „2n+1 , „2n+1 
ADU REY ci vip = 0, 


implying the claim. 
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6.2.6 More on the nth Roots of Unity 


Problem 11. For all positive integers k, define 
Uy = {z € C|z5 = 1). 
Prove that for every pair of integers m and n with 0 « m « n, we have 


UiUUSU---UU,. C Un m-41U Ug m42U:::U Us. 


(Romanian Mathematical Regional Contest “Grigore Moisil,” 1997) 


Solution. Let p = 1,2,...,m and let z € Up. Then z? = 1. 

Note that n — m-- 1,n — m--2,...,n are m consecutive integers, and since 
p € m, there is an integer k € (n — m + 1,n — m + 2,...,n]) such that p 
divides k. 

Let k = k'p. It follows that z* = (zP)* = 1, so z € Uk C Un-m41 U 
Un-m+2 U ...U Un, as claimed. 


Remark. An alternative solution can be obtained from the fact that 


(a” m har = 1) be (Cae E 1) 
(ak — 1)(a*-! — 1)--- (a — 1) 


is an integer for all positive integers a > 1 and n > k. 


Problem 12. Let a, b, c, d, a be complex numbers such that |a| = |b| 4 0 
and |c| = |d| 40. Prove that all roots of the equation 


c(ba + aa)” — d(ax + b@a)” 20, n > 1, 


are real numbers. 


Solution. Rewrite the equation as 
bx +aa\"” od 
atc+ba}/ c 


d = 1. Consider 


Since |c| = |d|, we have |- 
c 


d 
—=cost+isint, t€ [0,27). 
c 


It follows that 
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where 


t+ 2k 
Pr? duni. qinqqo. quand 
TL 


Uk = cos 
The relation (1) implies that 


bau, — aa 
Lk S o 
b — auk 


To prove that the roots zy, k = 0,n — 1 are real numbers, it suffices to show 
that £k = zy for all k —20,1,...,n — 1. 
Set |a| = |b| = r. Then 
= r2 
_ _ bauk- aa vc 


i 
Uk 
Tk T. 


T. 
a 
2 1 
Uk 


Q 
F2 
b a 


b— auk 


— ba _ 
fe, =. 
auk — b 


as desired. 


Problem 13. Suppose that z # 1 is a complex number such that z” = 1, n > 


1. Prove that 
(n+1)(2n + 1) 


6 lz— ap. 


Inz — (n+ 2)| € 


(Crux Mathematicorum, 2003) 


Solution. Differentiating the familiar identity 


with respect to x, we get 


Y "m nz"*l— (n+ 1)z" +1 
Gi . 
= (x — 1)? 


Multiplying both sides by x and differentiating again, we arrive at 


n 


> Pek = g(x), 


k=1 


where 


n?4"*? — (2n? + 2n — 1)z^*! + (n --1?z"^ —z—1 
g(x) a 3 t 
(x — 1) 
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Taking x = z and using |z| = 1 (which we were given), we obtain 


lo) s Y; eise = RET Dem t D (1) 
k=1 


On the other hand, taking into account that z” = 1, z Æ 1, we get 


| n(nz —-An+1)z+n+2)  n(nz- (n-2)) 


From (1) and (2), we therefore conclude that 


(n+ 1)(2n 4+ 1) 
6 


[nz — (n+ 2)| € ljz—1?. 


Problem 14. Let M be a set of complex numbers such that if x, y € M, 
then 5 € M. Prove that if the set M has n elements, then M is the set of 


y 
the nth roots of 1. 
Solution. Setting x — y € M yields 1 — Z e M. For x = 1 and y € M, we 
y 


1 
obtain = = y~! € M. 


y 
If x and y are arbitrary elements of M, then x, y^! € M, and consequently, 


x 
y 
Let £1, £2,...,£n be the elements of set M and take at random an ele- 
ment ry € M,k = 1,n. Since zy Æ 0 for all k = 1,n, the numbers 
CXkT],TKkX2,...,C42,4 are distinct and belong to the set M, whence 
[zkzi,ckX2,...,q&€4] = (21,22,..., Ln}. 


Therefore, 1,21 ` r4432::: X424 = T122::: Lp, and hence v; = 1; that is, £k 
is an nth root of 1. 

The number xx was arbitrary; hence M is the set of the nth roots of 1, as 
claimed. 


Problem 15. A finite set A of complex numbers has the following property: 
z € A implies z" € A for every positive integer n. 


(a) Prove that X z is an integer. 
zcA 
(b) Prove that for every integer k, one can choose a set A that satisfies the 
above condition and M z =k. 
zcA 


(Romanian Mathematical Olympiad—Final Round, 2003) 
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Solution. 


(a) We will denote by S(.X) the sum of the elements of a finite set X. Suppose 
0 Æ z € A. Since A is finite, there exist positive integers m < n such 
that 2’ = z”, whence z"^"" = 1. Let d be the smallest positive integer k 
such that z^ € 1. Then 1,2,22,..., 27-! are distinct, and the dth power 
of each is equal to 1; therefore, these numbers are the dth roots of unity. 


This shows that A\{0} = U Un,, where Up = {z € C|z? = 1}. Since 


k=1 
S(Up) = 0 for p 2 2, $(U1) = 1 and Up N Ug = Up,q), we get 


k 


k«l 


+ 5 S (Un, ON Un, NUn.) +++: = an integer. 
k<l<s 


m 
Suppose that for some integer k there exists A = |J Un, such that 
k=1 
S(A) =k. Let pı, po, ..., po be the distinct primes that are not divisors 
of any nz. Then 


O 
— 


S(AU Up) = S(A) + S(Up,) - S(AN Up) = k- S(O) 2 k - 1. 
Also, 
S(A U Up pops U Up: paps U Upapaps U Upspspe) 
= S(A) + S(Up,p;p,) + S(Upipips) + S(Upspips) + S(Upspspe) 
—S(AN Up, pops) — +++ + S(AN Up, pops N Ups paps) 
T7 S(AD Up pops N Upipaps N Upapaps N Upspsps) 


6 
— kx 4-0 — AS(U,) — X` S(Up,) + 105(U1) — 58(U1) + SU1) 
k=1 


=k—-—4+4+10-—54+1=k+2. 


Hence, if there exists A such that S(A) = k, then there exist B and C such 
that S(B) = k — 1 and S(C) = k + 2. The conclusion now follows easily. 


n—1 


2 2k 
Problem 16. Let n > 3 be an odd integer. Evaluate ) sec, 
n 
k=1 


(Mathematical Reflections) 
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Solution. We will prove that 


ifm =1 (mod 4) 


m 1 

2 2kn 2 ? 
2 see hl 
k—1 J 


5 ,ifn=3 (mod 4) 


Let Ta, denote Chebyshev's polynomial of the first kind of degree n, which is 
defined by the formula 
Tn (cos 0) = cos(n@). 


Since T’ (cos 0) = nsin(n@)/sin 0, we conclude that 
(cos(kr/n): 1 € k € n— 1) 


are the n — 1 distinct zeros of T}, which is then of degree n — 1. This proves 
that there exists a constant A such that 


= II « — cos(km /n)), 


l<k<n 


and consequently, 


T!(X) 1 
(X) -X X — cos(km/n)' 


k k 
Noting that cos T = cos ER we see that 
n n 


COG: 15 1 | 1 
PEK). 2 2. (x — cos(km/n) ` xcu] 


Mu 
-— rra cos? (km /n)* 


SO 


T! (X) — 2X 
(X) -5z — 1 — cos(2km /n)' 


at k=1 


and by substituting X = cos 0, we get that 


Tp (cos0) _ y 2 cos 
Ty (cos6) < (20) — cos(2kr /n)' 
On the other hand, from T? (cos 0) = n sin(n0)/sin 0, we see that 


T} (cos 0) 
T} (cos 0) 


(sin 9) = n cot(n0) — cot 0. 
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Therefore, we conclude that 


z 1 EE: ncot(né) 
os(20) — cos(2km/n) ^ 2sin?0 sin(20) ' 


and for odd n, this is equivalent to 


Y- . ncot(né) 1 
i XE — cos(20)  2sin(20)  A4sin?9' 


In particular, taking 0 = 7/4, we obtain 


1 neot(nm/4)—1 — n(-1)@-Y/? —1 


cos(2km/n) . 2 2 l 


Mali 
MI 
m 


k=1 
which is the desired conclusion. 


Problem 17. Letn be an odd positive integer and let z be a complex number 
such that z?"-! — 1 = 0. Evaluate 


n—1l 
1 
II (a + Tak 1) . 
k=0 $ 
(Mathematical Reflections) 
Solution. Let 


Hoa) 


We have that 

1 1 1 n- 1 

(g+-+1)Z, = (?+5+1) (?+5-1)...(2 EE +1) 
z A z z 
n 1 
= (2 + Tan + 1) è 
z 

However, from the given condition, we have that z2?” = z. Finally, 


1 1 
(e ie)m in) 
Zz A 


Problem 18. The  erpression sin2?sin4?sin6?...sin90? is equal to 
pv/5/299. where p is an integer. Find p. 


Hence Z4, = 1. 


6.2 Solutions to the Olympiad-Caliber Problems 349 
Solution 1. All trigonometric arguments are in degrees. Notice that 


sin(90x) = Im[(cos z + i sin z)??] 


45 
- Yc( 5 ) sin?” 1 (3) cog?0722-H (5) 


i 2n +1 
44 90 
ae qty 2n qty 2 zo 44—n 
sin(x) cos(x) 2. b: " :) sin” (z)[sin* (x) — 1] 
Then 
sin(90x) 


sin(x) cos(x) =en) 


is a polynomial in sin(x) of degree 88, and it has roots at 


sin(x) = sin(2°), T sin(4°), ee. sin(88?), 


so it follows that these are exactly the roots of the polynomial. Observe that 
the constant term of P(x) is 90, while the leading term has coefficient 


» 90 steam, 
Z \2n+1) ~ 2 eee 


It follows that 


90 44 2 
550 = II sin(2n) = co" (TI sin(2n) ) ; 
n=—44,n40 
and thus 33 
: 45 3/5 
sin(90) II sin(2n) = 288 => 947 
n=1 


Then p = 3-26 = 192. 
Solution 2. Let Am ae Sei 
olution e w = cos Go isin cg e nave 


45 


—1 
II sin(2n) SE ou aua 


By the symmetry of the sine (and the fact that sin(90) — 1), 


II sin(2n) IT sin(2n), 


n=46 
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so ; 
45 89 
f lo" — 1| 90 
II sin(2n)| = J 9 = 989° 
n=1 n=1 


where we have used the usual geometric-series sum for roots of unity. The 
product is clearly positive and real, so it is equal to 


v45  3V5 


944 ^ 944" 
hence p = 3- 26 = 192. 
Problem 19. The polynomial P(x) = (1 +x 4- a? 4c... x17)? — x!" has 34 
complex roots of the form 


Zk = ry[cos(2rax) +isin(2ra,)], k = 1,2,3,...,34, 


with 0 < ay € a» € aa € ... € a34 < 1 and ry > 0. Given that ay + ag + 
a3 +a4+ as = m/n, where m and n are relatively prime positive integers, 
find m 4 n. 


(2004 AIME I, Problem 13) 


Solution. We see that the expression for the polynomial P is very difficult 
to work with directly, but there is one obvious transformation to make, sum 
the geometric series: 


2 
P(x) _ x18 —1 qr i x36 = 24181 +1 io 
r—i1 xz? —2r+1 
x36 A zi? = qi up 1 (x19 _ 1)(z!7 e 1) 


(z = 1)? 2 (x — 1)? 


This expression has roots at every 17th root and 19th root of unity other 
than 1. Since 17 and 19 are relatively prime, this means that there are no 
duplicate roots. Thus, a1, a2,a3,a4,a5 are the five smallest fractions of the 


form 19 Or a for m,n > 0. 


' I7 and 19 can both be seen to be larger than any of 
12 3 1 2 
19' 19' 19° 17° 17° 
1 2 3 1 2 6 3 6-17+3-1 159 
7 17 17-19 323 


so these latter five are the numbers we want to add: 


and so the answer is 159 + 323 = 482. 


Problem 20. The sets A = {z : z!8 = 1} and B = {w : wf? = 1} are both 
sets of complex roots of unity. The set C = (zw : a € A and w € B} is also 
a set of complex roots of unity. How many distinct elements are in C? 
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Solution 1. The least common multiple of 18 and 48 is 144, so define 


QT ENS 
n = cos — cr sim ——. 


144 144 
We can write the numbers of the set A as (n5,n15,..., n144} and of the set 
B as (n?,n9,... n144}. Now, n” can yield at most 144 different values. All 


solutions for zw will be in the form of n85:*3*2. 


Note that 8 and 3 are relatively prime, and it is well known that for two 
relatively prime integers a, b, the largest number that cannot be expressed as 
the sum of multiples of a, b is ab — a — b. For 3, 8, this is 13; however, we can 
easily see that the numbers 145 to 157 can be written in terms of 3, 8. Since 
the exponents are of roots of unity, they reduce modulo 144, so all numbers 
in the range are covered. Thus the answer is 144. 


Solution 2. The 18th and 48th roots of 1 can be found by de Moivre's 
2k 2k 

theorem. They are cis (==) and cis (==) respectively, where cis 0 = 

cos 0 -- isin Ó and kı and ks are integers from 0 to 17 and 0 to 47, respectively: 


Las (E2 1 BR) us (2073er 
ZW = CL 9 24 = CIS 72 . 


Since the trigonometric functions are periodic with period 27, there are at 
most 72-2 = 144 distinct elements in C. As above, all of these will work. 


2 2 
Problem 21. Let n > 3 be an integer and z = cos = + isin £7. Consider 
n n 


the sets 
NS ns, aL 


and 
B= {ll+2,1+2+27,.0.,l+2+.6+2" 4}. 


Determine AN B. 
(Romanian Mathematica Olympiad—District Round, 2008) 
Solution. Clearly, 1 € AN B. Let w € An B, w £ 1. As a member of B, 


k+1 
xk 1-2 


w=lt+2z+...+2 1-z 
for some k = 1,2,...,n — 1. Since w € A, we get 
lo|-1 and |1—2** |= (1-2). 
The latter equality yields 
PA EN A ug " (kim _ T 


n n n n 
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which implies k = n — 2, so 


because w € A, we must have w” = 1, which means that n has to be even. 


1 
So the answer is AN B = {1} for odd n, and AN B= t for even n. 
z 


6.2.7 Problems Involving Polygons 


Problem 12. Prove that there exists a convex 1990-gon with the following 
two properties: 


(a) all angles are equal; 
(b) the lengths of the sides are the numbers 1?,2?,3?, ..., 19897, 1990? in 
some order. 


(31st IMO) 


Solution. Suppose that such a 1990-gon exists and let Ag, A1,..., A1989 be 
its vertices. The sides Aj Axii1, k = 0,1,...,1989 define the vectors A, Aii, 
which can be represented in the complex plane by the numbers 


zy =npw*, k=0,1,...,1989, 


2v 2T 
here w = cos + isin . Here A = Ap, and ng,m,...,mn 
where tw 1990 1990 1990 0 0; T1 1989 
represents a permutation of the numbers 1?,2?,...,1990?. 
1989 n 
Because $5 AkAk+ı = 0, the problem can be restated as follows: find a 
k=0 
permutation (no, n1,...,71989) of the numbers 1°, 27,..., 1990? such that 
1989 


1 nw zu. 
k=0 


Observe that 1990 = 2-5-199. The strategy is to add vectors after a suitable 
grouping of 2, 5, 199 vectors such that these partial sums can be directed 
toward a suitable result. 

'To begin, let us consider the pairing of numbers 


(12, 22), (32, 42),..., (19882, 1989?) 
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and assign these lengths to pairs of opposite vectors respectively: 
(wk, Wk+995), k -0,...,994. 
By adding the obtained vectors, we obtain 995 vectors of lengths 
2? — 1? = 3; 4? — 3? = 7,6? — 5? = 11;...; 19897 — 1988? = 3979, 


which divide the unit circle of the complex plane into 995 equal arcs. 

Let Bo = 1, B1,..., Bogs be the vertices of the regular 995-gon inscribed 
in the unit circle. We intend to assign the lengths 3,7,11,...,3979 to the 
unit vectors OB, OB 1,---,OBog4 such that the sum of the obtained vectors 
is zero. 

We divide 995 lengths into 199 groups of size 5: 


(3, 7,11, 15, 19), (23, 27, 31, 35, 39), ..., (3963, 3967, 3971, 3975, 3979). 


2 2 2 2 

Let ¢ = cos d + isin ET ui — cos m» +isin in be the primitive roots of 
unity of order 5 and 199, respectively. Let Pı be the pentagon with vertices 1, 
¢,¢7,¢, C+. Then we rotate Pı about the origin O with coordinates through 
2kn 
199' 
respectively. The vertices of P41 are w, wC, w^, wh, wet k = 0,..., 
198. We assign to unit vectors defined by the vertices Pk of the respective 
lengths (Fig. 6.7) 


angles 6, = k = 1,..., 198, to obtain new pentagons P2,..., P98, 


2k + 3,2k +7, 2k +11, 2k +15, 2k + 19(k =0,..., 198). 


Figure 6.7. 


354 6 Answers, Hints, and Solutions to Proposed Problems 


Thus, we have to evaluate the sum 


198 
Y (ka 3)o^ + (2k -- T)w* C + (2k - 11)w* C? + (2k 4 15)u^ 9 + (2k - 19)o/^C*] 
k=0 


198 198 
= Mk CO +E? C) + (84 76 MC 150 + 19¢4) Yo. 
k=0 k=0 


Since 1 -- C - C? +C -E C* =0 and 1+w+w? +---+w!% = 0, it follows that 
the sum equals zero. 


Problem 13. Let A and E be opposite vertices of a regular octagon. Let an 


be the number of paths of length n of the form (Po, Pi, ..., Pn), where 
P; are vertices of the octagon, and the paths are constructed using the rule 
Py =A, Pa = E, P; and P;41 are adjacent vertices for i = 0, ..., n— 1, 
and P; Z E fori —-0, ..., n— 1. 


Prove that ao, 1 = 0 and azn = PCR —y"—1), for all n = 1,2,3, ..., 
where x = 2 + 2 and y = 2 — V2. 


(21st IMO) 


Solution. It is convenient to take a regular octagon inscribed in a circle and 
label its vertices as follows: 


A- Ao, A1, A2, A3, A4 = E, A_3, A_2, A. 1. 


2T T 
We imagine a step in the path to be rotation of angle — = — about the 


center O of the circumscribed circle of the octagon. In this way, a path is a 
sequence of such rotations, subject to certain conditions. If the rotation is 


counterclockwise, we add the angle T If the rotation is clockwise, we add 


the angle E. The starting point is Ao, which is represented by the complex 
number z = cos0 + isin0. Each vertex A; of the octagon is represented 


k 
by Zk = cos + asin d It is convenient to work only with the angles 


2k 
E —4 < k < 4. But these k’s are integers considered modulo 8, so that 


ZA = Z—4 and A4 = A_4 (Fig. 6.8). 
We may associate to a path of length n, say (PọPi -+ Pa), an ordered 
sequence (u, u2,..., Un) of integers that satisfy the following conditions: 


(a) uj = +1 for k = 1,2,...,n; more precisely, u; = +1 if the arc (Py 1X) 
is T and uy = —1 if the arc (Py 1 PX) is = 

(b) ui tug+--++ ux € (-3, 2, -1,0,1, 2,3} for all k = 1,2,...,n — 1; 

(c) Uy tug tus = +4. 
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Figure 6.8. 


For example, the sequence associated with the path (Ao, A-1, 
Ao, A1, 42, 43, A4) is (—1,1,1, 1, 1, 1). From now on, we consider only 
sequences that satisfy (a)-(c). It is obvious that conditions (a)-(c) define 
a bijective function between the set of paths and the set of sequences. 

For every sequence u1, Ug,...,Un and every k, 1 € k € n, we call the sum 
Sk = Uy + ua d ::: o Uk a partial sum of the sequence. It is easy to see that 
for each k,s; is an even number if and only if k is even. Thus, ao, 1 = 0. 
'Thus we have to prove the formula for even numbers. For small n, we have 
a2 = 0,a4 = 2; for example, only sequences (1,1,1,1) and (—1,—1,—1, —1) 
of length 4 satisfy conditions (a)-(c). 

In the following, we will prove a recurrence relation between the numbers 
an,n even. The first step is to observe that if s, = +4, then sn-2 = +2. 
Moreover, if (u1, U2,...,Un—2) is a sequence that satisfies (a), (b), and 
Sn—2 = +2, there are only two ways to extend it to a sequence that satis- 
fies (c) as well: either the sequence (u1, u2, .. ., Un—2, +1, +1) or the sequence 
(u4,u2,...,un—2, —1, — 1). So if we denote by £n the number of sequences 
that satisfy (a), (b), and sn = +2, then n is even, and an = 4.2. 

Let yn denote the number of sequences that satisfy (a), (b), and s, = 0. 
'Then n is even, and we have the equality 


Yn = €n—2 + 24n—2. (1) 

This equality comes from the following constructions. 
A sequence (u1,...,Un—2) for which Sn-2 = +2 gives rise to a unique se- 
quence of length n with sn = 0 by extending it either to (u1,...,un-2, 1, 1) 
or to (ui,u2,...,un-1,—1,—1). Also, a sequence (ui,...,un-2) with 


Sn—2 = 0 gives rise either to the sequence (ui,...,Un—2,1,—1) or to 
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(u1,..., un—2, —1, 1). Finally, every sequence of length n with sn = 0 ends in 
one of the following “terminations”: (—1, —1), (1, 1), (1, 21), (—1, 1). 
The following equality is also satisfied: 


dn = 214—2 + 2Yn—2- (2) 


This corresponds to the property that every sequence of length n for which 
Sn = £2 can be obtained either from a similar sequence of length n — 2 by 
adding the termination (1, —1) or the termination (—1, 1), or from a sequence 
of length n — 2 for which sn-2 = 0 by adding the termination (1,1) or the 
termination (—1, —1). 

Now the problem is to derive an = %p—2 from relations (1) and (2). By 
subtracting (1) from (2), we obtain £n-2 = Zn — Yn, for all n > 4,n even. 
Thus, Yn—2 = z4-2 — $44. Substituting the last equality in (2), we obtain 
the recurrence relation £n = 4r, 5» — 2x4.4, for all n > 4,n even. Taking 
into account that £n = an+2, we obtain the linear recurrence relation 


n2 = 4an — 2a4—2, n= 4, (3) 


with the initial values a» = 0, a4 = 2. 

The sequence (an), n > 2,n even is uniquely defined by az = 0, a4 = 2 and 
the relation (3). Therefore, to answer the question, it is sufficient to prove 
1 
ale + V2)*-! — (2 — /2)"~*) obeys the 

same conditions. This is a straightforward computation. 


that the sequence (Cn )n>1, c25 = 


Problem 14. Let A, B, C be three consecutive vertices of a regular polygon 
and let us consider a point M on the major arc AC of the circumcircle. 
Prove that 
MA: MC = MB? — AB’. 


Solution. Consider the complex plane with origin at the center of the poly- 


gon. Without loss of generality we may assume that the coordinates of A, B, C 
2T 2T 
are 1, e, £?, respectively, where € = cos — + isin —. 
TL TL 
Let zy = cost +isint, t € [0, 27) be the coordinate of point M. From the 


4 
hypothesis, we derive that t > T Then 
n 


t 
MA = |zm - 1| = V cost - 1)? + sin? t = /2 — 2cost = 2sin 5; 


2 t 
MB = v - e = [2 ~2e0s( T) = asin ( =) 
n 2 n 
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2 
AB =ļe — 1| =4/2— — = 2sin . 
n n 


We have 
t 
MB? — AB? = 4sin? ( z) Asin? Z 
2 n n 
2m ( =) ) 
= 2 | cos cos | t 
n n 
2m ( =) 2n ( =) 
t t 
= —2.2sin 5 PL sin © ; i 
QT 
= 2sin—=-2sin| = — — | = MA. MC, 
TU 
as desired. 


Problem 15. Let A142-:-- A, be a regular polygon inscribed in a circle C of 
radius 1. Find the maximum value of II PA;, where P is an arbitrary 
point on circle C. 


(Romanian Mathematical Regional Contest *Grigore Moisil," 1992) 


Solution. Rotate the polygon A,1425--- A, so that the coordinates of its 
vertices are the complex roots of unity of order n: €1,€2,...,€n. Let z be the 
coordinate of point P located on the circumcircle of the polygon and note 
that |z| = 1. 

The equality 


yields 
jz" -1| = TITlz- s = [[ P4. 
j=l j=l 


n 
Since |z” — 1| € |z|” +1 = 2, it follows that the maximal value of [|] PAZ 
j=l 
is 2 and is attained for z” = —1, i.e., for the midpoints of arcs A;Aj41,j = 
1,...,n, where Any, = A1. 


Problem 16. Let A, A2- -- An be a regular polygon with circumradius equal 
to 1 and consider a point P on the circumcircle. Prove that 


n—1 
SO PALSQUPA ILU = 2N. 
k=0 
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Solution. Without loss of generality, assume that points A; have coordi- 
nates e*—! for k = 1,...,2n, where 


T E i S 
€ = cos — +4 S1n —. 
n n 
Let a be the coordinate of the point P, |a| = 1. We have 


P Aki = lo — e* | 


PAs dai = jo — &"*^| = Ja + &*|, 


n-1 nc 
n PAR : PAL ip = 5 la — e* |? - lo + e*P? 
and k=0 

n—1l 


k=0 
n-1 
=) (2— az" — ac")(2 + oz* + ue") 
k=0 
n—1 n-1 n—1 
— Ge a2eek ag?) zs js e o? S au a? Y Tg 
k=0 k=0 k=0 
g?n 1 A e2n —1 
—2n— a: > 5 — 2n, 
g^ —1 e^ —] 


as desired. 
Problem 17. Let A143... A, be a regular n-gon inscribed in a circle with 


center O and radius R. Prove that for each point M in the plane of the n-gon, 
the following inequality holds: 


Į [ MA: < (OM? + R?)?. 
k=1 


(Mathematical Reflections, 2009) 


Solution. Let us work in the complex plane with O as the origin and without 
loss of generality, R = 1. Let 


2m .. 2m 
w = cos — +7S1In —, 
n n 
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and let the complex numbers w,w?,...,w”,2 correspond to the points 
Aj, A2, ..., An, M, respectively. Then our inequality is equivalent to 


Iis - «^ < vs +". 
k=1 


Since w,w?,...,w” are the roots of z” — 1 = 0, we have 


n 
I[Iz-«5 = le” - 1) € [el +1, 
k=1 


by the triangle inequality. Hence it remains to show that 


n-1 


(lel +1)? < (le? +D" e 2" < Y (p), 


k=1 
which follows from AM-GM inequality, since n > 3 and 


n—1 


5 @ |x|? > n|z[? + nje’? > 2n|z|" + 2|z|^. 
k=1 


Equality holds iff |x| = 0 i.e., when M =O. 


6.2.8 Complex Numbers and Combinatorics 


n 


2 
Problem 11. Calculate the sum sn = Y i) cos kt, where t € [0, r]. 
k=0 


Solution. Let us consider the complex number z = cost + isint and the 


sum tn, = >> (5) sin kt. Observe that 


n 2 n 2 
Sn titra — 7 (1) (cos kt + isin kt) => (1) (cost +isint)*. 


k=0 k=0 


In the product (1 + X)"(1 + 2X)” = (1+ (z + 1)X + zX?)", we set the 
coefficient of X” equal to obtain 


D (1) i dx gage Da" (1) 


O<k,s<n O<k,s,r<n 
k+s=n k+str=n 
s+2r=n 
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'The above relation is equivalent to 


x()- 


k=0 


H n 2k (z + 1h72 (2) 
k=0 


The trigonometric form of the complex number 1 + z is given by 


1+cost+isint Fear ong T aus jos" co EF E 
= — ln — — = 

2 a 2 2 2 s3 TERMES ; 
since t € [0,7]. From (2), it follows that 


[z] 


n—2k 
: n 2k t nt `.. nt 
EE E E G ) (200s 5) (cos +isin 


_ n 2k 9 pinum nt 
E = ok k cos 5 cos 7 
k=0 
A [2] n 2k 5 cos ama . nt 
y= 2 ok " cos 2 sin z 


Remark. Here we have a few particular cases of (2). 


(1) If z = 1, then 
[ 


20) a) a) 


E 


(2) If z 2 —1, then 
0 if n is odd, 


Yos (x) > e»( ‘ Ne if n is even, 


n/2 
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Problem 12. Prove the following identities: 


TORORO ender) 


(Romanian Mathematical Olympiad—Second Round, 1981) 


JONON 


Solution. 


(1) In Problem 4, consider p = 4 to obtain 
n E: n n n " == (1+2/ zy" em) 
0 4 8 = FE COS 1 COS ZE 
1 n 
E (7 4-22 t1 cog T) ; 


(2) Let us consider p — 5 in Problem 4. We find that 


Qe 


ee 1+2 (co z) co rT p dpt a a 
=e COS = SE 5 os } . 


Using the well-known relations 


m VB, dcs o VOW! 
57 1 an ce = TES 


the desired identity follows. 


Problem 13. Consider the integers An, Bn, Cn defined by 


The following identities hold: 


(1) 42 + B2 + C2 — A, Bn — BnCn — CnAn = 3"; 
(2) 42 + A,B, + B2 = 3^-1, 
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Solution. 


(1) Let £ be a cube root of unity different from 1. We have 
(l—e)" = An + Bre + Cre’, (1— pg =A, + Bre? + Che. 
Hence 


A? +B? +C2—AnBn—BnCn—CnAn = (Ant+Bne+Cne*)(Ant+Bne?+Cre) 


= (1-61-22) = (L-e 2 41) =". 


(2) It is obvious that A, + Bn + Cn = 0. Replacing Cn = — (An + Bn) in the 
previous identity, we get A2 + An Bn + C2 = 3". 


Problem 14. Let p > 3 be a prime and let m, n be positive integers divisible 
by p such that n is odd. For each m-tuple (c1, ..., Cm), ci € {1,2, ..., n), 
m 


with the property that p| X` ci, let us consider the product c1-:- c. Prove 
i= 


that the sum of all these products is divisible by (5) : 
p 


Solution. For k € (0,1,...,p — 1}, consider x, = Soa ---Cm, the sum of 
TT 


all products ci + -€m such that c; € {1,2,...,n} and soa =k (mod p). 


i=1 
27 27 
If e = cos — + isin —, then 
p p 
p—1 
(E -- 22? +- E ng^ y^ = b Clee Omer tem = 5 TREF. 
Ler E Cm€{12,...,n} k=0 
Taking into account the relation 
ent? _ Lett +e € 
g ped qd Hne = 2 (n * 1) T m 
(e — 1)? e€—1 


(see Problem 9 in Sect. 5.4 or Problem 13 in Sect. 5.5), it follows that 


in = 2 se (1) 


On the other hand, from &?7! + --- +e¢+1=0, we obtain that 


1 
&e—1 


1 
= " Qe? 3 4... + (p—2)e - p — 1); 
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hence 


n™ 


(e— 1)" 


" ( 7 (£7? 426P? +.. + (p— 2)e +p- 1)”. 


Put 


(X?7? 42XP 34... (p-2)X Hp- 1)" = bo + 1X bsp 2X" 079, 


and obtain 
n? n\™ = 
or = ( z) (Yo + ye +: + Yp—1€”7}), (2) 
where y; = 3j ob. 
k=j(mod p) 


From (1) and (2), we get 


Lo — Tyo + (z1 — rye +--+ + (253 an | — 0, 
n m 
where r = (-5) . From Proposition 4 in Sect. 2.2.2, it follows that x9 — 
p 
Ty) = X1 — TY, =`: = Lp-1 — TY,_1 = k. Now it is sufficient to show that 


pk = zo +++ + £p—1 — r(yo +--+ + Yp-1) 
= (E24 E ETN 
EE en)" 2b E 


H (sez 2y : (e 2y. 


Since the right-hand side is divisible by pr, it follows that r|k. 


and we obtain 


Problem 15. Let k be a positive integer and a — Ak —1. Prove that for every 
positive integer n, the integer 


-i(.)-15 H aza ae ee ee divs n-1 
"em n (2)«* (1)« @r + is divisible by 2^. 


(Romanian Mathematical Olympiad—Second Round, 1984) 


Solution. Expanding (1 + iya)” by the binomial theorem and then sepa- 
rating the even and odd terms, we obtain 


(14 iva)” = sn +ivVatn. (1) 
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Passing to conjugates in (1), we get 
(1— iya)” = s, — iv/at,. (2) 
From (1) and (2), it follows that 


sn = 2I + eva)" + (1 iva)" (3) 


The quadratic equation with roots z; = 1+i/a and z2 = 1— iya is z2—2z4- 
(a + 1) = 0. It is easy to see that for every positive integer n, the following 
relation holds: 

Sn42 = 28n41 — (1 + a)sn. (4) 


Now we proceed by induction by step 2. We have sı = 1 and s2 = 1 — a = 
2 — 4k = 2(1 — 2k), and hence the desired property holds. Assume that 
2^—1|s, and 2”|sn41. From (4), it follows that 2"*!|s,,5, since 1 +a = 4k 
and 2"*!|(1 + a)s;. 


Problem 16. Let m and n be integers greater than 1. Prove that 


1 2T 
——ÀÀÓÓ( +2kz +... + nkr) =0. 
kı +k2+...+kn=m 

ky ,k,...,kn 20 


(Mathematical Reflections, 2009) 


Solution. Let L denote the left-hand side of the proposed identity. We ob- 
serve that L is the real part of the complex number 


qjFit2ka nes "2 (w?) 2 oan (un) 


kylko!...k,! kylko!...kn! C 
n= EX m ky +kə2+...+kn =m Lowa n 
k1,k2,...,kn 20 k1,k2,...,kn 20 


2m |. 2T 
where w = cos — + i —. 


n n 
Now, using the multinomial theorem, we have 


n..1 m 
Z= (wtata = (4 ) =0 
(since w” = 1). Thus, L = Re(Z) = 0. 


Problem 17. Given an integer n > 2, let an, bn, Cn be integers such that 


(Y2— 1)” = ün + bn V2 + Cn V4. 
Show that cn = 1 (mod 3) if and only if n = 2 (mod 3). 


(Romanian IMO Team Selection Test, 2013) 
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Solution. The binomial expansion of (4/2 — 1)" yields 


E _4)\n-k .9(k-2)/3(™\) p n n 
we 9 due MEI 1) 5 D (mod 3). 
k=2 (mod 3) k=2 (mod 3) 


Since 


2 6 ~ aC FI)" +e(1 +e)" e? +e7)”) 


k=2 (mod 3) 
1 
x (7 + 2cos(n + 3) ; 
where 1 + ¢ +e? = 0, the condition n = 2 (mod 3) may be restated as 
3c, = (-1)* (7 + 2cos(n + 2)7) =3 (mod 9). 


Consideration of n modulo 6 yields 3c, = 3 (mod 9) if n = 2 or 5 (mod 6), 
and 3c, = 0 (mod 9) otherwise. The conclusion follows. 


6.2.9 Miscellaneous Problems 


Problem 12. Solve in complex numbers the system of equations 


z|y| + yla| = 227, 
yl2| + z|y| = 22°, 
z|z| + z|z| = 2y?. 


Solution. Using the triangle inequality, we have 
2\z/? = |zlyl + ylell < [elly] + lyllel, 
so |z|? € |x| - |y|. Likewise, 
lul? < |2| |z| and |z|? < lyllæl. 
Summing these inequalities yields 
xl? + Iyl? + lal? < lællyl + lulle] + lela 


This implies that 
Iz] = |y] = |z| = a. 
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If a = 0, then z = y = z = 0 is a solution of the system. Consider a > 0. 


The system may be written as 


2 5 
rcty--Zz, 

a 

2 
yt2=—2, 

a 

2 
z+ = 2y’, 

a 


Subtracting the last two equations gives 


2 2 
g—y=—(y’ — zr’), ie, (y—z) (u+0+2) =0. 


a 
Z2 
Case 1. Ifa=y, then xz = y = —. The last equation implies 
a 


z2 4 
— = 2. 
AT: a a? 
'This is equivalent to 
zi) z 
Quies 
a a 
hence : 
Zai ĝi z_ -li 
a a DN 
: . z -1i 
If z =a, then z = y = z = a is a solution of the system. If = = 2^ 
a 
then 
Ë= esci /2 
u 7 2 2° 
which is a contradiction. 5 
Case 2. Ifa+y=—-, then = —z7. We obtain z = +i and a = |z| = 1. 
a a a 
Consider z = 7; then 
g=(e#+y)—(ytz) +2 = 22? — 22? 4+ 2=-24+4- 22’, 
or equivalently, 
23? +2+2-i=0. 
1 
Then x = i or x = ^3 — i. Since |z| = a = 1, we have x = i. Then 


y = 2a? —z = —2— i and |y| = V5 £ a = 1, so the system has no solution. 
The case z = —i has the same conclusion. 


Therefore, the solutions are x = y = z = a, where a > 0 is a real number. 
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Problem 13. Solve in complex numbers the following: 


ug 


TA 
z(z—m- 


zZ 


ALLE 
T — 


js 
y) — 3. 


(Romanian Mathematical Olympiad—Second Round, 2002) 


Solution. In every solution (x,y,z), we have x 0, y 0, z 0 and 
cAy,y#z,2#x. We can divide each equation by another and obtain new 
equations: 


z?-y?-—yz- 20, 


y? +2? =ay + 20, (1) 
z2? +r = Ty + yz. 


By adding them, one obtains the equality 
L? +y +2? = ry +yz + zm. (2) 


After subtracting the second equation in (1) from the first, one obtains x + 
y +z = 0. By squaring this identity, one obtains an improvement of (2): 


£? +y?’ +2? ay yz mc. (3) 


Using (3) in (1), one obtains 


T? = zy, yY? = zz, 2? = Ty, (4) 


and also 


T? = y? = z2’ = gyz. 


It follows that x, y, z are distinct roots of the same complex number a = xyz. 


From z? 3 = 23 = ryz = a we obtain 
y y 


a= Va, t — ea, z =° Va, (5) 


where &? +e +1 = 0,&? = 1. When we introduce the relations (5) in the first 
equation of the original system, we obtain a?(1— &)(1— e?) = 3. Taking into 
account the computation 


(1—-2)1-£:?)21-& —e?--123, 
we have a? = 1. Hence, we obtain, using (5), that (x,y,z) is a permutation 
of the set (1,&,c?). 


Problem 14. Let X, Y, Z, T be four points in the plane. The segments 
[XY] and [ZT] are said to be connected if there is some point O in the plane 
such that the triangles OXY and OZT are right isosceles triangles in O. 
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Let ABCDEF be a convex hexagon such that the pairs of segments [AB], 
[CE], and [BD], [EF] are connected. Show that the points A, C, D, and F 
are the vertices of a parallelogram and that the segments [BC] and [E A] are 
connected. 


(Romanian Mathematical Olympiad—Final Round, 2002) 


Solution. Suppose that the triangles OXY and OZT are oriented counter- 
clockwise. Let x,y,z,t be the coordinates of the points X,Y, Z, T, and let 
m be the coordinate of O. Since these are right isosceles triangles, we have 
r—m —i(y—m),z—m = i(t— m). It follows that m(1— i) = x—iy = z — it. 
We deduce that z — z = i(y — t). 


i AM and the 
—i 


Conversely, if x — iy = z — it, the coordinate of O is m = = 


triangles OXY and OZT are right and isosceles. 

Let a, b,c, d, e, f be the coordinates of the given hexagon in that order. We 
can write a — ib = c — ie,b — id = e — if. It follows that a + d = c + f, i.e., 
ACDF is a parallelogram. 

Multiplying the first equality by 7, we obtain b — ic = e — ia, i.e., BC and 
AE are connected. 


Problem 15. Let ABCDE be a cyclic pentagon inscribed in a circle with 
center O that has angles B = 120°, C = 120°, D = 130°, E = 100°. Show that 
the diagonals BD and CE meet at a point belonging to the diameter AO. 


(Romanian IMO, Team Selection Test, 2002) 


Solution. By standard computations, we find that on the circumscribed 
circle, the sides of the pentagon subtend the following arcs: AB = 80°, BC = 


40°, CD = 80°, DE = 20° and EA = 140°. It is then natural to consider all 
these measures as multiples of 20° that correspond to the primitive 18th roots 


27 2T 
of unity, say w — cos 18 Fisin —. We thus assign to each vertex, starting 


from A(1), the corresponding root of unity: B(uw*), C(w9), D(u1?), E(w"). 
We shall use the following properties of w: 
ui T w? = —1, D = w8, w w3 Ela (A) 
We need to prove that the coordinate of the common point of the lines BD 
and CE is a real number (Fig. 6.9). 
The equation of the line BD is 


369 
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(2) 


and the equation of the line C E is 
zZz z 


Equation (1) can be written as follows: 


B(o^) 
A’ (| A(@) 


D@ 12) 


E@!) 


Figure 6.9. 


wf (u8 — 1) = 0. 


Or 
zw (w? — 1) + Zw*(w® — 1) 4 
Using the properties of w, we derive a simplified version of (1): 
zw^ - Z4 w? — 0. 
(2) 


In the same way, (2) becomes 
zw 4- z — w3(w* — 1) — 0. 


—w® +w? — uw 
w5 


From (1’) and (2’) we obtain the following expression for z: 
2 
1 


—w' +w -w 
=- 6 


z = 
wt— w 
To prove that z is real, it will suffice to prove that it coincides with its 


wW 


conjugate. It is easy to see that 
w-l w-l 
"n qn: 
is equivalent to 
ot —u -wt- wu, 
—w?, which is true by the properties of w given in (A) 


i.e., d — wt eut 
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Problem 16. A function f is defined on the complex numbers by 
f(z) = (a + bi)z, 


where a and b are positive numbers. This function has the property that the 
image of each point in the complex plane is equidistant from that point and 
the origin. Given that |a + bi| = 8 and that b? = m/n, where m and n are 
relatively prime positive integers, find m +n. 


(1999 AIME, Problem 9) 


Solution 1. Suppose we pick an arbitrary point in the complex plane, say 
(1, 1). According to the definition of 


f(x) = f(1 i) = (a+ bi)(1 +7) = (a — b)+ (a + b)i, 
this image must be equidistant to (1,1) and (0,0). Thus the image must lie on 
11 
the line with slope —1 that passes through (s 5) , so its graph is x+y = 1. 


1 
Substituting x = (a — b) and y = (a + b), we get 2a = 1 > a = 2 By the 
Pythagorean theorem, we have 


p? 255 
= b? = 8? b2 = 
oL » 


and the answer is 259. 


Solution 2. We are given that (a+ bi)z is equidistant from the origin and z. 
This translates to 

|(a + bi) — 2| = |(a + biz], 

|z(a — 1) + bzi| = |az + bzil, 


|z||(a — 1) + bi| = |z||a + bil, 


1 
(a- 1? c =a? +b, a= 5. 


1 2 
Since |a+ bi| = 8, a? +b? = 64. But a= ji and thus b? = = So the answer 
is 259. 


Solution 3. Let P and Q be the points in the complex plane represented 
by z and (a + bi)z, respectively. Then |a + bi| = 8 implies OQ = 8OP. Also, 
we are given OQ = PQ, so OPQ is isosceles with base OP. Notice that 
the base angle of this isosceles triangle is equal to the argument 0 of the 
complex number a + bi, because (a + bi)z forms an angle of 0 with z. Drop 
the altitude/median from Q to the base OP, and you end up with a right 
triangle showing that 
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1 1 
8OQ  S|z 16. 


cos 0 


Since a and b are positive, z lies in the first quadrant, and 0 < 7/2. Hence 
by right triangle trigonometry, 


2 
sin 0 = ee 
Finally, 
V2 V2 2 
b= la + bilsing = ST E Xx and b? = m 


so the answer is 259. 


Problem 17. Let F(z) — : uhi for all complex numbers z # i, and let 
z—i 
Zn = F(z51) 
ue x 1 : : 
for all positive integers n. Given that zy = 137 +i and Za992 = a + i, where 


a and b are real numbers, find a + b. 
(2002 AIME I, Problem 12) 


Solution. Integrating F we get 


(zc-1)64-1?7?  (z—-1)0) z+1. 


TE- -DEFA (-100) z-1" 


zl. . EE Nd 
t+? 
| z—1 | Zz—1 ee DEL 2 
i—i 1 
z—1 z—1 


From this, it follows that z,43 = zy for all k. Thus 


22002 = 23-66741 = 21 = Zo — = Y m i = 1 
137 


1 ) ; 1 
. —+4+i}+i —— +23 
ati (3 u 137 * REEE N 


Thus a + b = 1 + 274 = 275. 
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Problem 18. Given a positive integer n, it can be shown that every complex 
number of the form r + si, where r and s are integers, can be uniquely ex- 
pressed in the base —n +i using the integers 1,2,...,n? as digits. That is, 
the equation 


r+ si = ag (—n +i)” + as 4(—n +1)™ * +... +a1(—n +i) + ao 


is valid for a unique choice of nonnegative integer m and digits ag, a1, ..., Qs 
chosen from the set {0,1,2,...,n7}, with am #0. We write 


r+si= (Gy Qn —-1 tes 4100) —n4i 


to denote the base-(—n + i) expansion of r+ si. There are only finitely many 
integers k 4- 0i that have four-digit expansions 


k = (a3a2a1a0)—344, a3 Æ 0. 
Find the sum of all such k. 
(1989 AIME, Problem 14) 
Solution. First, we find the first three powers of —3 + i: 
(-34-i)! =—3 +i, (3+1? =8-6i, (-3-i) ——18- 26i. 


So we need to solve the Diophantine equation 
a, — 6a5 + 26a3 = 0 => a4 — 6a5 = —26a3. 
The least possible value of the left-hand side is —54, so a3 < 2. We try cases: 


Case 1. a3 = 2. The only solution is (a, a2, a3) = (2,9,2). 

Case 2. a3 = 1. The only solution is (a1, a2, a3) = (4,5, 1). 

Case 3. a3 = 0. It is impossible for a3 to equal 0, for otherwise, we would 
not have a four-digit number. 


So we have the four-digit integers (292a9)_34; and (154a9)_34;, and we need 
to find the sum of all integers k that can be expressed by one of these. 

For (292ao) -3,;, we plug the first three digits in base 10 to get 30 + ao. 
The sum of the integers k in that form is 345. 

For (154a9)-3+:, we plug the first three digits into base 10 to get 
10 + ag. Thus the sum of the integers k in that form is 145. The answer 
is 345 + 145 = 490. 


Problem 19. There is a complex number z with imaginary part 164 and a 
positive integer n such that 
= 4i. 


Zen 
Find n. 


(2009 AIME, Problem 2) 
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Solution. Let z — a 4- 164i. Then 


a+ 164i 


ar 164 ru ^ d and a+ 164i = (Ai) (a + n + 164i) = 4i(a + n) — 656. 


By comparing coefficients, equating the real terms on the leftmost and right- 
most sides of the equation, we conclude that a = —656. 
By equating the imaginary terms on each side of the equation, we conclude 
that 
164i = 4i(a + n) = 4i(—656 + n). 


We now have an equation for n: 
4i(—656 + n) = 164i, 
and this equation shows that n = 697. 


Problem 20. Let u,v,w be complex numbers of modulus 1. Prove that one 
can choose signs + and — such that 


jtutvty| <1. 
(Romanian Mathematical Olympiad—District Round, 2007) 


Solution. Denote by uppercase letters the points having as complex coor- 
dinates the corresponding lowercase letters. We have that u + v + w is the 
complex coordinate of the orthocenter H of the triangle UVW. 
If UVW is acute or right, we take all signs to be +, and this gives the 
solution, because H is interior to UVW, and so interior to the circumcircle. 
Otherwise, one angle is obtuse, say W. Then for w' = —w, we get the 
acute triangle UVW”, reducing the problem to the first case. 


Problem 21. Consider a complex number z, z #0 and the real sequence 


An = n ds 


1 
TL 
dia 7i 


(a) Show that if a, > 2, then 


An + An+2 


5 , for all n € N*. 


Qn41 < 


(b) Prove that if there exists k € N* such that ay < 2, then ay € 2. 


(Romanian Mathematical Olympiad— District Round, 2010) 
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Solution 1. 


(a) We easily observe that 


1 1 
n+l , f 2 n+1 
2|z pom z+ > z + prex 
1 1 1 
Ln n+2 n \ n+2 | 
= |z me Tween Sz Tu + |Z RD 


(b) Suppose for the sake of obtaining a contradiction that a4 > 2. Then (a) 
implies that the sequence an+1 — 4an is strictly increasing, so an+1 — ân > 


a2 — a1. But 
12 
(2+1) —2 
z 


and therefore, the sequence (an )n is strictly increasing. Hence ap > a1 > 
2 for all k, a contradiction. 


1 
=j ea 


2 
1 2 

> (si) —2—aj—2»a, 
z 


Solution 2. Consider the sequence (@n)n>1 given by 
"A, n 


1 
Extend it to the left with the term ag = z? + -o = 2, and set a = o4. Clearly, 
z 


Cr (ta) 
AAn —(z4-— gore 
z z 


1 1 
= e + aa) Ga =) = Anti + On-1 


for all n > 1, so the sequence (@,,)n>0 satisfies the linear recurrence relation 


an = |an]. We have 


Qn+1 = AAn — An-1- 
Then for |a| > 2, we have 


An+1 + On—1 
a 


< loai + [an-ı] < An+1 + Qn—1 


an = lanl = 


i.e., the sequence (an)n>o is convex. 
But then if a; = |a| > 2 = ao, every convex sequence is (strictly) increas- 
ing, since from an > Gn—1 follows 


An+1 > 2an — An-1 = An + (an =i dai) > an, 
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and the assertion is proved by simple induction. Conversely, if there exists 
k € N* such that a; < 2, then a; < 2. Therefore, the proof of (b) comes 
directly from (a), and the nature of the sequence is no longer relevant. 


Problem 22. Consider the set M = {z € C| |z| 2 1, Rez € Q}. Prove that 
the complex plane contains an infinity of equilateral triangles with vertices 
in M. 


(Romanian Mathematical Olympiad—Final Round, 2012) 
Solution. Let z = a+bi be a complex number of modulus 1 such that a € Q: 
a? +>? — 1. 


An equilateral triangle having z as one vertex that will satisfy the given 
condition has the other two vertices at the points z(—1/2 + (i/3)/2). 

The real parts of these numbers are —a/2 + (b /3)/2. Because a € Q, we 
have —a/2 4- (bV3)/2) € Q if and only if 6/3 € Q. Let q = b/ V3 € Q. 

To conclude the solution, we have to prove that the equation 


a? +3 =1 


has an infinity of solutions (a, q) € QxQ, i.e., that the equation m?+3n? = p? 
admits an infinity of solutions (m,n, p) € N x N x N. 

Since 3n? = (p — m)(p4- m), we look for solutions such that p— m = 3 and 
p-- m = n?. we have n? = 2m + 3, so n is odd. Putting n = 2k + 1, k € N*, 
we obtain m = 2k? + 2k — 1 and p = 2k? + 2k + 2. Then 


a = (2k? -2k — 1)/(2k? -2k 4-2), b= ((2k+1)V3)/(2k? + 2k + 2), 


and z — a 4- bi is of modulus 1 with a,b > 0. So the triangle with one vertex 
in z is uniquely determined. Since k € N is arbitrary, the conclusion follows. 


Problem 23. Let (an)n>ı be a sequence of nonnegative integers such that 
n—1l 


Gn < n for all n > 1 and Y cos E = 0 for all n > 2. Find a closed 
n 
k=1 
formula for the general term of the sequence. 


(Romanian Mathematical Olympiad—District Round, 2012) 


TA TA 
Solution. Observe that a; = 1 and cos LL + cos — =0 implies a9 = 2. 


Induct on n to prove that a, = n, n > 1. Suppose a; = k for all k = 
1,2,...,n — 1. The given relation can be rewritten as 


TG m tk 
n 

cos == cos : 
n+l 2. n+1 


376 6 Answers, Hints, and Solutions to Proposed Problems 


Set 


T "M 
zZ = cos Hsin 
n+1 


and observe that 


sspe ppe S 


1 
Use Z = — to get 
z 


1l+z = 1l+z 
1-2) | 1-z 


Z 
= 0, and consequently, 
z 


1 
and hence Re 1 + 


i k 
Y cos i 1 =0. 
k=1 fer 


Tan TN . 
From cos — cos and an < n we get an = n, as claimed. 
n+1 n+l 


Problem 24. Let a and b be two rational numbers such that the absolute 
value of the complex number z = a+ bi is equal to 1. Prove that the absolute 
value of the complex number zn =1+2+27+...+2"71 is a rational number 
for all odd integers n. 


(Romanian Mathematical Olympiad—District Round, 2012) 


Solution. Set z = cost + isint, t € [0, 27), and observe that sint, cost are 
both rational numbers. For z = 1, the claim holds. For z Z 1, write 


ln] =|L+2+27+... 427 | = [(z* — 1)/( - 1). 


Let n = 2k + 1, k € N. Then 


E E sin CEEI an 
(2k +1) 


t t 
It is sufficient to prove that x, = sin / sin 3 is a rational number. 


Observe that zj41 — £k = 2cos(k+1)t, k € N and a = 1 € Q. Since 
cos(k + 1)r = Rez*t! = Re(a + bi)**! € Q, 


by induction we get that x; is rational for all k € N. 


Glossary 


Antipedal triangle of point M: The triangle determined by perpendicular 
lines from vertices A, B, C of triangle ABC to M A, M B, MC, respectively. 
Area of a triangle: The area of triangle with vertices with coordinates 
Z1, 22, 23 is the absolute value of the determinant 


21211 


A-—- Z2 291 
Z3 23 1 


Area of pedal triangle of point X with respect to the triangle ABC: 


area[ABC 
AR? 

where x is the coordinate of X and R is the circumradius of the triangle. 

Argument of a complex number: If the polar representation of complex 

number z is z = r(cost* + isint*), then arg(z) = t*. 

Barycenter of set {A;,...,A,} with respect to weights m4,...,m4: 


area[PQR] = |lzz — R?|. 


The point G with coordinate zg = —(m4zi +-+- + MnZn), where m = 
m 

mi +: ma. 

Barycentric coordinates: In triangle ABC, the unique real number 

La, Hb, He Such that 


ZP = baa + Lb + ec, where ug + Ho + uc = 1. 


Basic invariants of triangle: semiperimeter s, inradius r, circumradius R. 
Binomial equation: An algebraic equation of the form Z" + a = 0, where 
a € C*. 

Blundon's inequalities: The necessary and sufficient conditions for three 
positive real numbers to be the semiperimeter s, the circumradius R, and 
inradius r, of a triangle. 

Ceva's theorem: Let AD, BE, CF be three cevians of triangle ABC. Then 
lines AD, BE, CF are concurrent if and only if 
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AF BD CE 


FB DG EA C 


Cevian of a triangle: Any segment joining a vertex to a point on the 
opposite side. 

Concyclicity condition: If points My(z;), k = 1,2,3,4, are not collinear, 
then they are concyclic if and only if 


23 — Z2 £23 — Z4 


R*. 


Z1 = 22 21 — 24 


Collinearity condition: Mi(zi), M2(z2), Ma(za) are collinear if and only 


Complex coordinate of point A with Cartesian coordinates (zc, y): 
The complex number z = x + yi. We use the notation A(z). 


Complex coordinate of the midpoint of segment [AB]: zm = i ; A 


where A(a) and B(b). 

Complex coordinates of important centers of a triangle: Consider the 
triangle ABC with vertices with coordinates a, b, c. If the origin of complex 
plane is in the circumcenter of triangle ABC, then: 


e The centroid G has coordinate zg = (a T6564 c). 
aa + Bb + «c 


e The incenter J has coordinate zy = 
a T B4 y 


side lengths of triangle ABC. 


e The orthocenter H has coordinate zy — a + b + c. 
Taa +rgb+ rye 


, where a, 8, y are the 


e The Gergonne point J has coordinate z; — , where 


Ta d Tg +ry 
Ta, Tg, Ty are the radii of the three excircles of the triangle. 
o2a + 8?b + 4?c 
a2 + B2+72 7 


e The Lemoine point K has coordinate zy = 


e The Nagel point N has coordinate 
w-(i-Sec(i- o (-3« 
E E E 


1 
e The center Og of nine-point circle has coordinate zo, = 5 (4 +b+c). 


Complex number: A number z of the form z = a+ bi, where a, b are real 
numbers and i = /—1. 

1 = 
Complex product of complex numbers a and b: a x b = =(ab— ab). 
Conjugate of a complex number: The complex number Z = a — bi, where 
z=at bi. 
Cyclic sum: Let n be a positive integer. Given a function f of n variables, 
define the cyclic sum of variables (x1, £2, ..., Un) as 
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So f(a, X2, +2 +5 In) = f (21, TQ, +++ In) + f (x2, U3, +++, Tn, xı) 


cyc 


aR flan, X1, 22, ..., Anei) 
De Moivre’s formula: For an angle a and integer n, 
(cosa + isina)” = cosna + isinna. 


Distance between points Mj(z;) and M»(z3): Mı Mo = |z3 — zıl. 
Equation of a circle: z-Z Fc a: z - €: Z - B — 0, where o € C and 8 € R. 
Equation of a line: @- Z + oz + B — 0, where a € C*, 8 € R and z = 
z-ày EC. 

Equation of a line determined by two points: If P;(z1) and P2(z2) are 
distinct points, then the equation of the line P, P; is 


Zy 21 1 

Z oz. l 
Euler's formula: Let O and I be the circumcenter and incenter, respectively, 
of a triangle with circumradius R and inradius r. Then 


OP = R? — 2Rr. 


Euler line of triangle: The line determined by the circumcenter O, the 
centroid G, and the orthocenter H. 
Extend law of sines: In a triangle ABC with circumradius R and sides 
a, D, 7 the following relations hold: 


a B 2 
sinA sinB  sinC 


2R. 


Heron's formula: The area of triangle ABC with sides a, 6, y is equal to 


area[ABC] = \/s(s — o)(s — B)(s — y), 


1 
where s — 3 (o + B +7) is the semiperimeter of the triangle. 
Isometric transformation: A mapping f : C > C preserving the distance. 
Lagrange's theorem: Consider the points Ai, ..., A, and the nonzero 
real numbers m4, ..., m, such that m =m ,+---+m, 40. The following 
relation holds for every point M in the plane: 


Y m ;M A} = mMG? + x: mjGAS, 


j=l j=1 


380 Glossary 


where G is the barycenter of the set (A1, ..., An} with respect to weights 
T», ..., Mn- 

Modulus of a complex number: The real number |z| = Va? + 02, where 
z-—a-d bi. 

Morley's theorem: The three points of adjacent trisectors of angles form 
an equilateral triangle. 

Nagel line of a triangle: The line J, G, N. 

nth roots of a complex number zo: Any solution Z of the equation 


Z^ — zg — 0. 


nth roots of unity: The complex numbers 


2k 2k 
Ek = cos T + isin T k (0,1, ..., n— 1}. 
TU TL 


The set of all these complex numbers for a given n is denoted by Un. 

Orthogonality condition: If d E = 1,2,3,4, then lines Mı M» and 
€ iR*. 

Orthopolar triangles: Consider EE ABC and points X, Y, Z situated 

on its circumcircle. Triangles ABC and XY Z are orthopolar a S-triangles) 

if the Simson-Wallace line of point X with respect to triangle ABC is 

orthogonal to line Y Z. 

Pedal triangle of point X: The triangle determined by projections of X 

on the sides of triangle A B C. 

Polar representation of a complex number z = z + yi: The represen- 

tation z = r(cost* + isint*), where r € [0, oo) and t* € [0, 27). 

Primitive nth root of unity: An nth root € € Un such that «™ Æ 1 for all 

positive integers m < n. 

Quadratic equation: The algebraic equation az? + br + c = 0, a,b,c € C, 


a#0. 


1 = 
Real product of complex numbers a and b: a-b = 5 (ab + ab). 


MM; are orthogonal if and only if = 


Reflection across a point: The mapping sz : C > C, s;,(z) = 229 — 2. 
Reflection across the real axis: The mapping s: C > C, s(z) =Z. 
Rotation: The mapping ra : C > C, ra(z) = az, where a is a given complex 
number. 
Rotation formula: Suppose that A(a), B(b), C(c) and C is the rotation 
of B with respect to A by the angle o. Then c = a+ (b — a)e, where € = 
cosa + i sin a. 
Similar triangles: Triangles A; A543 and Bı B3 Bs with the same orientation 
are similar if and only if 

a2 — Q1 b2 — bı 


a3 — Q1 |obas—b 
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Simson-Wallace line: For a point M on the circumcircle of triangle ABC, 
the projections of M on lines BC, CA, AB are collinear. 

Translation: The mapping tz : C > C, t;o(z) = z+ zo. 

Trigonometric identities: 


sin? z + cos? x = 1, 
1+ cot? x = esc? x, 


tan? z + 1 = sec? z; 


addition and subtraction formulas: 


sin(a + b) = sin a cosb cos a sin b, 
cos(a + b) = cos a cosb T sin a sinb, 
tana + tanb 
tan(a + b) = oe ee 
1+ tanatanb 
cot a cot b = 1 
cot(a + b) = 4 : 


cota + cotb ' 


double-angle formulas: 


, : 2tana 
sin 2a = 2sin a cosa = — ——5—; 
1+ tan‘ a 
j 1—tan?a 
cos 2a = 2cos? a — 1 = 1 — 2sin? a = ——__, 
1+ tan‘ a 
2tana 
tan 2a = ——_,_; 
1 — tan“ a 


triple-angle formulas: 


sin 3a = 3sina — 4sin? a, 
cos 3a = 4cos? a — 3 cosa, 


3tana — tan? a 


tan 3a = 3 
1—3tan 
half-angle formulas: 
died a  1-—cosa 
n^ — ——————, 
2 2 
vum 1+ cosa 
2 m 
a 1l-— cosa sina 
tan > = = 


2 sina  1+cosa’ 
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sum-to-product formulas: 


; ; . a+b a—b 
sina 4- sinb — 2sin cos 9^ 
a+b a—b 
cosa + cos b = 2 cos cos 5 
si b 
tana + tanb = Bt qo. 
cos a cos b 
difference-to-product formulas: 
: : . a—b a+b 
sina — sinb = 2sin cos 2^ 
. a—b . a+b 
cosa — cosb = —2 sin sin : 
2 2 
in(a — b 
tana — tanb = Buc ) ; 
cos a cos b 


product-to-sum formulas: 


2 sinacosb = sin(a + b) + sin(a — b), 
2 cosa cosb = cos(a + b) + cos(a — b), 
2 sinasinb = — cos(a + b) + cos(a — b). 


Viete’s theorem: Let 71, £2, ..., Ln be the roots of the polynomial 
P(x) = ant” + Qn—12" | +++» 4-014 + ao, 


where a, Z 0 and ag, a1, ..., Gn € C. Let sk be the sum of the products of 
the x; taken k at a time. Then 


«cete 


, 


that is, 
Gn—1 
Ti +r +: + En = ——, 


An—2 
21232 +- + Litj T€Xn-ciXSa = " 
n 


a 
T1T2 °° In = eee 
TL 
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205, 207—209, 211, 213, 218, 219, 221, 
224, 225, 227, 251, 254—256, 273, 275, 
288, 291, 304, 314, 315, 318-321, 329, 
352, 356, 358, 370, 375 

Complex product, 104—109, 112, 114, 116, 
132, 148, 378 

Connes, A., 169-171 

Cross ratio, 72 

Cyclotomic polynomial, 52 
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De Moivre, A., 39, 40, 43, 284, 285, 288, 
290, 301, 312, 339, 351, 379 

Difference, 3, 25, 27, 288, 303, 382 

Directly oriented triangle, 86 

Distance, 24, 28, 57-58, 70, 90, 117, 
120-132, 143, 155, 156, 167, 208, 230, 
267, 268, 325, 379 

Distance function, 57 

Distributive law, 5, 7 
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Eisenstein's irreducibility criterion, 50 
Equation of a circle, 90-92, 379 
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Equilateral triangles, 46, 47, 75-82, 126, 
143, 144, 169, 171, 173, 180, 198, 203, 
209, 211, 216, 218—220, 227, 228, 230, 
231, 254, 269, 275, 318, 325, 327, 333, 
334, 375, 380 

Euclidean distance, 24 

Euler, L., 117 

Euler line of a triangle, 127, 379 

Euler’s center, 162-164 

Euler’s inequality, 122, 123, 153, 205, 206 

Excircles of triangle, 113 

Extended argument, 33, 36, 44 
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Feuerbach, K.W., 123-124 

Feuerbach point, 124 

Fundamental invariants, 120—121, 156, 163 
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Geometric image, 23-25, 27—30, 33, 34, 41, 
42, 45-48, 51, 57, 65, 72, 102, 157, 
191, 206, 244, 294, 299, 313 

Gergonne, J-D., 113 

Gergonne point, 113, 136, 378 


H 
Hlawka's inequality, 22 
Homothecy, 172-173 
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Imaginary axis, 24, 66 

Imaginary part, 6, 69, 267, 274, 285, 309, 
310, 339, 372 

Imaginary unit, 6 

Isogonal point, 149, 152 

Isometry, 167, 168, 174, 291 

Isotomic, 136, 137 
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Lagrange, J.L., 154 

Lagrange's theorem, 153-161, 379 
Lalescu, T., 145, 263 

Leibniz, G.W., 155 

Leibniz's relation, 158, 160 
Lemoine, É.M.H., 113 

Lemoine point, 153, 378 
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Mathot's point, 162 

Median, 62, 113, 146, 156, 199, 228, 317, 
332, 370 

Menelaus's theorem, 133 
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Morley, F., 169, 171 

Morley's theorem, 169-172, 380 

Multiplicative identity, 3 

Multiplicative inverse, 3-4, 9 
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Nagel line of a triangle, 117, 380 

Nagel point, 122, 125, 136, 378 

Napoleon Bonaparte, 80, 169 

Nine-point circle of Euler, 115-119, 162 
nth-cyclotomic polynomial, 52 

nth roots of a complex number, 44—46, 380 
nth roots of unity, 44—56, 100, 239—249, 
286—291, 343-352, 380 
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Open ray, 58 

Open segment, 58 

Orthocenter, 80, 98, 99, 113-115, 124, 136, 
146, 152, 153, 162, 168, 186, 200, 201, 
230, 329, 373, 378, 379 

Orthopolar triangles, 138-149, 380 
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Pappus's theorem, 208 

Pedal triangle, 139, 141—143, 149-153, 377, 
380 

Polar argument, 31, 33, 41 

Polar coordinates, 31-33, 42, 46 

Polar radius, 31, 33 

Pompeiu, D., 143 

Pompeiu’s theorem, 143, 199 

Pompeiu triangle, 143 

Power of a point, 92 

Primitive (root), 48-50, 260, 353, 368, 380 

Product of z1, z2, 1 

Ptolemy's inequality, 142, 198, 225, 329 

Ptolemy's theorem, 142-143, 224, 225, 254 

Purely imaginary, 6, 200 
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Quadratic equation, 16-19, 22, 192, 203, 
296, 364, 380 

Quotient, 4, 8-10, 41, 296 
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Real axis, 24, 75, 165, 167, 168, 224, 225, 
291, 320, 380 

Real multiple of a complex number, 28 

Real part, 6, 231, 285, 339, 340, 364, 375 
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223, 314, 317, 319, 321, 325, 380 
Reflection in the origin, 166, 168 
Reflection in the point Mo(zo), 166 
Reflection in the real axis, 165, 168, 291 
Regular n-gon, 45, 81, 253, 256, 258, 358 
Rotation formula, 66, 82, 207, 214—216, 
320, 329, 380 
Rotation with center, 66, 167, 212, 219 
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Second Ptolemy’s theorem, 225, 227 
Set of complex numbers, 2, 25, 248, 345 
Similar triangles, 73-76, 198, 334, 380 
Simson, R., 138 

Simson-Wallace line, 138-146, 380 
Spiecker point, 118 

Steinhaus, H.D., 135 

S-triangles, 145, 380 
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Subtraction, 3, 7, 25, 381 
Sum of z1, z2, 1 


T 

Translation, 64, 66, 164-165, 167—169, 174, 
291, 329, 381 

'Tzitzeica, G., 209 

Tzitzeica’s five-coin problem, 209 
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Unit circle, 25, 31, 47, 73, 267, 268, 293, 
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Van Schouten theorem, 253 
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Wallace, W., 138 


